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ABSTRACT

We have analysed the equations of one-dimensional gas dynamics

from the point of view of the Lie-Backlund transformation. The

important outcome of our analysis is that these extended symmetry

transformations can have arbitrary functional form in terms of jet-

variables. Both the cases of coupled and decoupled sets of equations

have been considered.
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We have considered in detail the structure of Lie-Backlund symmetries

for the equations of one-dimensional gas dynamics [1]. Actually there

occurs two distinct situations. In the first case the two equations

decouple and in the second case they cannot be separated. The most

important feature revealed by our analysis is that these Lie-Backlund

symmetries [2] can have arbitrary functional form.

The equations under consideration read

(1)
, o

It has already been demonstrated that these two equations decouple if we

define two new dependent variables

' = Li f H~

whence Eq.(i) is transformed into

and

and

" C"'

(2)

the arbitrary constant factor X can easily be eliminated by a re-

definition of either space or time.

So let us consider the first equation of (Z) in the transformed

space-time variable (x',t') which we will be writing again (x,t). Let us

define the k-jet space defined by the sat of

and consider the Lie-Backlund transformation

define the k-jet space defined by the sat of variables (r, r , r ,...r i,th'

Invariance of Eq.(2) leads to

(3)

where D , D denote the total derivative with respect to 't' and rx'»

defined through

T).
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r. = ^-4- . Our main intention is to search for Eq.(3). From the

translational symmetry of equations in (2) and also from Eq.(3) it is

easy to ascertain that the simplest solution is

Let us try to find a solution of the form

case Eq.(3) can be written in full as

), in which

(5)

(10)

and so on. If we now denote the variables occurring in the arbitrary

funcions ii1 as %i then «e observe that

I TTV

(6)
The notation we follow is:

••ft
(ID

Using Eq.(2) and its various derivations we get

-• c> (7)

Eq.(7) is a linear partial differential equation for r\ in the variables

(r ,r ). Solving by the method of characteristics yields

(8)

where 1(1' is an arbitrary function of the variable indicated in the

parenthesis. At this point we can remark that the way for the solution

of r| as adopted here is completely different from that usually

followed in the analysis of Lie-Backlund symmetries. If we now go one step

further and consider n(r » r ) then the solution obtained is

(
r>

(9)

f being another arbitrary function of two variables as indicated in Eq.(9).

This analysis can again be repeated with the extension of jet variables

to (r , r » r r ) and yields
xxxx

'_ \o 12)

so that in compact form we can write

,))

(13)

It is rather easy to observe that one very special solution for ^ is

%. themselves. Two important points about these LB symmetries are

I) they are not like the usual polynomial symmetries as observed in the

case of Sine-Gordon, KdV, etc. equations and ii) their form is arbitrary

and is not fixed in Eq.(13).

It is also possible to extend our analysis in the case that

the symmetry concerned depends explicitly on the space-time variable. In

this case Eq.(7) is extended to

- r '1
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whose Lagrange aquation is

1 ""' V J (15)

Then the solution n has the form

<- '0
(16)

is an arbitrary function of die three variables. Special solutions are

•'1 . W . , . - U j'r-v , )£„.,, t/<- O -+ i'|'J''i <17)

The coupled set of equations (when the compression of the gas is considered)

are [3|:

L
U \' ,}

(18)

when a(v) is an arbitrary function of v. Transforming to variables r,s

defined through

wt: arrivo at

')" I

' ' I

, 1-

' ( 1 ) ••* \
(19)

(20)

whrr? g(v) = vti(u).

We now proceed as before and mak(! the following transformation:
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(21)

Invariance of (19) under (21), lead)to the following equation for the
1 2

determination of ri and n, :

" V> /'

' ! J , i ••-'

(22)

with a similar equation from the second one of (20). Equating coefficients

o f rxxx a n d S xxx t o z e r 0 W e 8 6 t

.)
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)

c . ••• (23)
i x

These suggest that

(21)

1 2
Substituting these forms of n and n back into Eq.(22) we get

(25)

Bo the symmetries are again non-linear functions. But this time the

functional forms are determined. One can now do the same calculation by

extending the dependence of n , n an the jet variables r . s , r , s ,..

and so on.



In our above analysis we have studied in detail the structure of

Lie-Backlund symmetries for a simple set of non-linear equations. The new

feature is the non-polynomial structure and general arbitrary form of the

symmetries.
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