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ABSTRACT

All the possible phase diagrams of a three-dimensional semi-infinite

spin-^- Ising model in a random field as a function of the ratio of bulk and

surface interactions and the ratio of bulk and surface fields have been

determined. Within the framework of the mean-field approximation eight generic

types of phase diagrams can be fount!. It is also shown that such a system can

exhibit a variety of phase transitions and multi-critical points.
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Critical behaviour in semi-infinite systems has been the subject of

numerous studies and a detailed review article containing an extensive list of

references has just been published by Binder (1983). Most works have been

devoted to systems which undergo second order phase transitions. The standard

example is the semi-infinite simple cubic ferranagnetic Ising model described

by the following Hamiltonian:
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where Kg is the reduced coupling constant between neighbouring spins located

on the two-dimensional surface of the system and Kg is the reduced coupling

constant between remaining neighbouring spins. It exhibits four different types

of phase transitions associated with the surface.

The accepted terminology (Lubensky and Rubin, 1975a; Bray and Moore, 1977)

is the following: if the ratio R - Kg/Kg i s greater than a critical value i?c

the system becomes ordered at the bulk ferromagnetic transition temperature.

If R is less than Rc, the system exhibits two Successive transitions. The

surface becomes ordered at a temperature higher than the bulk and as the

temperature is lowered, in the presence of the ordered surface, the bulk becomes

ordered at the bulk transition temperature. These two phase transitions are,

respectively, the surface and the extraordinary transition. If R = 8.^ the

system becomes ordered at the bulk transition temperature but in this case the

critical exponents differ from those of the ordinary transition. This is the

special phase transition.

Various methods have been used to study this model whose properties are

now wall understood. Such methods include Landau theory (Kaganov and Omel'Yanchuk,

1971; Binder and Hohenberg, 1972; Lubensky and Rubin, 1975a), the field theoretic

method (Lubensky and Rubin, 1975b; Bray and Moore, 1977; Reeve and Guttraann, 1980;

Dlehl and Dietrich, 1981), the cell cluster approximation (Ivrakic and Wortis, 1977;

Burkhardt and Eisenriegler, 1977; Svrakic et al., 1980), the curaulant expansion

(Burkhardt and Eisenriegler, 1977; Dunfield and Noolandi, 1980), Kaddanoff's

variational method (Burkhardt and Eisenriegler, 1978) and Migdal's approximation

(Lipowsky and Wagner, 1981; Nagai and Toyonaga, 1981). Recently the influence

of bond and site dilution has been investigated (Benyoussef et al., 1985) and

temperature-concentration phase diagrams for fixed values of R have been

determined. In comparison few authors have studied semi-infinite systems which

undergo first order and tri-critical phase transitions (Binder and Landau, 1976;

Lipowsky, 1982; Lipowsky and Speth, 1983; Benyoussef et al., 1986).



The purpose of this paper is to study the three-dimensional semi-infinite

spin-?," ferromagnetic Ising model in a random field.

We shall determine, using the mean-field approximation, all the possible

types of phase diagrams as a function of the ration R of bulk and surface

interactions and the ratio D of bulk and surface fields, and show that such

a system exhibits a variety of phase transitions and multi-critical points.

2. THE DIFFERENT PHASE DIAGRAMS

The d-dimensional cubin spin-^- Ising model described by the Hamiltonian:

t J (2)

where K > 0 is the reduced coupling constant between neighbouring spins and L.

is the random field which takes on the random values +L with equal probabilities

is known to exhibit tri-critical behaviour (Aharony, 1978). In the plane K ,

K L its phase diagram, determined within mean-fieId approximation, is shown

in Fig. 1. In this paper we shall consider the three-dimensional semi-infinite

cubic spin-y Ising mode L in a random fie Ld described by the Hamiltonian:

where K is the reduced coupling constant between neighbouring spins located on

the two-dimensional surface of the system, K_ is the reduced coupling constant

between remaining neighbouring spins, ( L<,) . is the reduced random field on the

surface which takes on-the random values •[,„ with equal probabilities and CLn'i,

is the reduced random field in the bulk which takes on the random values +L,

with equal probabilities.

If we denote respectively by m and m,, the surface and bulk

magnetizations per site, a straightforward calculation leads to the following

mean-field equations:

^ f

(5)

According to the values of the ratios R = Kg/Kg and D

different types of phase diagrams are expected. To classify them we shall

proceed as follows. In the plane Kg1, Kg1 Lg let us first represent the

phase diagram of the infinite three-dimensional nodel (Fig. 2).

Type i. If 3R/2 > I* and SRD'Vz > 1* i.e. R > 2/3 and RD'1 > 2/3

the system exhibits only ordinary phase transitions and the corresponding phase

diagram is shown in Fig. 3.

T v p e 2. If 3R/2 < 1 and 3RD~X/2 < 1 i.e. R < 2/3 and RD"1 < 2/3

the system exhibits surface and extraordinary phase transitions. The corresponding

phase diagram is shown in Fig. 4.

Type 3. If 3R/2 < 1 and 3RD" V z > 1 i.e. R < 2/3 and RD~] > 2/3

there exists a point X where the surface and the bulk order simultaneously.

According to the position of the surface and bulk tri-critical points in

comparison with the position of X, different cases can be distinguished. The

K plane are (cf. Figs. 1

D
coordinates of the tri-critical points in the Kg

and 2): (21n(2 + /5))/3 and 2/3 for the surface tri-critical point, RD

s,n(2 + /3~) and E for the bulk tri-critical point. Denoting by & and t the

coordinates of X it is straightforward to show that there are only three

possibilities:

(a) If 4 > RD"1 Hn(2 + /?) > (21n(2 + /?))/3 and T < fi < 2/3 we

have a type 3a phase diagram shown in Fig. 5(a). X is an ordinary triple point.

<b) If <5 < (21n(2 + /?))/3 < RD"1 S.n(2 + /51) and T > 2/3 > R we

have a type 3b phase diagram shown in Fig. 5(b). X is a special (Sp) phase

transition point.

(c) If (21n(2 + /?))/3< & < ED"1 tn(2 + /?) and 2/3 > T > R we have a

type 3c phase diagram shown in Fig. 5(c). X is a new titulti-critical point where

a first order transition line meets two second order transition lines.

A priori one could imagine a fourth type of phase diagram when the surface

second order transition line intersects the bulk first order transition line.

This is not possible, at least within the framework of mean-field approximation,

for it would imply: (21n(2 + </3*))/3 > « > ED^1 ln(2 + SS) and 2/3 < t < R in

contradiction with the conditions: R < 2/3 and RD > 2/3.

Type l>. If 3R/2 > 1 and 3RD~1/2 < 1 i.e. R > 2/3 and RD < 2/3,

here again there exists a point X where the surface and the bulk order

simultaneously. As previously, three cases can be distinguished:

- The values 1 and 1 correspond to d = 2 for the critical temperature

d/2 and the field threshold d/2 (cf.Fig. 1).
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(a) If i > (21n(2 + /3))/3 > RD 1 ln{2 + /3") and T < 2/3 < R ve have a

cype 4a phase diagram shown in Fig. 6(a). X is an ordinary triple point.

(b) If 6 < ED"1 Hn(2 + /3) < (21n(2 +

a type 4b phase diagram shown in Fig. 6(b). X

and i > R > 2/3 we have

is a special phase transition

point.

(c) If RD'1 in(2 + /3) < 6 < (21n(2 + /3))/3 and R > t > 2/3 we have

a type 4c phase diagram shown in Fig. 6{c). X is a new multi-critical point

where a second order transition line meets two first order transition lines.

The fourth type of phase diagram, which would correspond to the case of

the bulk second order transition line intersecting the surface first order

transition line, does not exist for it would imply: RD (,n(2 + /3))/3 and

R < T < 2/3 in contradiction with the conditions R > 2/3 and RD"1 < 2/3.

The limit phase diagram between type 4b and 4c, which occurs when the

bulk tri-critical point is on the surface second order transition line, exhibits

a point X in the vicinity of which the surface critical behaviour at a bulk

tri-critical point (studied by Binder and Landau (1976), within the framework of

Landau theory) can be observed.

Surface critical behaviour at a first order bulk transition, studied by

Lipowsky and Speth (1983), within the framework of Landau theory when no cubic

invariant occurs in the bulk free energy, can be observed in the vicinity of X

in the phase diagram of type 4c.

According to the values of the parameters R and D we have indicated

in Fig. 7 the domains of existence of the different types of phase diagrams

which have been determined.

The equation of the line in the R, D plane which separates domains

3b and 3c is easy to obtain. One has only to write that the surface

tri-critical point is on the bulk second order transition line. This yields:

(6)

Similarly the equation of the line which separates domains 4b and 4c is

obtained when one writes that the bulk tri-critical point is on the surface

second order transition line. This yields:
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(7)

The line which separates domains 3a and 3c can only be determined numerically

for, in this case, one has to write that the bulk tri-critical point is on the

surface first order transition line. However the slopes of this line at the

points (0,0) and (2/3, 1) can be determined as follows. At (0,0) one has to

write that as R and D tend to 0 the Kg Lg coordinate of the bulk

tri-critical point i.e. RD in(2 + /%) tends to 1 which gives a slope equal

to £n(2 + -Si). At (2/3, 1)* we know that the slope is finite for its value

lies between 3/2 and (3(3 + -2/3))/(2(2 + /3) m ( 2 + J2)) (which is the value

of the derivative of Eq. (6) at R » 2/3). If then one puts R » 2/3 + 4x and

D = 1 + fly the slope is given bys

3RD" , 3( (8)

i.e. fly/Ax = 3/2. Similarly the line which separates domains 4a and 4b has

also to be determined numerically. In this case one has to write that the

surface tri-critical point is on the bulk first order trasition line. However

the slope of this line at (2/3, 1) and its asymptotic behaviour when R and

D tend to infinity can be determined as follows. At (2/3, 1) the slope is

finite for its value lies between 3/2 and (3/3 + 2/3))/(2(2 + ^3)tn(2 + /!))

(which is the value of the derivativa of Eq. (7) at R « 2/3). Its value is

equal to 3/2 for here again it Is given by Eq. (8). When R and D tend to

infinity 3RD II tends to the Kc L_ coordinate of the surface tri-critical poir
- -1

which is equal to 21n(2 + /3)/3. Therefore the limit of DR is equal to

CONCLUSION3.

As a function of the ratio R of bulk and surface interactions and the

ratio D of bulk and surface fields we have determined, within the framework

of the mean-field approximation, all the possible types of phase diagrams of a

three-dimensional semi-infinite feromagnetic spin-j Ising model in a random field.

We found that there exists eight generic types of phase diagrams and in the

* When R = 2/3 and D = 1 the surface and the bulk transition lines become

identical.
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R, D plane we determined the domains in which the system exhibits a particular

type of phase diagram. These phase diagrams show a variety of phase transitions

and multi-critical points.

We found that within the mean-field approximation two generic types of

phase diagrams cannot exist. It would be interesting to see if this

conclusion is general and is not an artefact of the approximation.
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FIGURE CAPTIONS

Fig, 1 Phase diagram of the d-diniensional spin-^- Ising model in a random

field determined within the mean^field approximation. The symbols

P and F refer respectively to the paramagnetic and ferromagnetic

phases -

Fig. 2 Phase diagram of the infinite three-dimensional spin-j Ising model

in a random field in the K,- ~ 1 IT " -I-T plane.

Fig. 3 Type 1 phase diagram. The symbols (G^) and (02> refer

respectively to first and second order phase transitions. SP, SF,

BP and BF mean surface paramagnetic, surface ferromagnetic, bulk

paramagnetic and bulk ferromagnetic.

Fig, 4 Type 2 phase diagram. The symbols (S ) and (S^) refer, respectively

to first and second order surface phase transitions and (E,) and (E^)

to first and second order extraordinary phase transitions.

Fig. 5 {a),(b),(c). The three possible type-3 phase diagrams.

Fig. 6 (a),(b),(cj. The three passible type-4 phase diagrams.

Fig. 7 Domains of existence of the different types of phase diagrams.
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Fig. 1
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