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E. J. Sanaa 
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Abstract 

Hardy's inultiquadric interpolation (MQI) scheme 
is a global, continuously differentiable interpola
tion method for solving scattered data interpolation 
problems- It is capable of producing monotonia, ex
tremely accurate interpolating functions, integrals, 
and derivatives* Derivative estimates for a variety 
of one and two-dimensional surfaces were obtained. 
MQI was then applied to the spherical blast wave 
problem of von Neumann. The numerical solution 
agreed extremely well with the exact solution. 

I, Introduction 

Most finite difference methods assume that a low 
order^ local Taylor series expansion defines the 
spatial dependence* Spatial derivative estimates are 
obtained by differentiating the local polynomial 
which can be expressed rather simply in terms of 
differences. In regions of high curvature where low 
order polynomial approximations behave poorly, ex
tremely fine zoning is required to reduce the trun
cation errors. Extremely fine zoning in explicit 
time marching schemes requires extremely small time 
steps for stability. 

Typically, many finite difference schemes are 
quadratic in accuracy because high order polynomials 
tend to exhibit typical polynomial "snaking" which 
tends to violate monotonicity. Monotonicity in 
derivative estimates can also be violated because 
successive derivatives are not constrained to be 
continuous. Standard difference schemes also are 
plagued by dispersion errors and diffusion errors, 
see [1,2]• Difference approximation to flux trans
port requires an artificial viscosity to be impli
citly incorporated by means of "upwinding", see [1, 
2], The post shock oscillations require artificial 
viscosity with several tuneable parameters to dampen 
the oscillations, see (1,2]. 

On the other hand, global interpolation methods 
such as spectral and spline methods are touch better 
behaved. For exampl , Chebeichev spectral methods 
use grid locations wJ ch are the zeroes of the inter* 
polating Chebeshev polynomial* The interpolating 
function is continuously differentiable up to the 
order H. Dispersion an diffusion errors do not 
appear to be a problem with the spectral approach 
(3,4]. Extension to higher dimensions require* a 
logically rectangular grid because of the tensor 
product formulation-

Much attention has beer given to Fritsch and 
Carlson's [5,6] nonotonic cO>ic and bi-cubic Hermite 
splines* Their interpolant orks veil in both flat 
as well as steep regions. E ansion to higher dimen
sions require a logically rec-angular grid. 

Colella and Woodward [7,8] developed the piece-
wise parabolic method (PPM) Which forces conservation 
and monotonicity on the local interpolant. The two 
dimensional extension was achieved by a tensor pro
duct formulation. Their solutions in two dimensions 
are very accurate. 

From a computational standpoint, the use of a 
tensor product formulation in two or three dimensions 
can be very computer memory intensive. While a logi
cally rectangular grid is perfectly acceptable for 
an Eulerian code, Lagrangian codes cannot utilize the 
better accuracy of global interpolation schemes after 
a little grid distortion. Such Lagrangian codes re
quire remapping back onto a rectangular mesh which 
introduces diffusion. 

The techniques of scattered data interpolation 
used in other disciplines may prove to be very useful 
in hydrodynamics. 

II. Hardy's Multiquadric Interpolation (HQl) Scheme. 

Hardy 19,101 had the problem of accurately 
defining contour and surface representations of 
gravitational and magnetic anomalies from field 



data. In many field experiments, it is not always 
possible to obtain multidimensional data from nice 
rectangular grids. "Holes" in the data are also 
severe restrictions for the traditional tensor pro
duct interpolation formulations. 

Hardy used an upper hyperboloid as a basis func
tion which depends only on the distances between 
points. The basis function has the following form: 
g.(x.y....)-[<x-0 2+<y-y j) 2+... + r 2 ] l / 2 so that 
any function, f, is given by: 

f(x,y,..) * Z gj CJ (2) 

where N is the number of points in the sample set, 
and r is an adjustable constant. (Later, it will 

2 be shown that r is a very important adjustable 
parameter.) 

By substituting specific values of f., at the 
location (x..y.» . . . ) , one obtains a system of 
linear equations in which the coefficient matrix is 
symmetric. However, unlike most traditional inter-
polants of certain polynomial precision, MQI is con
tinuously differentiable to all orders. 

Franke (11J had examined very thoroughly the 
general problem of scattered data interpolation in 
two spatial dimensions. He considered both local and 
global interpolation methods and compared how well 
they performed on accuracy, visual appeal, and ease 
of use. Franke found that local triangularization 
interpolation scheme rated poorly. Not only were 
there problems with long slender triangles, but also 
lack of derivative continuity. Franke concluded that 
local interpolation schemes were rather unsatisfac
tory. Of the variety of global interpolation 
schemes, Franke graded MQI superior with respect to 
accuracy, visual appeal, and ease of implementation. 

Stead [12] had also tested a variety of interpo
lation methods on scattered data with particular 
attention to derivative accuracy. Stead concluded 
chat MQI proved to be superior in accuracy for the 
partial derivative estimates in high curvature re
gions. However, in relatively low curvature regions, 
MQI was rather inaccurate. Stead recommended that 
the general interpolant be the Boolean sum of a 
quadratic least squares fit for relatively flat 
regions and MQI for curved regions. Note, that in 
all the sample problems in which MQI was the inter-

2 polant, a fixed value of the parameter r was used. 
Recently, Carlson [13] experimented with MQI as 

a general interpolant. Carlson found MQI to be very 

accurate over several orders of magnitude of r . 
2 There appears to be an optimal value of r beyond 

which the accuracy deteriorates rapidly. Carlson 
2 

recommended that a good estimate of r can be 
approximately given by 

r 2 * (25/16)[(x -x . )2+(y -y . )2/N (3) max m m Jmax Jmin ' 

Carlson found that a large value of r should be 
used for functions with larger curvature, and a 

2 small value of r for flat regions. Tarwater [14] 
studied methods of optimizing MQI by optimizing the 

2 
parameter, r . Surfaces having more curvature 

2 
could be optimized with smaller values of r where-

2 
as flatter surfaces required larger values of r . 
Plots were made of the root mean squared (RMS) errors 

2 versus r for a variety of functions. It is noticed 
that high curvature function have a broad minimum in 
the RMS errors whereas flat functions have a very 
narrow minimum. 

2 After the minimum error for r was reached, the 
RMS errors increased rapidly. Tarwater also permitted 
2 r to vary as the function varies with some measure 

of improvement, but concluded that more research was 
required. The fact the errors were minimized by vary-

2 ing r was a very encouraging result. 

III. Recent MQI Experiments and Application to 
Hydrodynamics. 

Numerical experiments were conducted not only on 
the sample problems examined by Franke [10] and 
Carlson [11], but on others as well. Carlson's con
clusion of an upper bound was confirmed. 

It was found that a straight line function, l-2x, 
2 2 

and arc of a circle, sqrt(4-x -y ), and a double 
exponential, exp(exp(2x)) on [0,2] could be success
ively better fitted with progressively larger values 

2 of r . But the reason there is an upper bound for 
2 r is that the symmetric coefficient matrix formed 

in order to compute g in Eq (2) becomes progressively 
more ill-conditioned. Because the majority of matrix 

2 elements are on the order of r , there is an upper 
limit at which single precision fails. 

However, by using a double precision package of 
linear equation solvers, based on singular value de-

2 composition, much larger values of r could be used, 
increasing the accuracy of the fit and especially the 
derivative estimates. It was found that if Eq* (3) 

-2-



were multiplied by 16, MQI gave excellent answers. 
The derivative estimates using the double precision 
package was accurate to at least one part per million 
for both the double exponential and arc problems. 
The worst value of the derivative for the straight 
line (l-2x), fit occurred at x*0 with the MQI slope 
of -1.9999998. 

2 For a given value of r , MQI is more accurate 
for high curvature rather than low curvature. It was 
found that MQI can be tricked into also giving very 
accurate interpolants and derivative estimates by 
simple transformations. That is, by fitting the re
ciprocal (excluding singularities), very accurate 
derivative estimates can be obtained* The results of 
these experiments will be tabulated later. 

Numerical experimentation also showed that it was 
better to split the computational region into low and 
high curvature regions which are overlapped. The 
procedure of splitting the domain into two or more 
regions has two advantages. First, the computational 
effort in solving several sets of smaller linear 
equations rather than one large set is self-evident. 
Second, for a given parameter, r , a smaller set of 
linear equations well have a coefficient matrix 
which is better conditioned than a coefficient matrix 
obtained from a larger set. The relatively flat re
gion can be made to have a much higher curvature by a 
simple transformation such as a reciprocal squared or 
cubed (excluding singularities). The derivatives 
from the overlapping regions were averaged. The 
derivatives in the overlapping regions differed only 
in the last one or two significant digits* 

Partial derivative information was examined for 
functions also scudied by Franke 111] and Carlson 
[13]. The functions are: 

fl(x,y) - [1.25+cos(5.4g)]/[6(l+(3x-l)2)] (4) 
and 
f2(x,y) * (l/3)exp[-81/16((x-*5)2 + (y-.5)2)] (5) 

on the domain [0,1] [0,1]. 
In one test, a uniform 8x8 grid was used. The 

functions, fl and f2, were uaed to define the func
tions on the grid. In the second test, points were 
located at each of the four corners. The interior was 
filled in with 60 points of a spiral. The following 
table compares the MQI partial derivative estimates 
on the rectangular grid, the spiral, and the exact 
answer. 

Table 1. Comparison of Exact, and MQI Derivative 
Estimates on a Square and Spiral Grid for Fl. 

Method 3F1/&X 3Fl/3y 

Exact 1/3 1/5 0 -0.79376 
Sq. GRD-MQI 1/3 1/5 4.310~8 -0.79382 
Spiral-MQI 1/3 1/5 7.810*7 -0.79373 

Exact 1/2 1/2 -0.11069 -0.30771 
Sq. GRD-MQI 1/2 1/2 -0.11070 -0.30771 
Spiral-MQI 1/2 1/2 -0.11068 -0.30769 

Exact 2/5 0 -0.41605 0 
Sq. GRD-MQI 2/5 0 -0.41605 -4.1 10" 6 

Spiral-MQI 2/5 0 -0.41603 -8.7 1 0 - 7 

Table 2. Comparison of Exact and MQI Derivative 
Estimates on a Square and Spiral Grid F2. 

3F2/3x 3F2/3y 

Exact 1/2 1/2 0 0 
Sq. GRD-MQI 1/2 1/2 -7.8 10" 6 -1.2 10~ 7 

Spiral Grid-MQI 1/2 1/2 -1.3 10" 7 1.9 10" 8 

Exact 2/5 3/5 0.30500 -0.30500 
Sq. Grid-MQI 2/5 3/5 0.30499 -0.30501 
Spiral Grid-MQI 2/5 2'4 0.30498 -0.30500 

Exact 4/5 0 0.30180 0.18108 
Sq. Grid-MQI 4/5 0 0.3C.79 0.18107 
Spiral-MQI 4/5 0 0.30177 0.18105 

The previous table of two-dimensional spatial 
derivatives is encouraging for MQI's potential use in 
hydrodynamics problems. Before MQI can be tested in 
a two-dimensional problem, it must be demonstrated in 
a one dimensional problem such as von Neumann's finite 
strength, spherical blast wave problem [15]. This 
problem has an exact solution to compare the numerical 
results to. 

The problem was initialized in the following 
manner* In a sphere of radius one, the pressure be
hind the shock is 100, density is 4; the pressure 
ahead of the shock is zero, the gas velocity is zero, 
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and density is one. The ratio of the specific heats, 
is Y = 5/3. 

Because of spherical divergence, the gas velocity 
and pressure behind the shock eventually decay, but 
the density immediately behind the shock remains at 4. 

The analytical solution for the post shock rare
faction fan for a f ' 5/3 ideal gas is given by the 
following: 

dm/dt=-dp/dr-Kmyp)/dr-(2/r)mZ/p 

3E/3t = - 3(u[E+p])/3r - (2/r)u[E+p] 
(17) 
(18) 

r - (t/t ) 2 / 5a 2 / 1 30- 2 / 5c-82/195 

rt _ , 9/13.-6-82/13 p = 4 a b c 

u « .3 (r/t)6 

P - (3/25 t 4 / 5 t 6 / 5 > 8 6 / 5 c 8 2 / 1 V 6 

a = (56 -4) 

b = (4 - 38) 

c = (5 - 36>/2 

and 6 ig the interval [0.8,1], 

and t = /3/25 P initial 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

These equations completely describe the evolution of 
the system. Note that there is no simple polynomial 
dependency anywhere. 

To initialize the problem, 36 values of 8 were 
chosen in the interval [.8,1] which then defined the 
values of r, P, u, a-.id p. The initial profile is 
presented in Figs. 1,2,3 for density, gas velocity, 
and pressure. 

From the primitive dependent variables, one can 
construct the momentum and total energy densities 
given by 

E - p/(Y-D + 1/2 pu z 

(14) 

(15) 

In spherical coordinates, the conservation equations 
are 

3p/3t * - 3m/3r - (2/r)m (16) 

At the origin, the momentum* m = 0. The momentum 
profile is asymmetric at r = 0, while p and E are 
symmetric. Furthermore, p * 0 at r = 0, but the 
energy density is unspecified. To avoid the singu
larity at the origin, ^'Hospital's rule is invoked for 
the (2/r) terms. 

The time marching scheme used in these calcula
tions was the 4th order Runge-Kutta scheme for the 
augmented equations. The usual CFL stability condi
tion was used. 

To further improve the accuracy of the time 
marching scheme, the moving grid scheme was used, see 
Kansa [16,17]* At the shock, it was assumed that an 
arctan separated over a distance of 10 was an 
appropriate representation of a step function. 
Appropriate one-sided derivatives were used, see [17]. 

The computational procedures for using MQI to 
obtain derivative e timates will now be explained. 
During the four stage Runge-Kutta time integration, 
the nodal positions were fixed. Since the coefficient 
matrix formed by using Eq (2) is fixed during the time 
stepping procedure, its inverse is formed and stored. 

However during each Runge-Kutta subcycle, the 
values of the dependent variables are updated. Having 
the inverse matrix stored, the current values of the 
dependent variables are used to determine the coeffi
cient of each variables's MQI expansion by a simple 
matrix and vector multiply. The derviatives for each 
dependent variable are formed and stored. 

After the Runge-Kutta scheme had integrated the 
dependent variables to the full time step, the nodal 
positions were also updated by the appropriate local 
grid velocities and the time integration loop was 
restarted. Because the velocities and sound speeds 
varied in time, a new time step estimate based on the 
CFL condition was made, and used for the next time 
loop-

In order to obtain accurate solutions for the 
right hand sides of Eqs. (14, 15 and 16) the spatial 
derivatives must be very accurate also. Inaccuracies 
which propagate from one location eventually contami
nate the solution. In the examples which follow, 
absolutely no artificial viscosity, explicit or 
implicit, was applied. 

Derivative estimates were calculated first by 
Fritsch and Carlson's monotonic cubic hermite spline 
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(MCHS) routine, compared with MQI, And the exact 
derivatives. Theae are presented in Table 4. 

Table 4. Initial Derivatives at t * t 0. 

Method r 3p/3r 3m/3r 9E/3r 

Exact 0.0536664 0.117131 0.304199 
HCHS 0.257734 0.0417273 0.083533 0.199795 
MQI 0.0536674 0.117129 0.304207 
Exact 0.580824 2.49562 12.6258 
MCHS 0.505155 0.579329 2.48565 12.5539 
MQI 0.580824 2.49562 12.6258 
Exact 3.2515 21.8323 153.517 
MCHS 0.7527731 3.24886 21.7878 153.071 
MQI 3.25215 21.8323 153.517 
Exact 1.0 48,00000 484.974 3600.000 
MCHS 46.6578 468.517 3478.651 
MQI 47.99999 484.974 3599.999 

In Table 5, the results are presented for the 
numerical solution and the exact solution at three 
different locations at the end of 1500 time steps* 

Table 5. Comparison of Numerical and Exact 
Solution 1500 Tine Steps at t/t0 • 1*1523. 

Method radius p U P 

MQI .31641 0.0059937 1.9028 25.841 
Exact 0.0059937 1.9026 25.840 
MQI .66556 0.17811 4.0579 27.206 
Exact 0.17811 4.0579 27.207 
MQI 1.0365 3.1492 7.6321 72.173 
Exact 3.1492 7.6322 72.176 
Exact 1.0584 4.0000 7.9540 84.355 
MQI 4.0000 7.9538 84.356 

Summary 

MQI is proven to be a very valuable interpolating 
method for generating extremely accurate surfaces 
from both scattered data and logically rectangular 
data. The basic function depends upon distances be
tween points and not on any data structure. Because 
it is continuously differentiable, not only is the 
interpolant itself very accurate, but so are the' 
derivative approximations. 

In addition, it was found that integral of the 
MQI fits were extremely accurate. This suggests that 
MQI would be very useful in Lagrange and free 
Lagrange formulations since Lagrangian grids 

naturally tend toward a scattered data arrangement. 
Excellent fits for high and low curvature regions by 
using Eq. (5) respectively, are possible. There is 
a caveat however. 

Experience by many researchers haa shown the op
timal fit occurs with a fairly large, r , worsening 
the matrix conditioning. Optimal results may require 
double precision. In a dynamic problem, it night be 

2 necessary to set an upper bound to r to prevent 
such too Buch ill r onditioning which could degrade 
the quality of the solution. 

Partitioning the subdooain into two or sore sub-
doaains with overlapping points is very useful in 
optimizing the fit. This also reduces the number of 
operations considerably. Unlike polynomial based 
schemes, the derivative estimates in the overlapping 
regions are so close that the mismatch is typically 
in error less than 2 parts in a million. 

As Stead [12] recommended, one might want to do 
a simple check to determine the flat or linear re
gions and the regions with curvature. The reaulting 
interpolant is the Boolean sun of low order fit and 
MQI. In regions with curvature, HQI performs with 
remarkable accuracy requiring fewer points to des
cribe the true surface. The next stage would be to 
extend this experiment to two-dimensional hydro
dynamics. The accuracy of two dimensional derivative 
estimates as demonstrated by Stead and in this paper 
indicates a high probability of remarkable success. 
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