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ABSTRACT

A new method is applied for calculating the escape rate

from chaotic repellers or semi-attractors, based on the eigenvalue

problem of the master equation of discrete dynamical systems. The

corresponding eigenfunction is found to be smooth along unstable

directions and to be, in general, a fractal measure. Examples of

one and two dimensional maps are investigated.
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Chaotic behaviour which can be observed on a long but finite time-

scale only has attracted recent interest, from both theoretical [ 1 ] J 15] and

experimental [161 -[19] points of view. This transient chaos is related to

strange invariant objects (Cantor sets) of the phase space, called chaotic

repellers [8] or, if they are partially attracting, semi-attractors [12] or

almost attractors [13]. On the other hand, Cantor sets (being e.g. supports

of the density of state) have recently been found to play an essential role

in certain localization problems [20] in the dynamics on fractal lattices [21],

in models of amorphous solids [22] and of quasicrystals [23J. Since these

Cantor sets may be interpreted as chaotic repellers or semi-attractors, the

investigation of the tatters may be of relevance also for the theory of

disordered systems.

An important characteristic of the dynamics in the vicinity of such

strange sets is the escape rate [7], [8], a, that measures how fast the

repulsion occurs. For discrete dynamica! systems, which we shall investigate

here,the definition is the following- Let us distribute a large number of

points in some neighbourhood r of the repeller (semi-attractor). The

probability that a randomly chosen point has not yet escaped T after n

steps is denoted by W . As n gets large (n •+ •>) one observes, in general,

an exponential decay [6 ]-[8],N1]-[13]:

W "» exp(-an) , (1)
n

where a > 0 is the escape rate (known to be independent of r). The long

time behaviour, however, should then be governed by the largest eigenvalue

1/q = exp(-cO of the master equation describing the evolution of a probability

distribution on r, which has now no non-trivial stable solution (see also [11]).

This eigenvalue develops front the unit eigenvalue associated with the stationary

distribution of a chaotic attractor when the latter ceases to exist and is

replaced by a repeller or semi-attractor as the control parameter is raised.

Our aim is here to illustrate that the concept of the escape rate as an

eigenvalue may provide a rather rapid and simple method for determining a.

First, we consider chaotic transients in one-dimensional maps x1 = f(x),

where f(x) is a single humped function. f is then an interval contain-ing

the repeller. Let us investigate the iteration scheme
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(2)

starting with a smooth positive function CQ(X) o n I", where f denotes the

derivative of f, and 0 < q < 1. According to our numerical studies there

is, in a broad class of maps, a single value of q, q = exp(a), for which the

functions C (x) converge towards a finite C(x) for n •+ "». This C(x)

is then indpendent of the initial condition C,,(x). (For a rigorous proof

see [3].) Since C(x) fulfils-the equation

L r fx)
(3)

it can be considered as an eigenfunction of the Frobenius-Perron equation [24]

associated with the eigenvalue 1/q = exp(-a). The quantity J C(x)dx is

called the conditionally invariant measure which has been invented and

interpreted by Pianigiani and Yorke (first item of Ref.[3]),

It is worth mentioning here that the fractal dimension of the repeller

also appears as an eigenvalue of a certain linear equation. The corresponding

eigenfunction (see Eq.(4) of [14]), which was shown there to yield the

stationary distribution on the repeller, accessible in numerical simulations

or in experiments, is to be distinguished from C(x), the density of the

i-onttitionaiJ/ invariant measure. In what follows we show that Eq.(2)J just

like Eq.(4) of Ref.[14j, may converge rather rapidly, and this fact makes it

useful for practical calculations.

In order to illustrate the rapid convergence of the procedure with

a simple example we consider the map

f(x) =

x > 0

x < 0

,, a.~ ' 1 •"'" °i " "2 < 1 so that a chaotic repeller shows

up. The evolution of a linear initial function C,.(x) =

interval r. say (-1,1), can then be followed exactly. The result is

where > 1 and a, + ai

+ & on an
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Since a. > 1 ,

(5a)

(5b)

tends towards zero. A non-trivial limit for n •+ «•

exists only if p remains constant. This specifies the eigenvalue to be

= txp(-aO = (6)

It follows from Eq,C5a) that the convergence to the constant limit solution

is then exponentially fast (with a critical slowing down for a.

•* 1 ) .

1(2)
a2(l)

Our next example is the parabola map defined by f(x) = 1 - ax in

the region a > 2, In order to determine the escape rate we considered the

An explicit expression for Cn(x) follows theniterates of CQ(x) = 1.

from (2) in the form

V) (7)

.uere fn and f n represents the n iterate of f and its inverse,

respectively. We treated q > 1 as a free parameter to be adjusted so that

a non-trivial limit solution exists. As long as q is too small (large)

Cn(x) monotonously decreases (increases) with n at a fixed *„ (= 0.5).

If, however, q is appropriately chosen a convergence is found with an

accuracy of less than one percent at the fourth iterate. Ue used this

property to obtain a lower (upper) bound for the escape rate as the value

a = log q, where C5(xQ) - C6(xQ) < e: (C6(xQ) - C5(xQ) > E) with a small

positive E was first realized when increasing q. By this way a fast

algorithm has been found: Fig.l displays the plot a versus a in the

interval 2 < a < 3 calculated at 300 different values of a U = lCf3).

Error bars typically correspond to the thickness of the curve a(a).

To find a comparison with the results obtained by means of other

methods we applied the present procedure at those special values of a

Valso for a > 3), where the escape rate has been ifetermined by Widom

et al. [7]. Table I reflects a quantitative agreement. By a more detailed

analysis of the convergence of C (x) and by going beyond n = 6, q could

-4-



have bnen calculated mort? accurately but this refinement is not tlie subject

of t.he present papnr.

Duo to the rapid convergence of the iteration the eigenfunction C(x)

can be safely approximated by C,(x) of Eq.(7.>, Fig,2 shows t.he oigt?n-

function obtained at different values of a. (It. is to be noted that the

shortest, interval covering the repeller is (-x*,x*) with

X- = (1 + (1 f An) )/(2a) < 1.) All C(x) are found to be smooth in

(-1,1) since for a > 2 the singularity appearing at x = 1 is snapped

outside this rug ion. The figure makes it evident that the functions

C(x) tend to a finite solution for a -+ *»,

This asymptotic form can be easily deduced from Eq.(3), Since

x = + ((I - x'j/at ' and C(x) is smooth,the argument of C(x) on the

right-hand side, can be set zero for a and one obtains

c,V2M->'l (8)

The requirement, of a finite solution then yields

_ „ „ 1/2 (9)

The same result was obtained by means of a different method in [7j. Curve 4

of Fig.2 corresponding to the eigenfunction at a - 90 is, in fact, hard to

distinguish from that corresponding to Eqs.(8) and (9).

For maps defined by f(x) = 1 - a[x| , z > 0 we obtain in a similar

way

exp(a) - q = (z/2)a1/z , (10)

(x) = C(0) (11)

as the asymptotic results for a -->•

Finally,,we investigate invertible maps of the plane x1 = T(x)

producing chaotic transients. Now, the eigenvalue problem can be most

conveniently formulated in terms of a certain measure, we call c-measure

(the analogue of j C (x)dx of the one-dimensional case). As an extension

of Eq.(2), its evolution is defined by

= q T(U.C) (12)

c
in a neighbourhood r of the semi-attr.-ictor, and T(u- ) represents the

action of the dynamics on The t r^nsLornied c-measure (M. )' belongs

to the region T(B) around x.'. Starting e.g. with the Lebesque measure

on F, subsequent applications of (12) with q = exp(a) lead to the

conditionally invariant measure I 31. Note that the conditionally invariant

measure again differs from the "natural" invariant measure defined in [14].

This procedure will be illustrated on a generalized version of the

baker transformation i251 introduced in [14]. The dynamics is given by

y -
4/l+bx ,

(13)

where 0 < a,b,c < 1/2 ana sr, t(l - c) > 1. The latter condition ensures

the escape along the unstable direct ion, y. Although (13) is a piecewise

linear model It seems to reflect the most typical features of chaotic semi-

attractors. By means of this example,general properties of conditionally

invariant measures can be. studied which have not been discussed in the

literature.

Starting with the Lebesque measure on th<> unit square (r) Eq.(12)

leads to a c-measure q/s and q/t on the strips, 0 < x < a , 0 < y < l

and 1/2 < x < 1/2+b, 0 < y < 1, respectively. After n steps, the c-measure

on strips of width a V " m , m = 0,l n is (q/s)m(q/t)n"m. The total

c-measure of the unit square is t.hsn qn(s + t. ) n . A non-trivial limit

exists only if this quantity remains finite for n •+ ">, from which

follows for the escape rate.

The measure obtained for n •+ •> has then a smooth density along

the y direction, it is, however, a fractal measure [261. By means of

the method used in [25[ one ob

and the information dimension

for the fractal dimension d- [27]

i26] of this measure the equations



c\ = 1
(IS)

and

(16)

respectively. The difference between conditionally and natural invariant

measures is reflected also in the difference of their dimensions {c.f. [14]).

Finally, we mention that the smoothness along the unstable direction,

the fractal structure along the stable direction, and the fractal measure

property seem to be general features of conditionally invariant measures of

semi-attractors.

ACKNOWLEDGMENTS

Illuminating discussions with Profs P. Grassberger and P, Szepfalusy

are highly acknowledged. Thanks are due to Dr. L. Hendoza for a critical

reading of the manuscript. The author would also like to thank

Professor Abdus Salam, the International Atomic Energy Agency and

UNESCO for hospitality at the International Centre for Theoretical

Physics, Trieste.

-7-

REFERENCES

[1] T. Shimizu and N.Morioka, Phys. Lett. 69A, 148 (1978);

J.L. Kaplan and J.A. Yorke , Comm. Math. Phys. 67, 93 (

J.A. Yorke and E.D. Yorke, J. Stat. Phys. 21_, 263 (1979).

12] R. Bowen, Publ.Math. I.H.E.S. 50, 11 (1979).

[3] G. Pianigiani and J.A. Yorke,Trans. Am.. Math. Soc. 252, 351 (1979);

G. Pianigiani, J. Math. Anal. Appl. 82, 75 (1981).

[4[ J. Coste, J. Stat. Phys. 23, 521 (1980);

P. Hanneville, Phys. Lett. 90A, 327 (1982).

|5| D. Ruelle, Ergod. Th. Dyn. Syst. 2_, 99 (1982);

H. ' McCluskey and A. Manning, Ergod. Th. Dyn. Syst. 3, 251 (19B3).

[6] C. Grebogi, E. Otf and J.A. Yorke, Physica 7D, 181 (1983);

C. Grebogi, E. Ott and J.A.Yorke, Phys. Rev. Lett. 50., 935 (1983); and

Ergod. Th. Dyn. Syst. 5, 341 (1986).

[71 M. Widotrt, D. Benslmon, L.P. Kadanoff and S.J. Shenker, J. Stat. Phys.

32, 443 (1983).

[8] L.P. Skadanoff and C. Tang, Proc. Nat. Acad. Sci. 8_1, 1276 (1984).

[9] S. Takesue and K. Kaneko, Prog. Theor. Phys. 71., 35 (1984);

S.W. McDonald, C. Grebogi, E. Ott and J.A. Yorke., Physica 1_7D, 125

(1985).

[10] F.T. Arecchi, R. Badii and A. Politi, Phys. Lett. 1Q3A, 3 (19B4).

(Llj M. Wldom and S.J. Shenker in Chaos and Statistical Methods, Ed.

Y. Kuramoto (Springer-Verlag, New York, 1984);

L.P. Kadanoff in Regular and Chaotic Motions in Dynamic Systems,

Eds. G. Velo and A.S. Wighttnan (Plenum Press, New York, 1985).

[12] H. Kantz and P. Grassberger, Physica 17D , 75 (1985).

[131 J-P- Eckmann and D. Ruelle, Rev. Mod. Phys. 57., 617 (1985).

[14] P. Szepfalusy and T. Tel, to appear.in Phys. Rev. A.

[15] S. Takesue, unpublished.

I 16 j . G. Ahlers and R.W. Halden, Phys. Rev. Lett. 44, 445 (1980).



(17 1 K-T. Arecchi and F. Lisi, Phys. Rev. Lett. 49, 94 (1982);

F.T. Arecchi, R. Heucci, G.P. Puccioni and J.R. Tredicce, Phys.

Rev. Lett. 49, 1217 (1982);

F.T. Arecchi and A. Califano, Phys. Lett. 101A, 443 (1984).

[18J P. Berge amd M. Dubois, Phys. Lett, 93A, 365 (1983).

[19J M. Gorman, P.J. Widman and K.A. Robbins, Phys. Rev. Lett, 52, 2241

(1984);and Physica 19D, 255 (1986).

[20] M. Kohmoto, L.P. Kadanoff and C. Tang, Phys. Rev.Lett. 50, 1870 (1983).

f21J E. Domany, S. Alexander.D. Eensimon and L.P. Kadanoff, Phys. Rev.

B28. 3110 (1983);

C.K. Harris and R.B. Stinchcombe, Phys. Rev. Lett. 50, 1399 (1983);

R. Raramal, J. Phys. (Paris) 45, 191 (1984);

J.R. Banavar, L.P. Kadanoff and A.M. Pruisken, Phys. Rev. B31, 1388

(1985);

R.B. Stinchcombe in Scaling Phenomena in Disordered Systems, Eds.

R. Fynn and A. Skjeltorp (Plenum Press, New York, 1985).

(22j R. Schilling, Phys. Rev. Lett. 53, 2258 (1984);

P, Reichert and R. Schilling, Phys. fiev._B32, 5731 (1985).

123] J.M. Luck and D. Petritis, J. Stat. Phys. 42, 121 (1986);

J.P. Lu, T. Odagaki and J.L. Birman, Phys. Rev. B33, 4809 (1986);

M.C. Valsakiunar and G. Ananthakrishna, unpublished.

[24] P. Collet and J.P. Eckmann, Iterated Haps on the Interval as

Dynamical Systems (Birkhauser, Cambrdige MA, 1980).

[25] D. Farmer, E. Ott and J.A.Yorke, Physica 7D, 153 (1983).

[26] D. Farmer, Z. Naturforschung 37a, 1304 (1982).

[27] B.B. Mandelbrot, The Fractal Geometry of Mature (Freeman, San

Francisco, 1982);

K.J. Falconer, The Geometry of Fractal Sets (Cambridge University

Press, Cambridge, 1985).

TABLE 1

q-th q-exp

2.4725

3.75

20.0

48.75

90-0

1.3019

1.7381

4.3888

6.9286

9.4473

± 2.10

+ 2.10"*

t 3.10"A

+ 5.10~A

i 7.10-*

1.3020 .

1.7384

4.3888

6.9278

9.(4458

1.

1.

4.

6.

9.

3022

7380

3887

9285

4473

A comparison with the results of [7]. The second column contains

the reciprocal eigenvalue q obtained with the procedure described in

the text. At these values of a the convergence of the series C ^ X Q ) ,

n > 3 seems to be monotonous,therefore, an E as small as 10 could

have been chosen. The data of the last two columns are taken over from

Ref.[7] and show the results of a theoretical and an 'experimental' method.
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0.25 U

Escape rate a = log(q) obtained as an eigenvalue of Eq.(2)

for the map x1 = 1 - ax , 2 < a < 3 . Near a - 2 a

power law behaviour with exponent 1/2 is present (see e.g. Ref.[15]).

Eigenfunction C(x) (not normalized). The curves 1, 2t 3 and 4

belong to control parameter value a = 2.01, 2.10, 3.75 and 90.0,

respectively.
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