
COMMISSARIAT A L'ENERGIE ATOMIQUE 
ftS-foti&S. 

CENTRE D'ETUDES NUCLEAIRES DE 5ACLAY 
Service de Documentation 

F9119I GIF SUR YVETTE CEDEX 

CEA-CONF — 8776 

L2 

ASYMPTOTIC COMPLETNESS AND MULTIPARTiaE ANALYSIS IN FIELD THEORIES 

IAGOLNITZER, D. CEA CEN Socloy, 91-Gif-sur-Yvette iFroncsJ. IRF 

Communication présentée à : Interactional conference on Mathematical 
physics 
Marseille (France^ 
16-25 Jul 1986 



ASYMPTOTIC COMPLETNESS AND MULTIPARTICLE ANALYSIS IN FIELD THEORIES 

Daniel Iagolnitzer 

Service de Physique Théorique, 
CEN-Saclay. 91191 Gif-sur-Yvette Cedex, Prance 

ABSTRACT 
Previous proofs of asymptotic completeness and related 
results on scattering in field theories are restricted 
to P(<p)2 models in the 2 and 3-particle regions. This 
talk reports recent works, in particular with J. Magnen, 
which involve new ideas and methods and provide more 
direct proofs and some generalization of these results: 
(i) extensions to theories with renormalization such as 
V^ and the Gross-Neveu model and (ii) equations closely 
linked with asymptotic completeness and multiparticle 
structure in general energy regions. 

Once a model has been constructed and the Osterwalder-Schrader (OS) 
axioms have been established, a next objective in scattering theory is 
(i) to get information on spectrum (il) to prove asymptotic complete
ness (denoted below AC) and (iii) to establish the analytic structure 
of multiparticle Green functions and collision amplitudes (i.e. of the 
S matrix) in Minkowski momentum space. (The OS or equivalent Wightman 
axioms do not provide expected results on (Hi): see [1], e.g. Landau 
singularities are not extricated. Such results have been derived in 
axiomatic works [2,3] from assumptions on spectrum, AC and further 
regularity conditions, only so far in the 2 and 3-particle regions). 

Starting from 1975, there has been a number of works on the 
subject in constructive theory [4-11]. These works, as also the recent 
ones to be reported, apply to weakly coupled theories, with mass gap, 
and are based on the use of irreducible kernels, in a way which allows' 
one to treat (i) (ii) (ill) in the same time. There might be a more 
direct approach to AC itself, as in potential theory [12], but this is 
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not known so far. Past results are, however, restricted to low energy 
regions and to aodels without renorsalization in space-tiae dimension 
d»2. In [h], the Bethe-Salpeter kernel B, linked to the connected ampu
tated 4-point Green function P by the BS equation F » B • ^®3®E-
(where the last term is a Feynaan-type integral, or G-convolution in 
the sense of [2], with 2-point functions on internal lines) is defined 
in euclidean space-tiae and shown to satisfy there a property of 
"4-particle" exponential decay in the 2-*2 channel considered, for e.g. 
an even theory. By Fourier-Laplace transformation B is then analytic, 
in coaplex moaentua space, in a region that includes euclidean space 
and goes up to s*(km)2-e in Minkowski space, where a is the physical 
aass and s is the squared center-of-aass energy; e-*o as the coupling 
A-*0. This type of property, satisfied by 2-particle irreducible Feynaan 
graphs, is still called 2-particle irreducibility. The 2-point function 
is on the other hand analytic up to s*(3m)2-£ except for its pole at 
s=m2. AC follows froa these properties in the 2-particle region (up to 
e»m)2-£), as shown in [5] and in more general way in [2a,c] (completed 
i n [13]) in which the uni tari ty- type discontinuity formula: 

P, - P. * F.# F. 
which does characterize AC in the 2-particle region is established if 
the irreducibility of G, or in theories with renoraalization of kernels 
G a satisfying regularized BS equations, is assumed (for the recent 
construction of such kernels in theories at d • 2,3, see later); * 
denotes on-mass shell convolution and P., F_ are the boundary values of 
F from above and below the cut (shown to start as s»1»!]»2) in the phy
sical sheet. See also a related approach in [6-8]. 

In the same time, one shows that F can be analytically continued 
across the cut, and has [9] a pole at s real < (and close to) (2m)2, 
either in the second sheet, e.g. for <p£, or in the physical sheet e.g. 
for (<P^-<P4)2: it corresponds in the latter case to a 2-particle bound 
state. This pole, however small the coupling A is, is due to specific 
kineaatical factors at d»2,3 (the factor <r*, a • 4a2-s at d»2). A new 
analysis of poles of P at small X is given in [13] where previous 
results are reobtained in a more simple and transparent way, with 
methods that can be extended to theories with renormalization at 
d « 2,3 (after kernels G a have been defined). 

It has been believed for a long time that extensions of the 



results should be obtained successively in «ore general energy regions, 
and the derivation of AC in the 3-particle region has indeed been 
achieved in [10a] (up to soae technical limitations) for even P(v) 2 

theories. It now makes use of a further 3~*3» 3-particle irreducible 
kernel and is related to the axiomatic work [2d]. However, the analysis 
of [1<1] suggests that the class of irreducible kernels and integral 
equation introduced in [7.10b,2d] is too limited in more general cases, 
where new features occur, and structure equations involving more ge
neral irreducible kernels have been conjectured there. These equations 
are generalizations of the Neumann series expansion of P in terms of B. 
(This series is convergent at small A in euclidean space and also in 
Minkowski space, if a neighborhood of o=0 is excluded at d«2,3). For 
each Green function, they are of the form: 

F * ZQ K G ) 
where 1(G) is a Feynman-type G-convolution integral with irreducible 
kernels at each vertex (or a finite sum of such integrals). The class 
of graphs G and the degrees of irreducibility of the kernels involved 
depend on the energy region of interest. The expansion is the most 
simple one such that, in view of these degrees, the kernels involved 
can be considered as analytic with respect to that region. In the 3-*3 
case, the 3-particle region and an even theory, terms 1(G) are succes
sions of parts ":gg*-^o—ran-^1- "-X£~.: a n d g^£ m -ĵ g cias S 0 f graphs 
is more complicated in general and kernels with various degrees of 
irreducibility (and in some cases of reducibility) in various channels 
are involved. Ref.lU then presents conjectures on discontinuities of 
individual terms 1(G) which, by formal resummations (and some algebraic 
manipulations in the general case) yield discontinuity formulae for 
Green functions that characterize AC and other properties in general 
energy regions, at least for theories without bound states. 

Previous methods to define irreducible kernels for P(<p)2 models 
[4,8,11] are interesting but seem indirect and difficult to use for 
present purposes. In [15], general irreducible kernels that do satisfy 
structure equations of the type mentioned above have been defined via 
new cluster expansions (see below) and all results have been extended 
in [16] to theories with renormalizatlon such as <Pj and the Gross-Neveu 
model at d*2 (which involves more renormalization). It is hoped that 
the proof of AC will then be rigorously completed in general energy 
regions on this basis, at least for theories without bound states and 
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with coupling constants that may have to be smaller and saaller when 

the energy increases. Work on the subject has started for «^ with 

J. Magnen, H. Epstein and R. Sénéor. It should involve the proof of 

discontinuity foraulae and of convergence properties (after soae 

partial resuamations) in Minkowski space. An alternative approach would 

be to first derive froa structure equations suitable sets (not known so 

far) of integral equations. 

Details on [15,16] are now given. Ref.15 first introduces a class 

of new cluster expansions, said "of order p", p£l. The choice of p in 

the application will depend on the region considered: for Instance, p«4 

in the 2-partide region, for an even theory. These expansions are sis-

pie generalizations of previous ones [17] (corresponding to p»l) and 

are obtained as follows. Green functions are first defined in a box A 

in euclidean space-time as ratios NA(xj....,xn)/ZA. One then introduces 

a lattice of e.g. unit side in A, a set s * (slts2,...) of auxiliary 

real variables and functions C(x,y;s) equal to C(x,y) if s=l, where C 

is the propagator. In feraionlc models like the Gross-Neveu model, the 

most simple choice of variables will be s * (s A A . } , with one variable 

*&,&• f o r each pair of squares of the lattice. Then 

C(x,y;s) » s A A, C(x,y) if x€A, y€&' : in particular C(x,y;s) » 0 if 
sn.a* * °- F o r bosonic models like P(<P)2, a more refined procedure is 

needed: see [17] at p*l and [15] at p>l. Functions NA(s) and ZA(s) are 

then defined by replacing C by C(s) in the definition of N A and Z A. 

Suitable Taylor expansions of order p (of the form 

N A.= NA(1) » NA(0)*...) with respect to the variables s then give the 

cluster expansions of N A and Z A. 

A Mayer procedure is next used to divide N A by Z A. For each p, it 

gives an expansion of each connected, amputated Green fucntion as a sum 

of contributions associated with graphs that join squares ̂ ,....^, N 

arbitrary, of A. These graphs include (1) lines to which propagators 

C{\il ,Vj ) are associated (ul, v t vary in the respective squares joined 

by line 1), with at most p propagator lines between any pair of squares 

and (11) Mayer lines which indicate that the two squares must coincide 

in A, The graphs must be connected (with respect to the squares) when 

all lines are taken into account. The squares A],... , \ vary indepen

dently in A except that the external points x,,...,xn must be contained 

in some of these squares (and apart from Mayer conditions). 
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Irreducible kernels are then defined by restricting the sua to 
graphs with corresponding irreducibility properties with respect to 
propagator lines (Mayer lines cannot be cut). In contrast to perturba-
tive series, these expansions are convergent at «taall coupling X, uni
formly with respect to A, and the A -» co limit exist. The exponential 
decay of the propagators C(u l tVj) and the properties of the graphs 
involved yield moreover exponential fall-off properties of these 
kernels in euclidean space-time that are extensions of the tree-graph 
decay introduced for connected functions in statistical mechanics in 
[18] and then in constructive theory in [19]. The latter yield in turn 
irreducibility properties in the analytic sense in momentum space. (Thé 
irreducible kernels thus defined can be shown to be Borel sums of the 
corresponding perturbative series). Finally, the Bethe-Salpeter and 
structure equations are checked by direct graphical inspection (using 
some factorization properties established in [15] at p>l). 

The extension to theories with renormalization, such as the 
Gross-Neveu model is not quite trivial because e.g. the usual 
Bethe-Salpeter kernel B is then infinite. One might first try to start 
with a theory with cut-off, but the limit cannot be directly con
trolled. The most convenient method is then to introduce a kernel B M 

linked to F via a regularized B.S. equation [2a], in which the last 
term now includes suitable (fixed) analytic cut-off factors on internal 
lines. Such a kernel and more general ones satisfying regularized 
structure equations (see [1*0) no longer have a simple perturbative 
content (see [20]), but can be constructed [16] and shown to be irre
ducible by considering p t h order cluster expansions in the slice of 
lowest •omentum that occurs in phase-space analysis and expansions of 
order 1 in higher slices (whose propagators have much stronger rates of 
exponential fall-off). The way AC and related results follow is then 
analogous to above. One might alternatively use (see [20,21]) a "renor-
malized" kernel B r a n , perturbatively the sum of renormalized 2-particle 
irreducible graphs and satisfying renormalized B.S. equations 
[22,21,20]. This approach can be made rigorous [23] but is more compli
cated. (The kernel B r t n Is of interest [22,21] in connection with 
Wilson short distance expansion in space-time. For a proof of the 
latter from phase-space analysis, see [24]). 
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