
BNL-39045
Submitted to Proceedings for Summer Study on the Physics of the SSC
Snowitiass, CO June 23-July 11, 1986

DETERMINATION OF THE LINEAR APERTURE OF THET SSC CLUSTERED LATTICE USED FOR THE CONCEPTUAL DESIGN REPORT*

G.F. Dell
Brookhaven National Laboratory, Upton, New York 11973

k study is made ef the linear aperture for the
clustered lattice used for the SSC Conceptual Design
Report. Random multipole errors are included in all
magnetic elements including the insertion dipoles and
quadrupoles. Based on the concept of smear, the linear
aperture is equal to the dynamic aperture in the range
-0.1 <_ AP/P <. 0.032. Strong coupling for AP/P > 0%
produces large smears. A variation of the smear param-
eter that is insensitive to coupling is proposed. A
comparison is made with results reported in the SSC
Conceptual Design Report. :1 '

Introduction

Previous studies have centered upon determining
the dynamic aperture of the SSC.*- This aperture is de-
fined as the maximum initial amplitude for which beta-
tron motion is stable for a specified number of turns—
usually 400. There is never any certainty that the
dynamic aperture determined for a relative small num-
ber of turns represents a condition for which particle
motion is stable for indefinitely long periods of time.
From an operational point of view, the dynamic aperture
is interpreted as that aperture for which motion is
stable for a time sufficiently long that measurements
and correction schemes can be implemented. For 400
turns the real time is *• 100 msec.

In addition to the concept of a dynamic aperture
that establishes a criterion for short term stability,
a second aperture, the linear aperture, has been defined
and hopefully indicates the amplitude for which betatron
motion is stable indefinitely. Two definitions of lin-
ear aperture have been suggested. The first is based
on the rms deviation of the Courant-Snyder "invariant"
from its initisl (or average) value and typically spec-
ifies that this deviation be no more than 10Z. The
second defines the linear aperture to be the betatron
amplitude for which the betatron tune deviates from the
initial tune (zero amplitude tune) by 0.005. The con-
cept of linear aperture is still exploratory; the limits
of 10% and 0.005 are arbitrary and are subject to change.

In the present paper both definitions are used to
determine the linear aperture of SSC clustered lattice
having two insertions with B* = 0.5m and two insertions
with 0* » 10m. This is the lattice described in the
SSC Conceptual Design Report (CDR).

The region of tune space selected for SSC opera-
tion lies along the principal diagonal and is bounded
by 78.250 f. v 2 <_ 78.287 for z - x and y. In the present
study a working point of u x = 78.266, vy = 78.283 has
been selected; this is near one of the standard points
(78.265, 78.285) used for studies included in the SSC
Conceptual Design Report. The study has been made for
only one machine (one set of random multipole errors)
and is intended Co explore the dependence of the linear
aperture on momentum. Randon multipole errors are pre-
sent in all elements, quadrupoles and dipoles, in the
insertions as well as the arcs. The random multiplies
are those listed in the CDR.-' For all elements obi "
aal « 0 and (<Jan,o"bn) f 0 for 2 <_ n <_ 5 for quadrupoles
and (aan,obn) # 0 for 2 <_ n <_ 10 for dipoles. For the
quadrupole triplets near the interaction regions, 90%
correction of all multipole errors has been assumed.
The magnets used to deflect the beam vertically at the

interaction region are of FNAL type and have multi-
poles that are scaled according to the coil radius.

The magnetic field is represented by: B N L 3 9 0 4 5

B - Bo + AB - B0(l 004179

where: cn»bn+ian with b n and a n being the normal ami
skew multipoles,

r - x » iy, and
n » multipole order, (n » i denotes quadrupole)

. The random multipole coefficients, oa_ and ob , vary as
with m • *$ for dipoles and m • -h for quadru-

poles, and r0 denotes the effective coil radius of the

*Work performed under the auspices of the U.S.
Department of Energy.

magnet. The kick r* given to a parcicle is r'-AB1

with K,B0, and p being the element length, central
bending field, and radius of curvature, respectively.
Hence for |r|<ro, the kick r

1 given to the test par-
ticle is expected to decrease as the multipole order
increases. During tracking a test of the particle's
amplitude is made at each sextupole, at the center of
each quadrupole, and at both ends of every dipole.
For the dynamic aperture, there is no limit to the
amplitude of motion—for purposes or tracking, "no
limit" is considered to be 1000 mm.

Linear Aperture Determination

In the following discussion a comparison is made
between tracking results obtained at AP/P = +0.12 for
a test particle launched at a defocusing arc quadrupole
with a radial amplitude of 3.15 mm. The machine tune
(vx,Vy) is (78.260,78.281), and the particle tune is
(78.261,78.275) at AP/P = +0.12, and the corresponding
tunes at -0.1Z are (78.267,78.290) and (78.272,78.292);
vy at -0.12 is outside the upper bound of y = 78.287.
Two sets of four figures are presented for comparison.
Figures 1 and 3 contain phase plots at AP/P = .1% in
the horizontal and vertical planes, respectively, and
Figures 2 and 4 contain the corresponding phase plots
at AP/P « -.1%. Normalized coordinates u and v are
used with u » z/JfT^ and v « /&% z' with z = x or y.
The resulting phase plots should be circular when no
perturbations are present. However, the plots are
annular and have a finite thickness which in this case
results principally from coupling of motion in the
horizontal and vertical planes.

In Fig-ires 5 and 6, the information from the hori-
zontal and vertical phase plots is combined; the
abscissa corresponds to /E^, and the ordinate corre-
sponds to SzZ with E denoting the emittance. These
plots are called smear plots and are used to indicate
the relation between the horizontal and vertical
eraittances on a turn-by-turn basis. The smear plot for
AP/P - .1% shows a much more pronounced variation of
the emittances than does the plot for AP/P » -.12.
Finally, in Figures 7 and 8 Che dependence of the hori-
zontal and vertical emittances on time (number of turns)
is plotted at AP/P = .12 and -.1%, respectively. The
emittance transfer back and forth between the hori-
zontal and vertical planes (coupling) is clearly evi-
dent in Figure 7. Figures 1 through 8 are used to
develop the arguments of the rest of the paper.

In studies of dynamic aperture, the initial ampli-
tude of the test particle is increased until motion
becomes unstable: this is a well defined situation,.
However, in determining the linear aperture, small
variations of tune or emittance are measured, and there
is no well defined test that indicates when the linear
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Fig. 1 Phase plot of horizontal motion at iP/P=+0.1%. Fig. 2 Phase plot of horizontal motion at AP/P=-0.1Z.
1000 turns. eXo=ey<)= Q.022;ir mm raradians. Random mul- 1000 turns. eXo

=Ey<> " 0.0225TT mm mradians. Random mul-
tipoles in all quadrupoles (aan,obn)^ 0, 2 <_ n <_ 5, and tipoles in all quadrupoles (aan,ffbn)j* 0, 2 <_ n <_ 5, and
dipoles (oan,abn)^ 0, 2 <_ n <_ 10. Coupling reduces e x dipoles (oan,obn)^ 0, 2 <_ n <_ 10. Coupling is indicate
to nearlv zero. hv radial uirtfh nf nint anH 1c mnrh 1P«!Q rhan rhat al-
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by radial width of plot and is much less than that at
AP/P = 0.1%.
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Fi-g. 3 Phase plot of vertical motion at AP/P=0.1%. Fig. 4 Phase plot for vertical plane at &P/P=-0.1%.
(Companion to Fig. 1). Width of plot indicates coupling, (Companion to Fig. 2). Little coupling is evident.
but Ey does not approach zero. Circle (dots) indicates
a reference emittance, and lines (dotted) indicate ref-
erence axes. Center of plot is displaced indicating
nonzero vertical dispersion.

Center of plot is displaced due to vertical dispersion
for both y and y1.

aperture has been reached. For these determinations
the coordinates of the closed orbit must be known ac-
curately. In PATRICIA the user selects the initial
emittance e0 of the betatron motion. The program
finds the coordinates Z c o and Z'co (Z = x or y) of the
closed orbit and generates the launching conditions of
the test particle:

+ Z

Z1 (normally Z' - 0).
P

Any uncertainty in the closed orbit becomes an addi-
tional betatron amplitude relative to the real closed
orbit; the emittance of the particle is changed. In
addition, the emittance calculated relative to an incor-
rect closed orbit varies as the particle progresses
arcund the phase ellipse; there is an emittance modula-
tion with a period of a few turns. Runs using small
betatron amplitudes for AP/P jt 0 sometimes produce
phase plots that are inconsistent with the initial beta-
tron amplitude. A series of runs for which test parti-
cles had smaller and smaller initial amplitudes showed
the phase plots did not shrink to zero size but rather
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Fig. 5 Plot of (ey/eya)
!s vs (ex/ExJ^ on a turn by

turn basis(smear plot). AP/P=0.1%. Coupling results in
arc-like nature of plot, (ex+ey)'5 = constant.
SMEAR - 0.298, SMEAR1 =• .053.
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Fig. 7 Plot of the dependence of e x and ey on time
(number of turns) for AP/P=0.1%. eX0=Eyo = 0.0225ir
mm mrad. 6y increases rapidly from eyo to 0.06TT mm mrad
e y > eXo+eyo, but ec « ' "
greater than 15 turns.

E..+ ev = constant for times

reached a minimum and then started to increase even
though the initial betatron amplitude was still being
decreased! The closed orbit generated by PATRICIA
includes linearized contributions from higher order
field components; apparently this approximation is not
sufficiently accurate for the present studies. This
problem has been greatly reduced by changing the pro-
gram so it first tracks a very small amplitude particle
for 100 turns, averages x, x', y, and y', and uses the
results as the coordinates of the closed orbit.

The linear apsrture can be defined on the basis of
a tune shift from a particle having zero amplitude or
on the basis of the smear of the dependence of /e~ on

Fig. 6 Plot of (Ey/eyo)
 v s ( E X / E X . ^ on a turn by

turn basis(smear plot). AP/P=-0.1Z. Points of plot are
nicely clustered and indicate little coupling.
SHEAR *> 0.074, SKEAR1 = 0.042.

TURNS

Fig. 8 Plot of the dependence of e x and ey on time
(number of turns) for AP/P=-0.1%. eXo=eyo = 0.0225ir
mm mrad. The sum, (ex +ey ), is only slightly greater
than the sum of the initial emittances.

/Fx" (Figs. 5 & 6). The steps used to generate a meas-
ure of the smear (called SHEAR) are listed below:*1

1). Determine the parameters of the betatron
motion AZ, AZ1 relative to the closed orbit Z c 0 and
and Z f

c 0 for each turn. AZĵ  = Zi-Zco, AZi' = Zi'-ZCo'
for Z « x and y.

2). Determine the Courant-Snyder function for
each turn: et =- (AZi

2 + (c^AZi + BzAZL')
2) / 8Z.

3). Define PZ£ » /e^, compute Pz, and determine
APzi » Pzj - P 2 for each turn.
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Fig. 9 Dependence of the SMEAR function on AP/P for
several initial amplitudes. Random multipoles present
in dipoles and quadrupoles in the insertions as well
as in the arcs. Multipoles in the triplet Ql to Q3
are assumed to be 90% corrected. A r = ^ 2 5
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Fig. 10 Dependence of linear aperture (solid curve)
on AP/P constructed from the data of Fig. 9. Points
with bars represent the dynamic aperture. The motion
is stable at the lower limit of the bars and is unsta-
ble within 1000 turns at the upper limit of the bars.
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Fig. 11 Distribution of the radial dependence of
(eL/ e ^ ) ^ on AP/P for the smear plots of figures 5&6.
Points are plotted at the center of histogram bins.
The distribution for AP/P=-0.1% is sharp and has an av-
verage value of 1.04. The distribution for AP/P=0.1%
is more complicated and indicates emittances signif-
icantly larger than the total initial emittance of 2eo.
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Fig. 12 Dependence of the SMEAR1 function on AP/P.
These distributions are companions to those of Fig. 9;
they were generated from the same tracking data.

4 ) . Determine the rms deviation of the APzi's.

aP z = (£cPzi
2/TURNS)!5

5). Determine the SMEAR defined as:

SMEAR = (( aP x
2 + aPy

2)/(Px
2 +• Fy2))5*

The linear aperture has bepn defined as that initial
amplitude that gives a SMEAR of 0.1.

Five particles having different amplitudes were
tracked for 1000 turns at several momenta in the range
-0.12 ̂  AP/P <_ 0.12%, and the SMEAR as defined above
was evaluated and is plotted in Figure 9. From this
plot the range of AP/P for which the SMEAR at each
amplitude is less than 0.1 is determined, and the cor-
responding linear aperture is constructed, lisa results

of this determination are shown in Figure 10. Also
appearing on the plot is the dynamic aperture above
which the motion is unstable. Several features are of
interest:

1). The dynamic and linear apertures are essen-
tially equal in the range -0.10 <_ AP/P <_ 0.03%,

2). The dynamic aperture is nearly symmetric
around AP/P =» 0.0% and decreases gradually as AP/P
increases to + 0.1%,

3). The SMEAR plots are not symmetric around
"AP/P - 0.0%,

V). The linear aperture falls off abruptly below'
AP/P - -0.12% and above 0.03%, and



5). The radial linear aperture Ar-Cx +y 2)^ meas-
ured at the center of arc quadrupoles is Ar - 4.4 mm, .
This is to be compared with the value of 5.5 + 1.3 mm
from Che CDR5 — when there were magnet errors in the
arc dipoles only. In that case the dynamic aperture
quoted is 9.1 + l.S mm, while for the present study in
which mulcipoles are included in the insertion dipoles
and quadrupoles, the linear and dynamic apertures are
(jqual.

For purposes of comparison, runs have also been
made when there are random mulcipoles in the arc di-
poles only. The dependence of the SMEAR function on
momentum is shown in Figure 13, and the radial linear
and dynamic apertures are plotted on Figure 14 (radial
aperture A r - (x* + y*)

5* - (c(Bx + By))
1! ) . At AP/P-O,

the linear aperture is 7.8 mm and the dynamic aper vre
is 9.9 mm. The linear aperture is larger while the
dynamic aperture agrees with"the values quoted in the
CDR.

Alternate Criterion for the Linear Aperture

The linear aperture obtained from the SMEAR func-
tion is essentially equal to the dynamic aperture for
-0.10 <̂  AP/P <_ 0.03X. This seems surprising. Also
surprising are the large values of SMEAR for AP/P > 02.

Reconsidering the smear plots of Figures 5 & 6, it
is noted that the radial distance of any point from the
origin is (ex + Ey)

1* - (et)
!i. the square root of the

total emittance. The elongated distribution of Figure
5 suggests an arc of a circle upon which e t is constant.
This corresponds to motion- with the total emittance
invariant as emittance is transferred back and forth
between the two planes. TUa transfer causes periodic
increases in the beam size in each plane, but this
transfer is limited in magnitude. Perhaps a more real-
istic measure of the nonlinearity of the smear distri-
bution is its rms radial variation. In Figure 11 the
distribution of (Et/eco)

!i is plotted for the smear dis-
tributions of Figures 5 & 6. The curves are generated
from histograms with the points located at the center
of each bin. The distribution for AP/P » -.1% approx-
imates a gaussian, while that for &F/P » +.1% has a
more complicated structure that reflects the large
emittance in the vertical plane (Fig. 7). Following
steps similar to those leading to the SMEAR function,
an alternate function, SMEAR1, derived from the rms
variation of e ^ is suggested:

SMEAR1 (ec
!«)/

The dependence of SMEAR1 on momentum is shown in Fig-
ure 12 for the same data used to generate Figure 9. In
this case the SMEAR1 function never reaches the limit
of 0.1; that is, the dynamic aperture limits the moticn.

Linear Aperture Determined from Tune Shift

The linear aperture based on the tune shift from
a small amplitude oscillation has been determined when
there are random multipoles in the dipoles and quadru-
poles of both the arcs and the insertions. The tune of
the betatron motion at any initial amplitude is deter-
mined by averaging the rotation of the particle around
the normalized phase ellipse. Tunes were considered
valid only when the tracking run went to completion
(1000 turns). The tune dependence on amplitude was
determined at each momentum, and the amplitude where
AM » 0.005 was obtained by interpolation. The result-
ing dependence of aperture on AP/P is shown in Fig-
ure 15. At AP/P = 0, the linear aperture is = 4.1 mm,
and it is 3.8 mm and 2.61 mm at AP/P - 40.1 and -0.12,
respectively. Thus the linear aperture based on tune
shift does not show the same momentum dependence as
that obtained from the SMEAR criterion (Fig. 10).

The determination of linear aperture based on the
tune shift was also made when the head-on beam-beam
effect was included. At each crossing point the test
particle was given a kick appropriate to the 8* and
its radial position. The tune at small amplitudes was
decreased and is shown in Figure 1*. The tracking re-
sults at large amplitudes were unchanged. It seems
appropriate to use the small amplitude tune without
the head-on beam-beam effect as the reference tune.
When this is done, the linear aperture derived from
the tune shift Is unchanged from that of Figure 15.

Conclusion

In the present study the criteria of SMEAK, SMEAK1,
and Av<0.005 are used to determine the momentum depen-
dence of the linear aperture of the SSC storage lattice,
and the results are compared with the linear and dy-
namic apertures listed in the CDR. There is a differ-
ence in the results that arises from different tech-
niques being used by different people5.6>7. All aper-
tures of the present paper are radial apertures A r with
Ar » (eCBx+Sy))^ and B x and By measured at the same
quadrupole; they are consistent with the radial aper-
tures of Reference 7.

The apertures of References 5&6 were obtained from
runs on test lattices (no vertically deflecting beam
crossing dipoles) and were determined as A = (£(§X+By)^
where BJ£ and By are maximum values measured at horizon-
tally and vertically focusing quadrupoles, respectively.
Thus these apertures are thought to be high by 22%
(Bx(Q*')=8y(QD)=330m and 8y(QF)=Bx(QD)=110m).

The criterion used in Reference 5 to estimate the
linear aperture from the smear distribution is differ-
ent from that used in the present study. Defining
A7.=Ez cor z = x an(* y, and with AAZ being the range of
Az, and with AA being the larger of AAX and AAy, their
criterion for the linear aperture is:

2AA/(AX
2 + J 0.3

This criterion.should be satisfied at smaller ampli-
tudes than those satisfying the SMEAR =0.1 criterion.
This smaller amplitude is at least partially compen-
sated by the 22% overestimate in converting amplitudes
to aperture. With differences in lattices and tech-
niques, the only real comparison that can be made is
the dynamic aperture of References 5&6 with that of the
current study when multipoles are present in the arc
dipoles only. Their values of 9.1+1.5 and 10.1+ 1.3 mm
agree well with the value of 9.9 mm of the present work.
Reduction of their values by 22% would destroy this
agreement.

The SMEAR1 function is a measure of the rms vari-
ation of et'5 and is less sensitive to coupling than is
the SMEAR function. For the present studies SMEARl£.l
gives a linear aperture nearly equal to the dynamic
aperture. It is possible that the SMEAR1 function is
the appropriate way to evaluate the linear aperture but
that the allowed limit should be reduced Co 0.03 or
less. The relative merits of SMEAR, SMEAR1 and the
tune shift criterion warrant further study.

Finally, a comment is made about the concept of a
dynamic aperture. This aperture is defined by the
largest amplitude betatron motion that survives for a
specified number of turns— no radial constraint is im-
posed on the motion. This aperture has been used as a
tool to compare the performance of different lattices.

The triplet quadrupoles have large beta functions
(10,000 <_ (Bx+ By) £ 13,000 for -0.12 <_ AP/P <_ +0.12%
A radial amplitude of 5 mm in an arc quadrupole corres-
ponds to an amplitude of 25 to 30 mm in the triplets.
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Fig. 13 SMEAR distribution for a study having random
multipoles itv the arc dipoles only. This study was
made to permit direct comparison of the present work
with the data presented in the CDR.
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Fig. 15 Linear aperture usion the criterion that
v(AP/P)-\)(0,Q) <_ 0.005 where v(0,0) denotes the beta-
tron tune derived from a small amplitude oscilattion
at AP/P=0.0%.

When the 100% coupling of Figure 1 is included, the
beam size in the triplets is increased by an additional
factor of /I. The coil ID of the triplets is 4 cm.
Even without coupling, a 5 mm amplitude in the arcs is
magnified to an amplitude in the triplets that exceeds
their inner coil radius; the situation is even worse
when coupling is present. The random multipole coef-
ficients scale with order n as l/ro

n+m with ro being
an average coil radius and m=4 for dipoles and m=-Jj
for quadrupoles. For amplitudes greater than ro, the
multipole expansion of the field is no longer valid—
the importance of multipoles increases with increasing
order, while in the region where the field expansion is
valid, the opposite is the case. The region where r>ro
is unphysical; large kicks are given to the test par-
ticle so that the motion, when it diverges, does so in
a fraction of a turn. When random tnultipoles are pres-
ent in Che arc dipoles only, the dynamic aperture is
consistent with the test particle staying within the
besa pipe throughout the arcs. The test particle does
make large excursions in the insertions, but there it
experiences no kicks due to multipoles. Tci this case
the dynamic aperture is less than the acceptance of the
arcs, and it has physical significance. When multi-
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•DYNAMIC

LINEAR

- 0 . 1 0.0 +0.1
4P/PU)

Fig. 14 Linear aperture (solid) constructed from the
SMEAR distributions of Fig. 13. Also shown is the dy-
namic aperture (bars) for the same study. The linear
aperture is 7.8 mm and the dynamic aperture is 9.9 mm
at AP/P=O% as compared with the values of 5.5+ 1.3 mm
and 9.1 + 1.5 mm reported in the CDR.
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Fig. 16 Tune depression at small amplitudes (measured
at the center of a horizontally focusing arc quadru-
pole) when the head-on beam-beam effect is included.

poles are included in the insertions, one is using a
region where the field expansion is not valid, and the
dynamic aperture loses its significance. In this case
the acceptance (physical aperture) is the meaningful
quantity.
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