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ABSTRACT 

Elementary considerations show that the interacting boson 
model (version 1) contains a degree of freedom not present in 
the Bohr-Mottleson model. This is illustrated with a simple 
example. The additional degree of freedom obscures the 
relationship between the static quadrupole moment and the shape 
of the nucleus. 
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The determination of the classical limit of the 
interacting-boson model of Arixta and Iachello [1] has been an 
active field of research. The problem was solved about six 
years ago [e.g. 2-6] for that version of the model, known as 
IBM-1, in which bosons composed of protons are not distinguished 
from those composed of neutrons. The result is that, for any 
IBM-1 hamiltonian, a corresponding potential energy surface and 
geometric hamiltonian can be found. This has been interpreted 
[e.g. 7,8] as implying that the IBM-1 is contained in the Bohr-
Mottelson model in the sense that, for a given set of IBM-1 
parameters, corresponding parameters can be obtained for the 
Bohr-Mottelson model such that the two models will reflect the 
same physics. Indeed, a quite complex example has been 
explicitly worked out [9]. Thus, although there is some 
controversy [10,11], the equivalence of the IBM-1 to a subset of 
the Bohr-Mottelson model is widely accepted, at least for the 
case where the number N of bosons is .Infinite [5,12]. 

However it may be for the hamiltonian, the electric 
quadrupole properties of the two models are different, even if N 
is infinite. One finds that the IBM-1 contains a degree of 
freedom not present in the Bohr-Mottelson model. This is simply 
because the E2 operator T ( K 2 > of the IBM-1, namely 

T ( l 2 > - o2 [dfxs+»fxaj<2> + ^[d fxaj r t ,
f * 

has two adjustable parameters, o2 and 02, whereas that of the 
Bohr-Mottelson model has only one, corresponding to <*2. The 
following simple example illustrates the effect. 
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Consider a system of N bosons with an IBM-1 hamiltonian 
consisting of just one term, that involving the d-boson energy 
c: 

H - c n d, (1) 

were n d is the d-boson number operator. This system has N 
excited states with energies c,2c,...Nc above the ground state. 
The first excited state has an angular momentum of 2ft and the 
others are degenerate multiplets [13]. The static quadrupole 
moment Q(2*) of the first excited state is given by [13] 

Q(2*) - ^325/35 . 

Clearly any value of Q(2*) can be obtained by choosing 02 

appropriately. According to Ginocchio and Kirson [4], the Bohr 

hamiltonian H, corresponding to Eg. (1) is 

where 0 is proportional to the usual quadrupole variable. The 
SchrOdinger's equation 

H g* - E* 

is readily solvable, yielding wave functions of the form 

# - C^ / e/(l+^)" / 2/ (3) 
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where C is a normalization constant, and eigenenergies 

E - en, (4) 

where n is an integer satisfying 0<n<N [2]. Hence the spectra 
of hamiltonians (1) and (2) are identical. The angular momenta 
and degeneracies of the levels a3so Batch [9]. • But the E2 
operator of the Bohr-Mottelson model is, to first order, linear 
in fi [14], so it is clear fro* (3) and (4) that its expectation 
value is zero for all states. The Bohr-Mottelson E2 operator 
has higher-order terms for which the wave functions (3) do not, 
in general, have zero expectation values, but the v&lues are 
snail and the ratio Q(2*)/ jB(E2?0*-2*) is fixed, whereas this 
ratio is proportional to P2/<*2 in the IBM-1 and so is not fixed. 

This conclusion clearly applies to any IBM-1 hamiltonian 
and its geometric counterpart. Having settled on a potential 
energy surface, the ratio Q(2* )/jB(E2;0*-2*) is fixed in the 
Bohr-Mottelson model, but is not in the IBM-1. The static 
guadrupole moments are not unique in this respect. An analagous 
result applies to any matrix element, such as <4* | |4tE2) ||2*>, 
which depends on fi2. 

The behaviour of the atatic quadrupola moments such as 
Q(2*) is noteworthy, however, in that they have traditionally 
been regarded as having a particularly direct relationship to 
tha nuclear shape. If tha IBM-1 approximates reality, then this 
is not true. It seams reasonable to regard tha shape of a 
nucleus as that givan by tha potantial energy surface [15]; for 



example, a nucleus behaving like the simple example above would 
be considered spherical. As was shown, however, the value of 

* Q(2*) predicted for this case by the IBM-1 is not necessarily 
zero. This disjunction of the static quadrupole moments from 
the potential energy surface is one of the more curious features 
of the interacting boson model. 
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