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I. Introduction 

In recent years the study of cluster formation has 
become a new field in satistical physics. At present this 
field concerns most sciences, but specially physics, 
biology and economics. In physics for example, the 
formation of polymers, gels, aerosols, colloids, etc.. is 
now studied on new unified grounds. 

Nuclear reactions with particle number change can be 
viewed as a cluster formation processes. Nuclei decay into 
smaller clusters when hit by energetic projectiles. Proton 
induced spallation-evaporation (or heavy ions abrasion -
ablation) reactions produce one (or two) big clusters(s) 
and various very small clusters. Multifragmentation decay 
produces a power law distribution of medium size clusters. 
These two cluster size distributions resemble that of many 
others statistical cluster formation processes. We discuss 
now these analogies in some details. 

II. Cluster size distributions 

Most theoretical models of cluster formation show up 
a critical behaviour, in the sense that for a fixed value 
of variable (temperature, density, time..) some typical 
quantities (mean cluster size, size of largest cluster, 
correlation length, etc..) diverge (or become very large 
in finite systems). Near the critical regime most models 
predict a cluster size distribution of the type 

n(s,e) ~ s"*f(e.s*) (1) 

where £ is a variable that characterizes the state of the 
system, f a scaling function and T,CT are two critical 
exponents. The variable £ represents the distance to a 
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critical temperature E, * T -T in thermal phase transitions 
[1], to a critical density £ • p-p in percolation 
theories [2], to a critical time 6 • t-t in dynamical 
aggregation theories £3]. The critical values <T ,p ,t ..Î 
depend strongly on the nature of the physical substance or 
on the ingredients of the theoretical model. The scaling 
function f is also "material dependent". In contrast, for 
a given order parameter and a fixed space dimension, the 
critical exponents are quite insensitive to the detailed 
nature of the materials or to the details of the 
theoretical models. We can say that critical exponents are 
the fingerprints of the various types of critical 
phenomena, in the sense that when we know it for a given 
substance, we can decide to which class of phenomenon it 
belongs. 

A cluster size distribution of type (1) was first 
proposed by Fisher for his droplet model [3]. Fisher's 
model predicts 

n(s,T) ~ s"T.exp(-const 'T-T Is") (2) 

with T = 7/3 and cr = 2/3 in 3-dimensions. 

Percolation models £2] follow (1) with great accuracy 
when £ = p - p -* 0. Here p is the fraction of occupied 
sites or active bonds of a lattice, and p the critical 
value at which the system "percolates*' (i.e. develops a 
single cluster that fills most of the lattice sites) . In 
3-dimensions -x = 2.2 and c = 0.45, regardless of the 
percolation type {site or bond), lattice structure (simple 
cubic, body-centered cubic,..) or linkage prescriptions 
(nearest neighbours or longer range)* Percolation can be 
seen as a static and purely geometrical modélisation of 
very complex phenomena [5], However the comparison of the 
physical reality with percolation is very tempting because 
this model is conceptually very simple and (numerical) 
calculations are easy, specially in small size systems. 
Also the predicted values for the exponents are close to 
those of Ising-magnet or lattice-gas model [5J. In 
addition percolation ideas have been recently introduced 
in nuclear fragmentation models [6] 

We can say that percolation is the simplest cluster 
formation model showing a "reasonable" critical behaviour. 
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In what follows we will compare experimental nuclear data 
on nucleus breakup to the predictions of an equivalent 
size percolation model, with the purpose to see that both 
systems show similar remanents of a critical behaviour, 
with similar critical exponents. He will take finite size 
percolation as a reference model. 

III. Momenta of cluster aize distributions 

The direct comparison of data with equation (1) is 
difficult because we ignore how to define the variable e 
in nuclear clustering. We can avoid this difficulty by 
comparing various moments of the same event or same type 
of events. 

The k"' moment of (1) is 

M k U> = 2J n(s,e)s* (3) 
s 

where the sum runs over all finite size clusters of an 
infinite system. In a finite system, we will take the 
prescription to sum over all present clusters, excluding 
the largest one. We evaluate this sum introducing the 
variable z = E.s" [2], 

Mk <£> ïl/o \~ " s-'"-'z-'f (z)dz 

= C* lei'- 1"'-"" (41 

We see that when e -• 0, Mk diverge for k > T - 1. 

For example in 3-D percolation and liquid-gas phase 
transition t > 2, and M (the mean number of clusters) and 
M (the mean number of sites in finite clusters) remain 
i 
finite at critical points, while M 2, M ,.. diverge. 

Using similar triks one shows [2] that the size of 
the largest (infinite) cluster defines another exponent £ 

P(£) ~ t e (5) 



4 

for t > 0. When e < 0 no "infinite" cluster exists but we 
can still study the size of the largest cluster 

S(£) ~ e-' r • " (6) 

with T = (T - 3)/cr. 

Combining formulas (4)-(6) we can hidden the explicit 
dependence on the variable £ and deduce ratios of critical 
exponents. In practice this means to compare M', PJ and 

Ŝ  for the cluster size distribution of single events j 

Mj = 2 n; sk 

Here n 5 = 0,1,.. is the number of clusters of size s that 
appear in the event j. For example representing in a plane 
iog<M ] versus log(M2 I we will get a series of points that 
define a straigth line with slope 

\ x = (t - 4)/(T - 3) 

= 1 + 1/C.T 

IV. Nuclear clustering data 

The piece of experimental data we analyze [7] 
consists in 370 collision events, in which 1 GeV.A Au 
projectiles break in lighter fragments when hit target 
nuclei in an emulsion. Event by event, the size (in fact 
the charge 1 =ï Z * 79) of all Au fragments has been 
measured 18]. 

The correlation between Mo and M (k=l,2,3} is shown 
in figure 1. Each point represents the average value of M-J 
(j=l,...370) for fixed M . The figure on the left shows 
the simulation in a bond-percolation model with a lattice 
of 5X5X5 sites. In the right are the experimental data 
points. We remark that both systems show similar remanents 
of the behaviour predicted by equation (4) with T > 2 : M 
and M have a clean maximum, while M has only a shoulder. 
We notice that the transition takes place when 17 ± 5 
charged fragments of Au are produced. 
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Figure 2 shows the correlation for S 3 against S , 
where, 

S k = M k/M | (k > 11 . 

On the left (a) are represented the nuclear fragmentation 
events. On the right (b) f each point is a Monte Carlo 
simulation on a cubic lattice bond percolation model 
containing 6X6X6 sites. The values p are chosen randomly-
distributed between 0,1. Events close to critical region 
are represented by points with the largest values of s 
and S . Above and below the critical zone, points fall 
closer to origin. In nuclei break up, gentle and violent 
events fall near the origin. "Critical" events, 
corresponding to break up into two or three medium size 
fragments, give again the largest S k. 

We remark in figure 2 that points are beautifully 
correlated, as well in nuclei as in the percolation model. 
This is quite unexpected for so small systems. We see that 
the slope is about the same for the nuclear data as for 
the percolation simulation : A = 2.22 ± 0.1. This number 
is to be compared with A = 2.25 in infinite percolation 
models [2j. In contrast, A =2.5 for liquid-gas phase 
transitions in the mean field approximation [9]. 

We also remark on figure 2 a slight change in the 
slope of the straight line defined by the most "critical" 
events. This is visible in both nuclear and percolation 
events, although more marked in the former. We believe 
that this is a manifestation of the finite si2e of the 
system, but this calls for closer investigation. 

The validity of the general expression (4), that 
follows from the scaling hypothesis (1), can be checked 
comparing higher moments. This is done in figure 3 for S 
versus S . We see that in both systems the slope A =4.6 
+ 0.2, in agreement with the prediction 4.75 of l,i) taking 
T =2.2, the standard value in 3-dimensional percolation. 
The value predicted in the mean field approximation for a 
liquid-gas phase transition is A = 5.5 taking T = 7/3. 
The intriguing points that draw an arc of circle close to 
the origin are events with only s=l and s=2 clusters 
contributing to Sfc , i.e. very gentle (p ~ 1) and very 
violent (p s 0) ones. Finally we study the "critical" 
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behaviour (5) and (6Î of the "infinite" and "typical" 
clusters, that we identify in our finite size systems with 
the largest cluster produced in the event. Plotting the 
size of that cluster against S 2 we get a much weaker 
correlation then before. This lack of correlation is due 
to the large fluctuations of p and Sfc in our small 
systems. A remedy is to average over events of the same 
type. For instance, averaging over events with the same P 
(or M ) . The result is shown in figure 4, where the points 
represent average values of two or more events. We remark 
again that nucleus and percolation model give about the 
same correlations. One clearly distinguishes two branches. 
The upper one concerns events with p > p . From (4) and 
(5) the predicted slope is -p/T, that is too small to be 
measured accurately. The lower branch represents events 
below p for which the size of the largest cluster may be 
governed by eq. (6). The observed slope X = 1.2 ± 0.1 
has the predicted value in percolation X = 1 + &/T = 1.2. 
In contrast, X = 1.5 in mean field approximation. 

V. Summary and final remarks 

The validity of the "universal" scaling relation (1) 
has been tested for nuclear fragment size distributions. A 
finite size percolation model has been used as simple test 
model. Using moments technique we have seen in both cases 
similar remanents of the behaviour predicted by equation 
(1), with similar critical exponents. Thèse exponents are 
close to those of percolation and those of Ising-magnet or 
lattice-gas models in infinite systems. 

The question that immediately arises is ; why ? It is 
doubtful that the purely geometric picture of percolation 
is adequate to describe nuclei breakup. In principle, 
models with more realistic weighting of the partition 
space [10,113 should give different and better results. 
Collision dynamics [12] and equilibrium effects should 
also play a role in the fragment distribution, but we have 
already mentioned in the introduction that relations of 
type (1) also hold in dynamical (aggregation) processes. 
In any case the critical exponents we have deduced from 
experimental data put new constraints on present and 
future nuclear fragmentation models. For example, models 
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of fragmentation based on a mean field approximation [9] 
predict critical exponents that disagree with present 
findings. 
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Average value of the moments M ] , M j a n c ' -^3 plotted against M 
for a percolation model with 5X5X5sites (left) and for Au nucleus ° 
break up (right). The straight lines are just draw to guide the eye. 
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Fig.2 - Single event moments Sj plotted against Si, for nucleus break-up 
(a) and for a Monte Cano 'simulation in a cubic bond percolation 
model containing 216 sites and randomly distributed values of ( K p < l 
ïb). The dashed line is tVt prediction for a Jlquid-g.-iS phase transition 
in the mean f ield approximation (infinite system). 
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Fig.3 Same as Fig. l forSJ and S^. See text for the curious correlation 
near the or igin. 
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Fig.4 The si2e of the largest cluster produced per event, as a function 
of $ 2 - Each point represents the average over events with same M.. 
a) Largest nuclear fragment charge. Average over 376 events. 
b) Largest cluster size in a cubic bond percolation model containing 
216 sites and for randomly distribution values of 0<p< 1. Average 
over WOO events. Only the slopes of the curves can be compared 
because of different system size. 


