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ABSTRACT

Force concepts in condensed systems have progressed significantly in

recent years. In the context of bimetallic interfaces we consider the Pauli-

Hellman-Feynman theorem, use it to check the variational calculations of

interfacial energies and estimate the force constants.
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During the past two decades many attempts have been made

to study the physics of adhesion between two metal surfaces

(for references Bee [I] and [2]). Most of the theories are

formulated based on the density functional approach by using

either the Kohn-Sham method or a direct variational principle.

Calculations are carried out for the interfacial energies,

adhesive energies,potentials and charge densities etc. across

the junctions by using these methodsp*3j . On the other hand

the forces between two metallic surfaces are also of interest

[4-8].These are derivable from the Pauli-Hellman-Feynman (PHF)

theorem(2,% There seems to be interests in the recent times

on the use of the PHP force concepts towards understanding

of the interatomic forces in molecules and solids f9,10].

Force defined via the change of the energy is according to

the PHF theorem related to the electrostatic field. Therefore

the method of the PHF force can be used as a chectc on the

calculations of the adhesive energies.

In this paper we consider an interface of two jellia

(considered to be reasonable for simple metals) in contact,

obtain the force of adhesion between them and show how much

the variational results of Das et al. £t] fulfill the interfacial

sum rule and how they can be used to calculate the force

constants being of recent interest [6-8J .

given byWe start with the background density

£ (z) = ̂ (z) • ?2U) = n̂ C-z) + n20(z)

which gives rise to the electron density n(z).

T



z is the direction perpendicular to the interface.

n(z -•• - 60 ) = n1 2 (2)
+0.

and /dz[£(z) - n(z)] = 0 (3)

maintain the charge neutrality of the combined system.

Through the first of thr> .'axwell's equations (Gauss

theorem) the electric field E(z) c :tisfies
i

E(a) = 4TrJdz'[f(z')- n(7')J . (4)
— w

According to the PHP theorem the forces per unit area
on the surfaces 'V and '2' are given by (see £2.5])

+ 0o
I r- -i

f_ = ^dz 9 (z) E(z)-E.(z)
1 J JI L- 1 —'

" * o

= n. f dzfE(z) -E (z)^ (5)

f2 = jdz £ (z) [E(Z)_E2(Z)]

= n, f" d (6)

E , .(7) is the field due to the surface, if we replace

the jellium 2(1) on the right(left) side by the vacuum.

The quantities E (z) and E (z^being the characteristics

of the semi-infinite bare metal surfaceSjare simply

related to the energy per particle £(n..) and € (n,,)

of the respective bulk metala.
n

o <i6(n.— = n1 J dz Et(z)

(to

2 (

(7)

(8)
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Eqns. (7) and (8) are consequences of the PHF theorem.

These reaultB are alao known by the Budri-Vannimenus

theorem {5j,if me replace the electrostatic field in

terms of the electrostatic potential V (z) by

V (z) = )dz' E(z') .
e -to

The eqns. (7) and (8) may be viewed as the force sum

rules for the planar surfaces of bare semi-infinite

metals. The left hand sides of (7) and (8) define bulk

pressures p. and p2 of the half-space metals M' and

•2' respectively, so that eqns.(5) and(6) can be

written as

and

dz E(z) -

dz E(z) +

(9)

(10)

and the trivial sum rule y
 fi+f? ~° m u s t b e fulfilled.

Therefore,

dz E(z) + n2 ( dz (11)

On the ther hand, the integrals on the left hand side

of (11) have to fulfill the condition

\ dz E(z) + j dz E(z) = J 1 - J 2 (12)

where 3 If 2) *s *he c h e m i ° a l potential generally

defined as J = f̂ E. 1 from which j = G+(p/n)
u •3MJv

follows for the homogeneous system. Eqn.(12) is a

consequence from the demand that the total system

(metals in contact) have according to f*"'= Z*^ •

a common/chemical potential. The electro-chemical



potential is generally defined as / • I —r \ ,i.e. the
<-"» N e -

ttie particle number is changed for the constant volume

v and the back-ground density n. From the PHF theorem

it follows that y - % + V , where V is the potential

deep inside the homogeneous system. Thus,

from which (12) immediately follows because of

IZ
V (z) = E(z) dz + V (-*.) .

The eqn.(12) can be understood directly as follows.

Its left-hand side means (apart from a sign) the work

necessary to bring an electron from the interior of a

metal M ' (z = -A>) against the common field of the

bimetallic interface, E(z) into the deep interior of the

metal '2' (z = + co). This is in agreement with the right-

hand side of (12) having the same physical meaning.

From (11) and (12) it follows that
V

Jdz E(z)
n1 ~ n2

When (13) is inserted into (9) we obtain

f1 - ^T1 n~2

Because we know J = £ + p/n, we can write

(13)

(14)

(15)
1

n1 -
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ThiB formula-firatly derived in [5] ,has been recently

rederived in connection with the force constants in

and with forces on and between jellia in(2},f vanishes

for 0 and for n_ = n- (=n) it becomes the Budd-n2 an fo n

Vannioenus theorem,
-

*1 2
f • d G / dn" = -n d £ /da = -p.

with f being the total force per area on the half space

metal.According to (15) the sign of f. depends on the

densities In Fig.1(a) we ehow the energy

as a function of n .If we choose n. between the

equilibrium density no(where £(n) has the minimum)

and IU (the point where the energy cuts the zero axis)

then there exists another density n . « with

€ (n.) =£(n.). In fig. 1(b) we show f aB a function of

1

Now with respect to n2 there are three possibilities

(when n ^ ng)«

f 1 > 0(1) iig < n4 with 1

(2) r^ - n4 with f 1 = 0

and (3) 1^ 7 n4 with f, < 0 .

The negative force seems to be an artifact of the jellium

because we know that the surface energy of a high density

jellium is negative.

-C-

"T



In the same spirit as (151 has been derived,for the

force between two jellia'i'and V with distance B between

their back ground edgee ('1' at z=0 and '2' at z=D),it

follows that (

() ^) ° (16)
n1 ~ n

where f^O) = f .This allows to express the force constant

by

'D=0
A1 = dD -1 -1

n1 -n2

(17)

The quantity A is determined by the electric field of the

interface of the jellia in contact and by their reciprocal

density difference.

"e have stated before that the PHP sum rule can be

used as a check for any self-consistent calculations of

interfacial properties. Earlier in ref. \jt~\ Das and Nafari

have used a model for the bimetallic interfacial electronic

density and have performed a variational calculation for

the adhesive energies using the density functional method.

The model density used therein is given by

n, n2 2A Sinh(/9z)

where B ia the slope parameter of the density and A is

another parameter which takes care of the charge rearrange-

ment in the interfacial regime. Now we test the PHP Bum rule

via the eqns.(9) and (10). On UBing the model density as

given above the forces f1 and f2 of (9) and (10) are obtained.

-7-
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and

where

(18)

(19)

In Table 1 we display the results of bur calculations

for some combinations of alkali interfaces.These are :

Li-Na,K-Rb,K-Cs and Rb-Cs.The values of the densities are

taken from Smith £i2j.The expression for energy per particle

6 contains Kohn-Sham exchange and correlations from Wigner's

interpolation formula (j2].In columns 3 and 4 of the table 1

we have given the values of the slope parameters /3 and the

scooping parameters A[i3"J.The quantities f. and f are

computed from the expressions (18) and(19).The last column

gives f,computed from (15).The results show nice agreement

with each other. Accoring to (17) we obtained the force

constants which are tabulated in Table 2 for the same

combinations: of the alkalies as in table 1.ln fig. 2 we

have displayed the computed electric field across the

junctions. The slopes of the fields are in consistent with

the charge rearrangements as has been discussed in [1, 133.

For other combinations of the alkalies the PHP sum rule

does not seem to satisfy as nicely as has been in the cases

reported above.

In summary we have discussed the PHP force

concepts in the context of bimetallic interfaces^hich

are electronically inhomogeneous systems.From the

equilibrium density distributions the force constants

are estimated by our method.

-8-
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Table 1 Forces computed for various interfaces {in Hartree
atomic units)

Table 2 Force constants of various interfaces
(relative to Li-Na)

Interfaces

Li-Na

K -Rb

K -Cs

Rb-Cs

0.568

0.853

0.684

0.802

0.677

0.574

0.565

0.559

A/n,

0. 108

0.043

0.094

0.060

f/10"4)

-0.530

0.105

0.102

0.109

f2(1O~
4)

0.599

-0.109

-0.112

-0.115

f do"4)

-0.535

+0.108

+0.111

+0.113

Interfaces

Li-Na

K -Cs

Rb-Cs

K -Rb

1.00

0.283

0.271

0.382
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Figure Captions

-1Pig.1 (a) Energy per particle,£as a function of n

(b) Force f. ae a function of nZ (schematic)

Pig.2 Electric fielda.E shown as a function of z
(distance perpendicular to the interface) for
combinations Li-Na.K-Cs.Rb-Cs and K-Rb (from
top to bottom).

€(n)

. 1
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N

5.8 4.2 2.8-14 0.0 14 2.8 42 5.6 7.0

- 1 5 -


