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ABSTRACT 

The interaction of JV = 2 supergravity solitons is worked out in 
the non-relativistic limit, and an effective quantum field theory of 
solitons is formulated. 

* Talk given at the Second Hungarian Relativity Workshop, September 1987 
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1. INTRODUCTION 
Given a classical field theory in fiat space, a soliton is essentially a localised 

static (or time-periodic) solution of the field equations which behaves "like a 
particle", including an appropriate criterion of stability and the possibility of 
scattering between solitons and wave-like excitations of the elementary fields1*. 
Generalizing these concepts to theories including gravity, one finds that a soli-
ton is essentially a black-hole like configuration which does not decay quantum 
mechanically (e.g. by thermal radiation)2*. As well-known, pure general relati
vity contains no solitons whereas in Einstein-Maxwell theory, the only solutions 
surviving all criteria are the extreme Reissner-Nordstern spaces, i.e. for which 

m = |e|. 

(The possibility of magnetic charges, generated by a duality transformation on 
the electromagnetic field strength Fpy will be disregarded here.) 

In general, a certain classical solitoi: type is characterised by external para
meters such as the mass. The motion of a single soliton is described by a set of 
dynamical variables (the so-called 'collective coordinates*) such as its position 
in space. 

The existence of solit jns provides non-perturbative degrees of freedom. Upon 
quantisation, one has to take these into account, in addition to the elementary 
field excitations (like gravitons or photons). As a consequence, one arrives at 
a larger particle spectrum as conventional perturbation expansion around a 
classical vacuum. 

In the following, the nature of solitons in ungauged JV — 2 supergravity8) 
(the simplest supergravity theory admitting solitons4)) and their interaction 
is sketched. Thereby several approximations and heuristic arguments are used. 
N — 2 supergravity contains as elementary fields the gravitational vierbein em^, 
the photon field A, and two spin-3/2 Rarita-Schwinger (Majorana vector spinor) 
fields ^ , ; = 1,2, combined into one complex vector spinor field 1>p = V£+«V'j|-
The Lagrangian density reads, in the notion of differential forms, 

The solitons of this theory are characterised by an arbitrary value of the 
electric charge c. In addition to the position (center of mass) variable z, a 
fermionic, classically anticommuting "supercharge* Q specifies the motion of 



a single soliton. In a first step, a non-relativistic Lagrangian for free solitons -
which are from now on considered as supercharged point-particles - is worked 
out. 

Quantisation leads to a multiplet of wave functions (^x^A), A = 1,2, 
with spin content (0,1/2,0). Some heuristic arguments allow one to write down 
a relativistic generalisation of the Lagiangian which may be coupled to a given 
external N = 2 supergravity background configuration. As a by-product, a 
supersymmetric generalisation of Papapetrou's equation for a spinning particle 
in a gravitational field is obtained. 

By inserting a soliton configuration as background and applying an appro
priate approximation, one may read off the effective interaction-potential bet
ween two solitons in the non-relativistic limit. Quantisation proceeds straight
forward, leading to a set of many-particles Schrodinger equations or likewise to 
an effective non-relativistic quantum field theory. 

Many details and problems of the calculations are omitted here. More detai
led information about the work presented and further references are contained 
in a series of four papers'). 

2. CLASSICAL SOLITON CONFIGURATIONS 

The starting point are the extreme Reissner-Nordstr0m configurations which 
constitute the pure bosonic part of the JV = 2 supergravity solitons, 

'J-sfy-'Ä.VdzO, %-&-*&, (2) 
Vssl+ft> * Ä ± 1 ' < = &• 

By applying finite long-range super-gauge transformations (*supertranslati-
OM") to these configurations, i.e. 

w, = A,£+o(«*) 
etc., where 

Jim c(x) = Coo = const., 

one finds the "superpartner solutions") 

A = 2+i[cAe-(AM + 0(0 W 
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The ADM-mass and the electric charge of these soliton configurations are still 
given by m and e, the supercharge7) (which generates asymptotic supertransla-
tions) is evaluated as 

Q = ~ifak T.7 A * = -{P*°"r - «K» • (4) 

Obviously, Q may not be chosen arbitrarily, but obeys the constraint 

(i^<r+«)<?=o. (5) 

Note that (3) describes a classical soliton "at rest". By applying asymptotic 
Lorents-boosts, one may generate uniformly moving solitons. Configurations re
lated by 8upe^gauge-transformation8 with short range parameter [limp^e = 
0) are considered as identical 

Decomposing 

- - ( : - ! ) • ( 6 ) 

where the Weyl representation of the 7-matrices is used'), one finds 

Q = -2im(b

b\ (7) 

for £ = 1 and 

- * » ( : ) (8) 

for ( = - 1 . Thus, only half the components of 4» contribute to Q (the other half 
approach a covariantly constant spinor tso, ßtsc - 0)» The angular momentum 
of (3), as read off from the g„- components of the metric, is given by 

S, = m£-, (9) 

where 

for £ = 1 and 

for £ = - 1 . The magnetic dipole moment is related to 5, by the correct quantum 
mechanical gyromagnetic ratio 
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4 a. 
Si may be interpreted as the classical spin (angular momentum in the rest 
frame) of the soliton. 

Trying to formulate a dynamics for such objects based upon the variables x 
(center of mass) and Q, one runs into troubles since Q is constrained by Equ. 
(5). An alternative treatment is to introduce a superspace variable 9 = 9 1 + » 9 a 

which is identified with -£*> the same way one may identify the position variable 
S with the parameter â , of asymptotic spatial translations. The generators 
Pf*>u and 8 then generate global JV = 2 SUSY translations in x* and 0 . 

Hence the motion of a soliton is described by a trajectory in JV = 2 super-
space, (x*(«),6(«)). Equation (5) should emerge as a constraint of the point-
particle theory we are envisaging. Global AT = 2 SUSY corresponds to the 
freedom in choosing (or changing) an c«, when a soliton configuration is gene
rated. The remaining freedom in choosing e[x) for a given c«o 0-<- for a given 
soliton) will lead to a local gauge symmetry in the point-particle dynamics, 
related to the existence of fermionic constraints. 

Studying the motion and interaction of solitons, each described by a pair 
(x, 9) , implies that all radiation and retardation effects (i.e. the set-off of ele
mentary waves and the influence of the finite *sise" of a soliton) are neglected. 

3. NON-RELATIVISTIC LAGRANGIAN 
Setting ( - - 1 , we see from (8) that the supercharge is determined only 

by a. Identifying 9 with (6), we set b = 0 (which will later on be interpreted 
as a choice of gauge) and search a non-relativistic Lagrangian L(x,a,a) which 
produces the equations of motion 

and is at most quadratic in a and a. Setting a = a{t) in (3) and inserting 
(e*, A,i>)^t) into the field theoretical Lagrangian density (1) (cf. Refs. 1) and 
8)), cue obtains 

/ <Px£ = im{a*a - tfa) + 0{a*), 

thus 

£ 
where the gauge spinor in (3) has been matched to e« according to 

««r-tfe.. (11) 
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An independent check for the numerical factors in (10) is achieved by finding 
that the spin contribution to the angular momentum (as the conserved quantity 
related to spatial rotations) is correctly given by (9). For ( = 1, one finds the 
same result with a replaced by 6. Changing the short-range part of the spinor 
(11) one would expect to alter also the Lagrangian L. I only mention here that 
it is in fact possible to implement such local gauge transformations. 

Canonical quantisation of (10) by means of Dirac brackets gives (f = mi) 

!*\P/1 = #i 
i *> 1 A ( 1 2 ) 

the latter relation just expressing the correct JV = 2 SUSY algebra 

{<r,Qß}=2{f + mrß (13) 

in the rest frame. By setting 
1« 

Pi = -rdi 

1 d 

one obtains a representation of the operators on the space of superadds 

(H) 
*A * 2^äZ' 

*{*,«•) = « 3 +m»/ J aix A (x) + y e ^ « t a ^ ( i ) = [ x* | . (K) 

Since the spin operator acts upon i> as 
• ( ! • ) 

(^X,A)- (0^«T.x ,0) , (16) 

the spin-content of the mnltiplet (15) is (0,1/2,0). The operator a generates a 
global (non-relathristic) SUSY [u = {vA)) 

6i> = ml%iv - u*a)1>. (17) 

Since the Hamiltonian is given by 



the dynamics is described by the free Schrodinger equation for all four compo
nents. 

4. RELATIVISTIC LAGRANGIAN 

By means of some heuristic arguments, including the requirement of global 
JV = 2SUSY 

f>* = ipYe/ = I(?ye-örO 
SB = € 

and the existence of extreme central charges, one finds the relativistic generali
sation of free soliton dynamics in flat space*', 

L = -mJFT, + U 
A, = #-x-&?V («J 
g = «>»d>e* 

which has previously been studied by several authors*). The analysis of con
straints and symmetries are summarised in Ref. S). There is especially a local 
gauge freedom (c = e(a)) 

8* = j[*fMB-BM'fe) 

SB = Me (20) 

SL = £( . . . ) 

where [p being the momentum conjugate to x) 

M = -p-e, JY = - / + e, XJY = JVM = 0. (21) 

The supercharge is given by 
Q = iMB (22) 

which implies 
MQ = 0 (23) 

which » identical to Equ. (5). The symmetry (21) may be used to impose the 
gauge condition 

JY9 = 0 
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which, in the non-relativist ic limit corresponds ;o setting b = 0 (for £ = -1) as 
we did in section 2. 

Quantisation leads to the basic N = 2 SUSY-multiplet with extreme central 
charges10^ and spin content (0,1/2,0), each field satisfying its free field equation. 

5. SOLITON IN AN EXTERNAL BACKGROUND 
The generalisation of (Id) to a nontrivial N = 2 supergravity background 

(e%, Aß,1>ß) is found by similar heuristic arguments5*. In the superapace for
mulation of supergravity, using the eupervieibein Kv'A and the gauge potential 
Bun\ the Lagrangian reads (cf. Ref. 12)) 

I = -my/JFfc-tiPBM ^ 

It generalises the Einstein-Maxwell case to superepace. 
Henceforth, all terms of forth order in fermionic quantities are neglected. 

This approximation will be in accordance with the non-relativist ic limit of so-
liton interactions we have in mind. Then L becomes 

I = - m v / ^ - « i M , + ^ÖKB-fl 1Me) (25) 

mi* 

The supercharge is given by 
Q = iMB, (26) 

and a symmetry similar to (20) exists. Tbe equations of motion, with a suitably 
defined momentum variable Pß, reads 

£ />„ = **>* + MrV + \ tyt*V + 0(±) (27) 

where P is the covariant derivative on ( t ) , $ and ft are gravitino field strength 
and supercurvature, respectively. Upon i> = 0, one obtains Papapetrou's equa
tion of motion lor a spinning particle. 
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6. EFFECTIVE SOLITON INTERACTION 
We consider now a soliton-test particle with 

•• ( : t j ) . w 
subject to the gauge condition 

JY6 = 0 (29) 

in the background of s soliton configuration like in Equ. (3) with 

-<-=(°:-*) m 

and - in analogy with (29) -

tf=0 i f ? = - I . { 6 l ) 

These ingredients are inserted into (25) to give four types of interaction Lagi ?u-
gians (according t. the four different sign combinations of £ and ('). The gauge 
conditions (20) may be incorporated in L thereby leaving only a as dynamical 
variable in the case ( - - 1 and b in the case ( = 1. 

Furthermore, one imposes the approximations of slow motion (only the lo
west non-relativistic contributions are taken into account) and large separation. 
Upon introducing appropriate kinetic terms fcr the background solitons, one ar
rives at the following results: 

The motion of a system of two solitons of type ( = f = - 1 is given by 

- , l x - j r l (32) 

+irzSirf* - *)& - * W * - «'Ma -«'). 
In the case ( = f = 1, a and <r" have to be replaced by b and V. The interaction 
of two oppositely charged solitons ((= -? = -1 ) is described by 

L = | m ? + l m ' i n + im(ata-ö^a) + *m(ytft ,-^6') 
2tmm' , . ww * u u* x l 3 3 ) 
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Note that (32) contains a kind of generalized spin orbit coupling, whereas (33) 
is dominated by a net Coulomb force which prevents static solutions. These 
two types of Lagrangians constitute a non-relativistic classical mechanics with 
(anti) commuting variables. They are the central result of the work presented 
here. 

7. QUANTIZATION AND EFFECTIVE QFT 

Canonical quantisation is applied straightforwardly. One obtains the same 
(anti) commutation relation rules as in (12). Denoting the components of a 
single-soliton wave function (cf. Equ. (15)) as 

where ax is a double index and a takes the values 0, f, j , Ö, one may read off 
the matrix representation of various operators 

M M = E,(<MW(/>2) 

(aV,* - Mr,«)«**y ?) = Zh,*.*tfKf*,M-

If two identical solitons are considered (e = «*), the two-soliton wave functions 
have to be (anti) symmetrised according to 

vtasV^-H" ' *^* ,«* ) . (35) 

which is respected by the operators given above. The Schrodinger equation for 
any pair of solitons follows directly. For example, in the case £ = £ — - 1 , one 
has 

Note that all classical anticommuting objects have disappeared and survive only 
through the numerical constants V and W. 

Thus, the interaction of two (and in principle of several) soliton« of both 
types is established in the non-relativistic approximation. 
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In the case of identical solitons, one may rewrite these results in terms of an 
effective quantum field theory by introducing two types of field operators 

(37) 
*.(£,*) for£ = - l 

#.(*,*) for{ = l 

which satisfy the non-relativistic ETCR 

{*^0,*I(s?,0} = M s (* -y) (38) 
(the same for • ) and postulating a vacuum state [0), 

*#(x,«)|0) = *.(r,0|o)=O 

(0|0) = 1. 

A typical two-sob'ton state is given by 

£ / *x*trt*2, d W& 0*I(y, 010) (30) 

(containing one soliton of each type). The Hamiltonian governing this field 
theory is found to be 

E = / ' » £ ^\&*i)$*') + $*!) (*••) ] + Bi (40) 

where 
B, = BJl) + HP + HP (41) 

represents the three types of interactions 

[ K - i ) 
tf,f)= (U) 

l(l,-l)or(-lfl). 
For example 

* J "V/ 

w ' o c r e 
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Hf and Ef' having a similar structure. 
The detailed analysis of the model presented here (especially the scattering 

states and the left-over of supenymmetry) remains to be done. The main result 
is that N = 2 supergravity contains in addition to the graviton, the ohoton and 
the gravitinos, soliton particles occurring in multiplets of «pin (0,1/2,0) and 
interacting as described. 

8. THREE OPEN QUESTIONS 

(i) Is the effective QFT presented above the non-relathristic version of a (more 
accurate) relativistic QFT? $ and • should then describe antiparticles of 
each other. 

(ii) Is H possible to incorporate abo the elementary field quanta (i.e. gravitons, 
photons and gravitinos) in this picture? 

(iii) How can the problem that N = 2 supergravity does not predict particular 
values for m, be overcome? 

The method described here might become more interesting in the case of 
N = 8 supergravity, where the soliton muhiplet is identical to the nraltiplet 
of elementary fields. However, even in this "more realistic" theory, the three 
questions above still remain open. 
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