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Abs t rac t 

Prospects for t-sting QCD in non-leptonic weak decays are analyzed in 
the framework of the effective chiral Lagrangian of the Standard Model. 

1. MOTIVATION 

Quantitative tests of the Standard Model (SM) [1] in non-leptonic weak intei-
actions are rendered difficult by our limited understanding of QCD at low energies 
(long-distance effects). There are nevertheless several good reasons for detailed the
oretical investigations of non-leptonic weak decays: 

i) A new round of high-precision experiments on rare K decays is already under 
way at BNL [2]. Compared to the present state, the sensitivity of these ex 
periments will allow for improvements of several orders of magnitude in the 
branching ratios, reaching down as low as 10~ 1 2 in some cases. 

ii) In the purely electroweak sector, clarifying the structure of CP violation is 
of paramount importance. After the recent experimental indication of CP 
vio'alion in the K° —* 2?r decay amplitudes [3], as distinguished from the well-
established CP non-invariance in the neutral kaon mass matrix, it becomes 
even more urgent to confront the SM with different manifestations of this still 
mysterious symmetry breaking [4]. Although non-leptonic weak decays are 
very promising in this repect [4,5] in view of the forthcoming high-statistics 
experiments, I shall in accoidance with the main topic of this conference 
concentrate in this talk on the QCD aspects of the problem. 

iii) Instead of regarding the strong interactions as an unavoidable evil blurring 
our view of the electroweak interactions, we may try to extract information 
on QCD itself from non-leptonic weak decays. 

The standard approach to non-leptonic weak interactions makes use of the oper
ator product expansion [6]. The dominant terms in the effective weak Hamiltonian 
are four-fermion operators of light quark fields with Wilson coefficients which are 
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calculable in QCD (short-distance structure). The problem arises in the calcula
tion of hadronic matrix elements of these quark operators where the long-distance 
structure of QCD enters in an essential way. Most of the methods proposed for 
calculating such matrix elements can at best be called QCD-inspired. The problem 
is especially acute for radiative decays which will be my main concern later in this 
talk. To calculate hadronic matrix elements to all orders in the strong interactions 
and to the relevant order in a m is simply beyond our present capabilities. 

A possible alternative to the standard approach is provided by chiral perturba
tion theory (CHPT), an effective field theory at the hadronic level which incorpo
rates the softly broken chiral symmetry of QCD. The effective chiral Lagrangian 
contains certain coupling constants which are not restricted by chiral symmetry 
alone. It is important to realize that the chiral Lagrangian is not just another 
QCD-inspired model, but it is really the SM itself at the hadronic level, with a few 
constants left undetermined a priori. Further theoretical progress in QCD cannot 
change the structure of this Lagrangian without completely upsetting our notions 
of how chiral symmetry is realized, but it can only give information on the coupling 
constants in the chiral Lagrangian. Based on recent work with Antonio Pich and 
Eduardo de Rafael [5,7,8] I shall try to convince you that the chiral approach is 
certainly complementary [9] and in some cases such as radiative K decays definitely 
superior to the standard approach. 

This talk is organized as follows. In Sect. 2 CHPT for the strong and electro
magnetic interactions of pseudoscalar mesons is briefly reviewed Sect. 3 is devoted 
to a discussion of how to incorporate the non-leptonic weak interactions in the chi
ral Lagrangian. The main emphasis will be on Sect. 4 where radiative K decays 
are analyzed in the chiral approach. Specific ways to test QCD in different decay 
channels are investigated. Conclusions are summarized in Sect. 5. 

2. CHIRAL PERTURBATION THEORY 
QCD with massless quarks u, d, s exhibits a global chiral symmetry SU(Z)i x 

SU{Z)n- Ail experimental and theoretical evidence points to the spontaneous break
ing of this chiral symmetry to the diagonal vectorial subgroup SU(Z)v- This sponta
neous symmetry breaking entails the existence of eight Goldstone bosons to be iden
tified with the octet of pseudoscalar mesons. The Goldstone fields <p*(x) (t = 1, ...,8) 
parametrize the coset »pace SU(Z)L * SU(3)R/SU(3)V and carry a non-linear re
alization of the chiral group [10] 

. . 51/(3),,x51/(3)« , f 

U(<p) — 9LU{V)9R- (2.1) 

U(<f) may be parametrized using the fundamental representation of 5(7(3), i.e. 

U(<p) = exp(iv/2*// w ) 
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The unique chiral invariant Lsgrangian with the minimal number cf derivatives is 
given by the non-linear <x model 

Co = & tr(8„tf ö"tff) = & gaMdrfdrij 

with the invariant metric 
9iiW) = itibUdiU*). 

For later use we record the V ± A Noether currents 

K = iflUdJJ* (V - A) 

R„ = igU*d„U (V + A) 

(2.3) 

(2.4) 

(2.5) 

allowing in particular the identification of the coupling constant / , with the pion 
decay constant (/„ ~ 93 MeV) to lowest order in (2.3). 

Following Gasser and Leutwyler [11], we now couple the quarks q = (u,d,s) to 
SU(3)-valued hermitian external fields S, P, v„, aß: 

C - CQCD + r)"{vM + aM7 5)g - q{S - iP-y6)q- (2.6) 

Actually, we shall only be interested in the external electromagnetic field Au ap
pearing in 

t>„ = eQAß (2.7) 

with the 3 x 3 quark charge matrix Q and in the scalar field 5 which gives rise to 
non-zero quark masses upon spontaneous symmetry breaking: 

{S{x))vae = M = diag(m u , md,m,). (2.8) 

Because of the additional chiral invariant tr [(5 -I- iP)U] of lowest dimension, the 
Lagrangian (2.3) gets replaced by 

Cch = ^ IT[DIIVD»V<) + v lr{MU + U*M) 
4 

(2.9) 

with the covariant derivative 

and 
2v 

DiV^dfl-itAAQiV] (2.10) 

ml, _ M\> M^ (2.11) 
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to lowest order in CHPT. 
The chirai Lagrangian (2.9) is non-renormalizable. The loop expansion for (2.9) 

corresponds to a derivative expansion where some derivatives may be replaced by 
external fields. At the one-loop level, tLe Lagrangian (2.9) must be supplemented 
with the most general chirai invariant Lagrangian of fourth order in derivatives 
and/or external fields [11]. 

Instead of writing down the complete list, of which we shall only need two terms 
later on, I would like to dwell on the interpretation of the corresponding dimension-
less coupling constants. These constants originate in the process of integrating out 
quarks and gluons and they receive in general both long- and short-distance contri
butions. The long-distance parts comprise in particular the effect of higher hadronic 
states (resonances) which do not appear as fundamental fields in the theory. Many, 
but not all of the coupling constants in the fourth-order Lagrangian will be scale 
dependent corresponding to divergences in the one-loop functional. Therefore, they 
will sometimes generically be called counterterm coupling constants. In order to 
appreciate the generality of CHPT it is crucial to realize that to the order we shall 
be working the complete dynamical structure of QCD, long- and short-distance, is 
contained in /„, v and the ten coupling constants of Gasser and Leutwyler. If these 
constants are determined by comparison with experiment '11], we get the complete 
effective chirai Lagrangian to one-loop accuracy as 

£th + ^-counter + E-WZW (2-12) 

including the anomalous Wess-Zumino-Witten term Cwzw [12]. 

3. CHIRAL REALIZATION OF NON-LEPTONIC WEAK INTERACTIONS 
The effective AS — 1 Lagrangian for light quarks 

GF 
£AS=I - j - stc,c3j*7„(l - 7,)uu7"(l - jt)d + A.c. (3.1) 

is modified in the presence of strong interactions. From the operator product ex
pansion one derives [6] the QCD-corrected Lagrangian 

Cl™i = ^»McjrCiirtQi + h.c. (3.2) 
v2 i = 1 

Neither the explicit form of the 4-quark operators Qi nor of the scale dependent 
Wilson coefficients C,(^J) will be needed. For the effective chirai realizaticn of (3.2) 
the only important observation is that (3.2) transforms as 

(8t,l f l) + (27L,l f l) (3.3) 
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under the chiral £roup. The most prominent feature of AS — 1 non-leptonic weak 
interactions is the pronounced dominance of the octet part of (3.3) whenever it 
can contribute at all. The chiral approach cannot explain thi? octet dominance 
(A/ = 1/2 rule), but it can provide consistency checks for the assumption that 
QCD fully accounts for this enhancement, as we shall 60on see. 

Neglecting the 27-plet from now on, we are led to the unique effective chiral 
realization of (3.2) to lowest order in the derivative expansion [13] 

Q 
£'ls=\ - —fa ai ciC308 tr(X^l7L»L") + h.c. (3 4} 

in terms of the V — A current LM. The dimensionless octet coupling constant ga is 
determined from K —» 2ir decays as 

Iftl ^ 5.1. (3.5) 

Including the electromagnetic field is now straightforward and yields [7] 

C'lLx = Ä -iCiC35 8 t r(A 8 . l 7 £ M £") + A.c. (3.6) 

with a "covariant" V — A current 

£„ = iflVDJjK (3.7) 

To evaluate decay amplitudes consistently to one-loop accuracy, we must add to 
(3.6) as in the purely strong and electromagnetic case all possible terms of fourth 
order in derivatives and/or external fields allowed by chiral symmetry. Taking into 
account a discrete symmetry of (3.1) and (3.2) called CPS [14], one finds [5,7,8] for 
the fourth-order AS = 1 effective Lagrangian 

+ C f'^*Wi F^F^ tT{\t.i7QUQU*) + h.c. (3.8) 

L*8 = -j= S\C\C3gt 

where I have only included terms which are relevant for radiative K decays with at 
most one pion in the final state to be discussed subsequently. wx, w2 and wA are a 
priori undetermined dimcnsionlcss coupling constants. At this point, I also list the 
two relevant terms in the strong 4- electromagnetic counterterm Lagrangian Ccount<r 

in (2.12) as given in Ref. [11]: 

4 J ! r - teLiF^U{QDJJDvVt + QD„WDUU) + JLwF^F^UiVQWQ) (r.9) 



with two further constants L9t Lxo. Finally, we shall also need the anomalous WZW 
terms in (2.12) linear in meson fields with the familiar form [15] 

Cwzw = r^r twFa,F"(*° + ij/vfy (3.10) 

The stage is now set for a complete calculation of radiative A' decays (with at 
most one pion in the final state) to one-loop accuracy. 

4. RADIATIVE K DECAYS 
Rare K decays are ideally suited for a treatment in CHPT for mainly two 

reasons: 

i) All hadrons in the initial and final state are pseudoscalar mesons. 

ii) The natural expansion parameter of CHPT is g 2 / (4 ir / w ) 2 for a generic mo
mentum q which is at most 

M7 

fc-0.18 (4.1) 
16»»/; 

for K decays. 

Starting to calculate amplitudes for radiative K decays one soon makes an 
observation which can be phrased as a general theorem (5j: the amplitude for any 
radiative K decay with at most one pion in the final state vanishes to lowest order 
in CHPT. This theorem can be traced back to a mismatch between the minimum 
number oi powers ot external moment» required by gauge invariance and the powers 
of momenta that the lowest order chiral Lagrangian can provide [7,8]. 

We must therefore pass on to the next order of CHPT. A natural classification 
of decay channels is provided by the convergence properties of the corresponding 
loop amplitudes: 

a) The fourth-order couplings in (3.8) and (3.9) do not contribute. Consequently, 
chiral symmetry forces the corresponding loop integrals to converge. 

b) The loop amplitude converges although there is a counterterm contribution. 
The counterterm amplitude must be scale independent in this case. 

c) The loop amplitude diverges so that chiral symmetry must allow for a scale 
dependent counterterm amplitude. 

4a. K° '(7r°)77 
In the so-callrtl diagonal basis of pseudoscalar fields [5,8] the relevant loop di

agrams are given in Fig. 1 where the n° is to be omitted in the final state for 



K° —* 77. The complete loop amplitude must be finite because there are no con
tributions from the counterterm Lagrangians (3.8) and (3.9). With CP conserved, 
the loop amplitudes only contribute to K5 —» 77 and Ki —• ir°77. 

The final results for T{KS -» 27) are [16] 

**.-.*>-=^£-^*±)r- («, 
with rw = ^ and for the differential decay rate dY(KL -* irVr)/«** [8,17] 

*wL -. ,v) = *« j jg A'»(I,.,^)i («- r ; ) f (A) +(i - * - ,w«) i' 
" v ^ XT-IMP 

»—loop 
(4.3) 

m7 

z = — £ , 0 < z < ( l - r w ) 2 = 0.52, A(a,&,c) = a 2 + &2 + c 2 -2(aA + &c + ca), 

(4.4) 
where F is a certain loop function [8]. With 

| G 8 i ~ 9 . 1 - 1 0 - a G e V - 2 (4.5) 

one obtains a branching ratio 

5 ( /T 5 -» 2 7 ) = 2.0 • KT 8 (4.6) 

to be compared with a recent measurement at CERN by the NA31 collaboration 
[18]: 

B{KS -» 2 7 ) = (2.4 ± 1.2) • 1<T9. (4.7) 

From (4.2) and (4.4) we get the parameter free prediction 

Here, we are in the fortunate position that the rates are unambiguously given in 
terms of only the octet coupling g$ due to the absence of counterterm contributions. 
The prediction (4.8) will serve as a non-trivial test of the octet enhancement in 
QCD. 

The spectrum (4.4) is dominated by the pion-loop contribution ard has a very 
characteristic shape shown in Fig. 2. The specific z-dependence in (4.4) is in prin
ciple a direct test of the chiral structure of vertices implied by QCD. 

The two-photon amplitudes can, of course, also be calculated for off-shell pho
tons. As an example, the normalized spectrum for K$ —• 7A*+M~ '* shown in Fig. J. 
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For all details, including a comparison with an earlier dispersion theoretic analysis 
of Sehgal [19], I refer to Ref. [5]. 

The decays Ki - • 27 and Ks —* »°77 proceed via the diagram in Fig. 4 (for 
Ks -» T ° 7 7 ) involving the anomaly (3.10). Without the final ir°, the ir° and n 
contributions exactly cancel to lowest order in CHPT for A'j, - • 27. A complete 
calculation to the next order in CHPT (sixth order in the derivative expansion) does 
not yet exist. On the other hand, the amplitude for Ks —» w°77 due to the diagram 
in Fig. 4 is non-vanishing. Away from the pion pole in the 77-invariant mass, the 
chiral structure of the weak cubic vertex can again be tested in the spectrum [8]. 

4b. K* - *r +77 
To lowest non-trivial order, the amplitude for K* -* x + 7 7 derives frooi three 

different sources: loop diagrams similar to Fig. 1, the counterterm Lagrangians (3.8) 
and (3.9) and the anomaly (3.10). Altogether, the differential decay rate comes out 

dT(K*^rr) = JgLx"{ltz,W{\A(.)\> + K7(«)|*J (4.9) 

where the anomalous contribution C(z) can be found in Ref. [5] and with 

A{z) = S 7 [ ( r i " 1 ~ l ) F l 4 ) + (1"*"fi)F(*) + "1 ( 4 1 °) 
c = 32*2[4(L9 + I 1 0 ) - | f» i + 2w 3 + 2w4)}. 

It is "uite r'ii.&rkable that as in the case of Ki —» T ° 7 7 the loop amplitude is 
again convergent although there is now also a counterterm amplitude proportional 
to c. The total rate is shown in Fig. 5 as a function of c. The spectrum (4.9) uts 
again a very characteristic shape [5]. 

What can we say about the magnitude of the scale independent constant c 
? From the analysis of Gaillard and Lee [20] one infers that there is no leading 
short-distance contribution to c . From what we ksow about the separate coupling 
constants appearing in c we estimate [5] c = 0(1) • 

From Fig. 5 we cbtain a lower bound for the rate 

r(K> -+ir+yy)>2-l0-nGeV (4.11) 

corresponding to a branching ratio 

B{Ky - r + 7 7 ) > 4 - 1 0 " 7 . (4.12) 

With the estimate c ~ 0(1) we conclude from Fig. 5 thai a branching ratio signifi
cantly larger than 10"' could hardly be consistent with QCD [2!]. 

4c. K - irt*f 



It if instructive to compare the decr.ys K* —* ir+l*t~ with the semileptonic 
decays fC+ —* 7r°/+i/<. If the transition K* —» *+Y would proceed in lowest order 
we would expect 

t(A^ir°7+T/) = (~Afr ) = 9NL ' ( ] 

where gm is a non-leptonic enhancement factor. However, experimentally this ratio 
is [22j 

for the electronic mode.In other words, the non-leptonic enhancement is more than 
compensated by some suppression mechanism. This suppression requires rathe -
delicate cancellations in the standard approach [23]. In CHPT the transition K+ —» 
n*f' vanishes in lowest order in view of the general theorem discussed earlier. A 
more realistic estimate is therefore 

F W " ^ W = ( w ' = 3 4 s"' 1 0 ( 4 1 5 ) 

in accordance with the experimental value (4.14). 
The loop amplitudes are divergent for both A"+ —» ir+Y and Ks —» TT°7* (in 

the limit of CP invariance Kj, -» TT°7" is exactly zero). Thus, the counterterm 
amplitudes depending on w I t tu» and L9 must contribute in thib case and they are 
necessarily sc-'e dependent. With an additional assumption (absence of exotics) [7] 
wj can be related to L9 which in turn is determined by the pion charge radius [ l l j . 
Fixing the remaining constant IU, with the measured rate [22] for K* —» it*e+ e~, 
all other rates and spectra are uniquely predicted up to a twofold ambiguity [7]. 

5. CONCLUSIONS 
In summarizing the advantages of CHPT as applied to rare K decays the difficul

ties of the standard approach in distinguishing between genuine predictions of the 
SM ar.d additional more or less plausible assumptions concerning the long-distance 
dynamics should be kept in mind. 

i) CHPT as the Lagrangian formulation of softly broken chiral symmetry is a 
direct consequence of QCD. 

ii) Chiral invariance and electromagnetic gauge invariance together imply strong 
restrictions for radiative decay amplitudes (e.g., vanishing amplitudes in low
est order for a whole class of radiative K decays). 

iii) In spite of higher order counterterms, CHPT as a non-renormalizable field 
theory can give rise to preci&e predictions. 
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iv) CHPT is a systematic expansion in momenta and meson masses especially 
well suited for K decays with a natural expansion parameter of usually much 
than Ml/{4irfw)7 = 0.18. 

v) In favourable cases like A'5 —» 77 and Ki —* JT°77 the rates are unambiguously 
calculable at the one-loop level. Comparison with experiment can test the 
underlying assumption that QCD fully accommodates the A / — 1/2 rule. 

vi) For 3-body decays the differential decay rates are either directly predicted 
or given in terms of the total rates. The shapes of the distributions test the 
chiral structure of vertices dictated by QCD. 

Despite the complicated interplay between strong and electroweak interactions 
in non-leptonic weak decays precision tests in this field will become possible in the 
near future. 
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Figure Captions 

Fig. 1 One-loop diagrams for K° —* 7T°77 in the diagonal basis of pseudoscalar fields 

[8!-

Fig. 2 Normalized z-distribution for Ki, -* *°77 (fulJ curve) compared with phase 
space (dashed curve). 

Fig. 3 Normalized (^-distribution (q\ — m* + J I_) for K$ —» 7M+/*~ (Ml curve) com
pared with phase space (dashed curve). 

Fig. 4 Tree diagram for Ks —* "-°77-

Fig. 5 Total rate for K* —»jr+77 (full curve) as a function of c defined in (4.10). 
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