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1. INTRODUCTION

Recently, a new renormalization group method - Finite cluster

renormalization FCR - for computing critical properties of lattice spin

systems has been proposed [l]. In the spirit of the phenomenological

renormalization [2], this method is based on the comparison of systems of

different sizes. One considers two finite systems (clusters) with N1

and N spins respectively (N'< N ) . For both clusters one computes the

order parameter, i.e. the average magnetization, by finite cluster method [3].

This method (FCE) leads to good results for the critical temperatures and

exponents and are more accurate than those obtained from the mean field

renormalization method (MFRO) [ll].

The motivation for this vork is to report results obtained for

disordered Ising systems on the square lattice by FCR. Bond diluted and

frustrated cases will be described. For both cases, we restrict our-

selves to the smallest possible clusters, nanely H'« 1 and N = 2,

2. 3OHD DILUTED ISIIJC MODEL

ABSTRACT

A new type of renormalization group theory using the generalized

Callen Identities Is exploited in the study of the disordered systems.

Bond diluted and frustrated Ising systems on a square lattice are

analyzed with this new scheme.

Consider a bond diluted Ising model on a square lattice with an

effective Hamiltonian:

(1)

where o. = ± 1 are the Ising spins. The summation runs over all nearest-

neighbour pairs. The couplings

variables vith a probability distribution:

Ki (»J /kT) are assumed to be random
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p being the concentration of bonds and K is the pure Ising coupling.

In the first step we apply the FCA [3] for a first cluster (N'= l ) ,

shown in Fig.l(a), which is described by the effective Hamiltonian:

-fSH' 01 bo

(3)
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For fixed values of all spins outside the cluster, the average magnetization

Is given by:
e"eH'

< a > =
T r

The c under the symbol Tr indicates that the traces are performed over

the spins of the cluster denoted by <Jc (j»0) [1]. With the notation of

Fig.l(a) one has: J

(5)

To obtain the na^netliatlon per site m1, vhich is the thermal

average of , we have to average the right-hand side of (5) first over

all spin configurations and then over all the random variables K' ::

(6)

< > denote the thermal average and the bar is the average over disorder.

Neglecting correlations between different spins we perform the

thermal average using the approximate probability distribution:

+1) (T)

This distribution gives better results than the mean field approximation [3]

which corresponds to the distribution:

To average any function of the random variables ob distributed

according to (7), it Is easier to use the following theorem [l]: The

set of all bounded real functions f of o , a , ..., a Is a 2Z

dimensional Euclidean space; the set {1,. o.., op, ..., a , o o ?,

.... o 1 o ? ... a^), which contains all the products of different spins, is

an orthonormal basis for the inner product defined by:
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This gives

" Ai
B i rai" (8)

where A , B are functions of and their averages A^,
disorder are calculated using relation {2). Relation (8) is the equation

of state of the bond diluted two-dimensional Ising model within the one-

spin cluster approximation.

In the second step we apply the FCA for a second cluster (N = 2 ) ,

(see Fig.l(b)). The average magnetization per spin is:

-BH

— < o + a
2 c o

a )e~

(9)

where

-6H = (10)

is the effective Hamiltonian describing the second cluster. Using (10),

Eq.(9) gives:

sinh

— <O +0 >

eosh

(11)

A generalized Callen's t5] identity can be derived from (ll). Averaging

(11) over spin configurations using (7) and disorder using (2) gives the

equation of state within the two spin cluster approximation:

• 2 = A 2 m'2 + B 2 m>2 + cg m^ (ig)

where A p, B and C are functions of p and K.

In the spirit of the phenomenological renormalization, to obtain

the renormalizatlon recursion relation (p1, K 1) = H(p, K ) , we take n^
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and to scale as.. uu ^~>. _ mj and m'. For small means values of the boundary

spins (0) and (12) lead to the following recursion relation:

A^p'.K") = A2(p,K) (13)

where A1(p
l, K 1) and A2(p, K) are given in the appendix.

By the recursion relation (13) it is not possible to determine

completely the renormalization group flow in the (T-P) plane. We shall;

however, restrict ourselves to calculate the fixed points. At the pure

Isine fixed-point (p = p'= l) the critical coupling K* is given by:

K*'
-1

IT1 = 2.791*

At the percolation fixed point (K • ~) the critical concentration p is

given by:

p = 0.U3U

Our result for the bond diluted square Ising model is summarized

in Table 1, along with thoBe obtained from MFRC and the exact results for

comparison. The phase diagram in (T-P) plane is shown in Fig.2(a).

3. RANDOM BONDS ISING MODEL

Frustration due to competitive interactions and disorder are

characteristic features of spin glass systems. In a certain range of

concentrations c, such systems exhibit two successive phase transitions.

A firat transition from the para-magnetic phase to the ferromagnetic phase

takes place followed at a lower temperature by a second transition from the

ferromagnetic phase to a disordered phase vhlch is interpreted as a spin-

glass phase.

For three-dimensional systems the existence of a stable spin-glass

phase is still controversial but it seems clear now that such a phase does

not exist at finite temperature for two-dimensional systems [8]. However,

in this section we discuss only.the transition pars-ferro and para-antiferro.

-5-

The effective Hamlltonian describing this system is given by

relation (l), where the Kj, are independent random variables with

probability distribution:

P(K ) K) (- K)

Averaging (6) and (ll) over spin configurations using (7) and disorder

using {lU) gives the recursion relation:

, K)
(15)

where 5(c',K') and 5 (c, K) are given in Appendix 2. At the

concentration fixed-point

given by:

(K = K'= «•) the critical concentration cQ is

0.129

a value which can be compared to the best estimation x Q « .15 [9].

Our result for the square Ising model is summarized in Table 2,

along with those obtained from MFRG for comparison. The (T, c) plane

is given in Fig.2(b).

The above results(in Sections 2 and 3) show that FCH is more

powerful than the MFRG approaches. The comparison of very small

systems (H'= 1, N = 2) already leads to interesting results.

ACKNOWLEDGEMENTS

The author would like to thank Professor R.B. Stinchccanbe for

some comments and a critical reading of the manuscript. He would also

like to thank Professor Abdus Salam, the International Atomic Energy Agency

and UNESCO for hospitality at the International Centre for Theoretical

Physics, Trieste, where this work was done.

-6-



APPENDIX 1

^ M pT *****

. 0

U f

J ' L

A*t rlK

~l
J

- I

J

1 ' 2 L

-7-

APPENDIX 2

(_i_ 3

-CU-2t)

f L .

- 8 -



REFERENCES TABLE 1

[l] H. Benayad, A. Benyoussef, H. Boccara and A. El Kens,

"Renormalization firoup recursion relations usinR generalized

Callen's identit ies", submitted for publication to: Physical

Heview 3 .

[2] M.P. Nightingale, Physica 83A, 56l (1976).

[3] H. Boccara, Phys. Lett. £ltA, 165 (1983).

[1|] J.O. Indekeu, A. Maritan and A.L. Ste l la , J. Phys. A: Math.

Gen. lj>, L291 (1982).

[5] H.B. Callen, Phys. Lett, k, l 6 l (1963).

(6] L. Onsager, Phys. Bev. 65., 117 (19W»).

[73 M.F. Sykea and J.W. Essam, J. Math. Phys. £ , 117 (19614).

[8] I. Morgenstern, Z. Phys. Bji2, 23 (1961).

[9] J. Morgenstern, K. Binder and H.M. Hornreich, Phys. Rev. B23.
287 (1981).

Method

MFR

PCR

exact

2.88

2.79

2.269

p
c

0.333

0.1t3li

0.5 +

• Onsager [6]

+ Sykes and Esson [7]

TABLE 2

Method

MFR

FCH

other

* Onsager [6]

t Morgenstern

V1

2.88

2.79

2.27*

et al. [9]

0

0

0

co

.33

.13

• 1 5 +
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Fig.la
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Fig.2a Phase diagram for the diluted model in the FCR.

.5

Phsise dia/^ran for the frustrated model in the FCR.
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