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SI Introduction 
A (left) pre-Hilbert A-module over a certain C*-slgebra A is an 
A-module <yt" equipped with an A-volued inner product, i.e.. an A-va-
lued nondagenerate aesquilinear napping 
being A-linear at the first argument. The pre-Hilbert A-module 9t 
Is Hilbert if it is conplate with respect to the nore 
We suppose always that the linear structures on A and on &? are com­
patible. For further basic facts concerning Hilbert C*-moduli ne 
refer to £&7. A Hilbert A-module X over a C*-algebra A is called 
eelf-dual if every bounded module aep r: X » A ie of the for» 
<C'»«C> for some a€Jff. In this paper we restrict our attention 
aainly to Hilbert W*-moduli. For them some more facts are known. We 
need the following ones: 

Definition 1.1.: f3.Oef.7j 
Let A be a W*-algabra. ЭС be a pre-Hilbert A-aodule and P be the set 
of all normal ststes on A. The topology induced оп<Я? by the semi-
norms 

* « - . ' » V 2 . TCP, 
is denoted by T,. The topology induced onX by the linear functio­
ned 

f«-.a>) . f«P. acX, 

is denoted by T"_. 

Throughout this paper we use the following notation. I f ^ T is a sub­
set of the Hllbart w"-«odula Я?,СЯ?3~ denotes the set fA-X:-**IR . 
х«Д^ 0 } whereJf 0 is the T^-completlon of the set £x£X': /fx//g"ij. 

I 

http://f3.Oef.7j


Theorem 1.2.: f3.Th.9j 
Let A be a w'-algebra and Jfbe a Hilbert A-nodule. The following 
conditions are equivalent: 
(i) X is self-dual. 
(ii) The unit ball of Л? is complete with respect to the topology 

T1. i.e.. J^T •EXJT . 
(lii) The unit ball of Ж is complete with respect to the topology 

TV 
Corollary 1.3.: f3.C0r.llJ 
If A Is a «"-algebra and X is a self-dual Hilbert A-module the li­
near span of the range of the A-valued inner product о л Я ? becomes 
both a w"-subalgebra and an ideal in A. 

Theorem 1.4.! £6,Prop.3.10.J 
Let A be a W*-algebra and ̂ f be a self-dual Hilbert A-module. Then, 
the set End.f.aH of ell bounded A-linear operators on X is a W*-al-
gebra. 

These facts aake clear that in the case of 3C being a self-dual Hilbert 
V»"-moduls the spectral ioeore* {p.Th. 1.11.3 J • £5.Th.7,8,?7) is 
valid for each self-adjoint element of End.(PP) . Moreover, there 
exists a polar decomposition for each element of End ipt) in 
Е п й Д й Л . This is of importance for the existence of certain opera­
tors arising from soma special real subepaces X of self-dual Hilbert 
w'-moduli ДГ» as they were treated in [AJ. 

We remark that for a given W -algebra A any considered self-dual H u ­
bert A-module X can be assumed to have A as the linear span of the 
range of its A-valued inner product, (cf. Corollary 1.3.). Otherwise 
we would change A to this linear span of the range, В с A, and we 
would consider X as a Hilbert B-aodule. 
Let A be a «"-algebra and PC be a self-duel Hilbert A-module. §2 of 
this paper investigates (generalized) von Neumann algebras м on P£ 
possessing a cyclic-separating element x i n ^ ? . The definition of a 
cyclic element for M la modified in a nonobvious way. We show the 
relation between von Neumann algebras on J4? possessing a cyclic-
separating element and euch special real subspaces Л ' of «IT as they 
were investigated in [AJ. In addition,a generalization of Kaplanaky's 
density theorem for m-algebrae of bounded operator» on<Я" le stated. 
Under the supposition that A is commutative,we consider the partial 
conjugate-linear involution Э and the strongly continuous unitary 
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one-parameter group £ d : teOij arising from that real subspace 
of 9* which corresponds to the pair (M,x) in §3. They would ful­
fil the conditions of Tomita-Takesaki* s theorem for M and M". 
§4 deals with the natural cone J"sX connected with the pair (М.У). 
We investigate the main properties of this cone. 

52 Von Neumann algebras on self-dual Hllbert w*-moduli 
Let A be an arbitrary «'-algebra. We would like to show that von 
Neumann algebras of bounded A-linear operators on a self-dual Hil-
bert A-module Я Г , which possess a cyclic-separating element x"<?<?f, 
are closely related to certain special real subspaces •ЛГ of*f*. as 
they were treated in [A]. The key point of this paragraph is Oefi-
nitior. 2.5. modifying the notion of a cyclic element for a von Neu­
mann algebra over a self-dual Hllbert W -module. Thus, new aspects 
are produced in the discussions. At the end of this paragraph we 
state a generalization of Kaplanaky's density theorem for «-algebras 
of bounded A-linear operators on self-dual Hilbert V» -moduli over A. 

Definition 2.1. i Let A be a «"-algebra and Д * Ь в a self-dual Hil­
bert A-module. A C*-subalgebra M of End.f^") • (the set of all boun­
ded A-linear operators on PC), coinciding with its bicommutant M " 
is called a "generalized" von Neumann algebra. 

Corollary 2.2.: Let A be a W*-algebra and X be a self-dual Hilbert 
A-module. Any "generalized" von Neumann algebra on « ^ Is a w*-alge-
bra. i.e., the word "generalized" is superfluous in Definition 2.1.. 

Proof : Since End.(^f) is a WB-algebra £jo,Prop.3.10 J there exists a 
normal faithful representation 7Г of End,(«¥"), i.e., 7rt£ndA(5t" ))• 
• 7TtEnd A(Sf))". Moreover, Tr(M)"STnEnd A(^r))"-7r(End A(ar)) since 
W(End.(*l!*) )'§TJiM)' holds for the commutants. By supposition 
M »M", and hence, Tr(M)«rr<M)" . Consequently, the representation 
Tr is faithful and normal for M, too. 

We state now an important topological property of these von Neumann 
algebras. 

Definition 2.3.: (cf.£"3, Def.iS?) 
Let A be a W*-algebra, ЭС be a Hilbert A-module and P be the eet 
of all normal states on A. The bounded net {в*: ^,«En(i,(?f),*e Ij 
convergee to BtEndA(X) relative to the topology JZ if there exists 
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w«-lim <EU(S).b> - <B(a).b> o<«I 
for any а,ЪеХ . (For other topologies,cf. fVJ) • 

Propoaitlon 2.4»; Let A be a w"-algobra and <»fbe a aelf-dual Hilbert 
A-module. Let M be a C*-eubalgebra of End.(^f). Than M is a von 
Neumann algebra if and only if the unit ball of M is coaplete with 
respect to the topology 'J,. 

Proof: We take a bounded net with the following properties: 
(i) / B „ : В„*М»с< elj converges to В^ЕпйЛХ") relative to the 

topology V j , 
(ii) B^C m CB^ for any C ( N ' , K 6 l , 

Thereforei 
0 - w"-li«i <'(ВлС-СВ^)(х).у> 

- w*-lim ( ^ ( C f x ) ) ^ - <B„(x).C"(y)>) 
aiel 

- <'(ВС-СВ)(х-).У> 
for any x«7*?^» Thus, B e M " « M . 
On the other hand.suppose that the unit ball of M is coaplete with 
respect to the topology V j , We consider a faithful normal represen­
tation Tr of End.(^l?) i (cf.. Theorem 1.4.). It is aleo a faithful 
representation for M. By fi,Remark 3.9.7 the topology V , coincides 
with the weak topology on EndA(<jif). Therefore, the unit ball of 
7T~(M) is coaplete with respect to the week" topology, and hence, by 
[i.Th.2.4.11.J 7T(M)-7T(M)" • Consequently, M-M" since 7Г is a 
normal representation of End.(JP). 

By Ц,Remark 3.9,7, J3,Th.9j we conclude that the topology I/, 
coincides with the weak* topology on the unit ball of M. 
In further discussions we are especially interested in von Neumann 
algebras M on self "dual Hilbart W*-modull «Sif possessing somewhat 
like a cyclic-separating element xeJC similarly as ^-finite von 
Neumann algebras possess one in certain Hilbert spaces. 

Definition 2.5.: Let A be a w'-algebra, 3? be a self-dual Hilbart 
A-aodule and M be a von Nauaann algebra on Л*. An element x"£^T is 
called to be cyclic for M iff (MxJ^ *3£ . It is called to be sepa­
rating for M iff B(x)-0 for some B c M implies B-O. 
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Proposition 2.6.: Let A be a W B-Algebra,^f be a self-dual Hubert 
A-module and И be a von Neumann algebra on PS. If an element x c X l s 
cyclic for M, it is separating for M* . If an element xeX is separa­
ting for M* and A J M X ^ S { M X J ~ , it is cyclic for M. 

Proof: First» we consider an element B*«s M' such that B"(x")=0. Then» 
B'(B(x))-(B*B)(x)-(BB')(jf)«B(B*(x))-5 for any B e M . If x is cyclic 
for M the element B'eN* must be equal to zero. 
Secondly» there exists a projection P'#End.(^*), P' \X—*• ifajf/̂  , 
(cf. Theorem 1.2.). The projection P* is contained in M'. Therefore, 
(idj^-F'){x)»0,and hence, P"«idjp since *eX is supposed to be 
separating for M' . 

We кпон that e von Neumann algebra M possesses a cyclic-separating 
element in a certain Hilbert space if end only if M is «?-finite, 
£l.Prop .2.5.6 J . In our setting this statement ie not in all cases 
true. However, we can state the following 

Lemma 2.7.: Let A be a iV*-algebra, X be a self-dual Hilbert A-mo-
dule and M be a von Neumann algebra on X possessing a cyclic-eepe-
rating element in X . Then: 
(i) If A is /-finite, M is ^-finite. 
( i i ) I f M is ^ - f i n i t e , the centre ^ ( A ) of A is ^ - f i n i t e . 
( i l l ) The von Neumann algebra M is not necessarily #J-finlte. 

Proof : I f x"€«^Tis a cyclic-separating element for M and i f 
{£•*•• E^tM, peel] is a set of mutually orthogonal nonzero projec­
tions «we obtain 

<xi/P e I 

- X ] <K(*).<ic(x) > ^: . 
<ХГ€ I 

Since A is ^-finite by assumption,there exists a faithful normal 
state f on A. Therefore, 

+ -»>f(<X.x>) * *E2 f(<^(X).^(lt)>)>0 
erfel 

and + oo>f( <^{x),E^(X)>-) > О for any at el. Thus, the set I must 
be countable and M is «^-finite. This proves (i). 
To show (ii) we remark that 
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fe-ldjgt а«?д(А)|- j>(EndA(a»)) S^(M) 
(cf. £7,Cor.7.10.,Prop.8.1.J). Consequently, if M is ̂ -finite, 
3(A) has to be ^-finite, too. 
The third stateaent can be shown considering a non-m?-finlte We-al-
gebra A, first, as a self-dual Hilbert A-module X with A-valued 
inner product <fa,b^.:- ab , a.b^A, and secondly, as a von Neu­
mann algebra M on itself (A«^P) with cyclic-separating element i.^*., 
where the elements of M are defined as multiplications of A with 
elements of A fron the right. So , the Proposition is proved. 

Now we describe the relation between von Neunann algebras M on self-
dual Hilbert W*-moduli 3J* possessing a cyclic-separating element 
x" edt and those special real subspaces 7C of X as they were treated 
in [4>] under the supposition, that A is commutative. 

Proposition 2.8. : Let A be a commutative W*-algebra, Л? be a self-
dual Hilbert A-module and M be a von Neumann algebra on X poesessing 
a cyclic-separating element xeJC. Let Х;ш £м.х]~. Then X" is a 
real subspace of 3C being invariant under the action of A 
satisfying the conditions: 
(i) XntX-ffi. 
(ii) X*i.X is norm-dense ±n^f. 
Moreover, [^'h>0x Ш iX"1 . 

Proof s For any B£H_» B"e Mj^the following two equalities are valid: 
<в(х).в'<х)> » <B'(S).B(if)> . 
0« <iB(x),B*(x)> + ^'(x).iB(x)> . 

Therefore, B*(x)e7i Xй for any В'ем. . Now we obtain the relation 
(M_XJ =iJc by obvious computations, (cf. JA, Prop.Z.Z.J). From 
Н'х£1.Ж1**ГХ£(Хл±Х)Л we derive (ДГл ixf-X' since x^^fia 
cyclic for H'by Proposition 2.6. and since fefcn tXfJ~ «(ЯГ ХХ)Л 

by |S,Proof of Prop.2.2.J. Consequently, X /iiX*{$]. Moreover, 
MS"%X*i.X £ 3f*and we get that X*lX has to be norm-dense \nX 
since x€X is cyclic for M. The proposition is proved. 

If A is a commutative W*-algebra,we can apply the results of fij to 
Х~*[м^]~. We will make use of this in §3 of this paper. 
At the end of the second paragraph we prove a generalization of 
Kaplsnsky's density theorem we need later. 
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Definition 2.9.: Let A be' a W*-algebra and ft?. <•, ->J be a Hilbert 
Л-module. We say that a bounded net \B^i <*«I. B^e End.(<3f)J con­
verges to B«-End*(JF) relative to the topology ё-V* iff there 

A 2 
exists 

w"-lim2Z (<Ч«(хп).^(Зс )> + <Я?(х„).^(х п)>) = 
Ы- * I n» 1 
- ,2Г(<В(хп).В(хп)> + <В"(7П).В"(ХП)>) 

for any sequence /х" : x„e:'^?'i nff£N, / J ll^„fZ<C * °"/ • 
n n n-l n 

Theorem 2.10.: Let A be a W*-algebra and be a self-dual 
Hilbert A-module. Let N be a self-adjoint algebra of bounded, A-li-
near operators on JC, and let M be the von Neumann algebra arising 
as the linear hull of the V -completion of the unit ball of N. 
Then,the unit ball of N ie £-~J J-dense in the unit ball of M. 

Proof: First, suppose A to be ^-finite. Let f be a normal faith­
ful state on A. Considering the extensions of the operator algebras 
N and M from End.(^?) to E rid. (<Я?,), cf. £6,Th.2.8 J,(where PC. denotes 
the closure of X with respect to the norm f(^.-x') ' ), we can 
apply Kaplansky's density theorem to NSEnd_(^f.). Therefore, the 
unit ball of NSEnd-iXf) is <?-strong*-dense in the unit ball of 
M**S?End,(^?f), the bicommutant of M in End-(^T,). Consequently, the 
same is true if we change M " to И 5 Н " . Since the state f is faith­
ful and normal we get the desired statement in the case of A being 
S-finite. 
Secondly, let A be non-2-finite. Then,by (jL,p.l64j there exists a 
directed increasing net fFW : o r«'I/ of projections of A such that 
p*.Ap„ is £-finite for any o( с 1 and that there exists w -lie p»«1 Д. 
Aa it has been shorn,the unit ball of p N is^-y^-dense in the unit 
ball of p MM for any c<el. Hence, the sought statement can be deri­
ved easily since осе I is arbitrary and w*-lim p-^-i». 

§3 A Tomlta-Takesakl type theorem 
Throughout this paragraph A is assumed to be a commutative W*-algebra. 
We want to show that the Tomita-Takesaki theorem is valid for von 
Neumann algebras M on self-dual Hilbert A-moduli ЭС possessing a 

cyclic-separating element x еЭС ^for its commutants and for the 
derived from the pair (М.5Г) modular operators J and ^Jd 1 1: teBi} on 



Xi ( cf. Prop.2.9,, £»,Prop.2.10.,Def.3.1 J ) . We remark that this 
theorem was stated in [2,§3J for the special case M»End.(<Sf). 

Theorem 3.1.; Let A be a commutative w"-algebra, X be a self-dual 
Hilbert A-ntodule and M be a von Neumann algebra on X possessing a 
cyclic-separating element xeX. If X is defined in terms of the 
pair (M.x) as at Proposition 2.8., and if 0 a n d j t a 1 1 : teat} are 
defined by Л'. { /4,Prop.2 .10.,Def .3.1 J7) , there hold: 
( i) ЗМЭ • M' , 
(ii) А±ТмА~1Х - M for any t<?£R. 

First, we prove the theorem under the assumption that A is ^-finite. 
There ar.i iwo weys to do that . The first one is to use the construc­
tions from J7,§4_7 looking always for modifications needed in the 
proofs since, in general, norm-completeness of X'is changed to 
"С.-completeness of the unit ball of This can ba done, but we 
will not do so in this paper. From the proof in £7,§4j we give only 
the generalization of the key Lemma 4.3. at the end of this paregraph 
because it seens to be of more general interest. Tho second way of 
proving Theorem 3.1. baess on the following lemma: 

Lemma 3.2. : Let A be a commutative ^-finite W -algebra and let X 
be э self-dual Hilbert A-roodule. Let M£End.(«lf) be a von Neumann 
algebra possessing a cyclic-separating element xeJF. Let f be a 
faithful normal state on A and denote by PC. the norm-closure of X 
with respect to f(<^**S) . Then,any bounded A-linear operator on 
X can be continued to a (unique) bounded linear operator on <X. 
with the same norm,and moreover, 
(i) M'^End A(^f) is identical with M*£End c(^f f), 
(ii) M-M" in Endj.f-Sfj). 

Proof: Because of /6,Th.2.8j7 «e have only to prove (i) and (ii). 
For в fixed faithful normal state f on A we consider a projection 
Z*-End c(^f f) commuting with any 8e-MS'EndA(<*')S End c(^f f). Then,we 
get 
(1) ZB(x) » BZ(x) for any B e M . 
If x=Xj+x2 is the unique decomposition of x in «Я^. with respect to 
the subspaces ZX., X.eZX., and (id-Z)<3?f we draw from (1) 

BJx^) • Z(B(x ±) + B(x 2)) for any Be M, 
i.e., B(x 1)ezi«? f and B(x2)«= {id-Z)^ff for any B f H , 
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Since Z is the identical operator on (ZJfcnSP) and since Z commutes 
by assumption with any fe-lil-gt afAjSM.the projection Z#EmJ,(*' f) 
is the extension of a (unique) projection Z *M"S End.(^C). Thus, 
H'eEnd A(^f) is identical with M'£ End_(3P f). The second statement 
above is now obvious. 

Leama 3.3.: If A is ^-finite the statement of Theorem 3.1. is true. 

Proof : If f Is a faithful normal state on A we consider MfEnd-(^f^) 
and xeXSSCf , {cf. Lemma 3.2.). The appropriate operators 3. and 
{гй\Х •• tcRJ- are the extensions of the operators 3 and £Hix : teO?J 
from Э6 to X^, (cf. JA, Prop.2.11 ..3.8.J ). By [7,Th.4.2j we get 

3 fM0 f • M' . ̂ d^MZlf 1* = M for any t<f£R on <Я^ 
for M.M'S ЪпйЛХЛ . Applying Lemma 3.2. the desired lemma yields. 

Now there remains to prove Theorem 3.1. in the case of A being 
non-J -finite. 

Lemma 3.4. : If A is not ^-finite the statement of Theorem 3.1. is 
true, too. 

Proof: Let лГ be defined in terms of (M,x) as at Proposition 2 4?.. 
The operators 0 and ^ З 1 ' : t€0?J are defined for Л ' a s in (4,§§2.3j. 
By [i,p.l64j there exists an increasing directed net fp^: °<e"lj of 
projections of A such that f3„.Aprf is a ^-finite W -algebra for any 
o< € I and that w -lim 0^=1,. Investigating for a fixed tx e I the 
linear spaces o>C={p1<X', p^<-,"> p^ J and Л^=/д«Л'. Д,-^,^ P.J,we 
obtain operators 3^, ^^ (teD?) on o ^ . The bounded operator J« 
satisfies the conditions of £t,Cor.2.9.J with respect to р^Л'. The 
same conditions are valid for the bounded operator f^3. Consequently, 
by [A,Prop. Z.ll.J 

P«3 " 3« o n *̂ v f o r а п У e i e !• 
Similarly, the operators р^Л * and A^ (t«0?) both satisfy the 
generalized K.M.S. condition with respect toJ^= p K^Tand moreover, 
P*..^%(P^X) s^^ip^X)^ &*"?? for any t<f(R. Therefore, by 
[4,Prop.3.8.J 

PMAXt » гЗ£ on |Я£ for any « « l , any tf№, 
Since ^"B^l^'^End^tflf) for any BeM, any tc[R. since the unit 
ball of M is V.-complete by Proposition 2.4. and since for any BeM, 
any yc<^f there exists 
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Г.-П» А"вЛ-и (Рку> . А^*£"(у) . t**. 
we obtain 
(2) "X-lim ^ " B ^ Q 1 * - ̂ " в Л " " * M, te(R, 

for any B«?M. Therefore, <d i tM^d" l t = M, t<?£R, since te[R can be 
changed to (-t)f(R in the relation (2). 
Similarly,we prove the relation ЭМЭ«М* using the V,-completenees of 
the unit ball of M and M*, respectively. 

The Theorem 3.1. is proved. 

Corollary 3.5.: [N n*Jr " *-̂ » • 
Proof : From Theorem 3.1. we draw M. (x)»3Mha()<)"aMh(x). By J4,Cor. 
2.9J the relation 3(^)«i^ Jholds. Since [мьх]~-ХЬу definition 
and since 3 is injective, FMJ,X.7T " 1 ^ . 

In addition we like to state the lemma £7,Lemma 4.3j/ in a generali­
zed form. 

Lemma 3.6.: Suppose the situation given at Theorem З.1.. Let B'e M^. 
Then for any A e C with Re(A)>0 there exists a unique BefV such 
that 

2-<C(x).B'(x)> - A-<C(x).B(x)> • X <B(x).C{xj> 

for any c« M h. 

Proof : First, let A be 3 -finite. We assume Re(A)-l and O^B'S 1 
since the sought equality is real linear. Let f be a fixed faithful 
normal positive state on A existing by fi,Prop.2.5.6.7. Define two 
normal functlonals r and r„ on M(for any given B*~Mh)by the formula 

r(C) - f(2<<C(Sc).B'(x-)>) 
i-B{C) - f{ V<£(x),B(x)> + Л-<В(х).С(х)>). f o r C * M h . 

Because of (б,Remark 3.9 .J . [3,Cor.l7j , Proposition 2.4. and Corolla­
ry 2 . 2 . , the functionals r and r_ are in the self-adjoint part of 
the predual of M. Let 

V :» £rg ! B « M h , J l B / / « l J . 
This set is obviously convex. Since the map В *• ra is continuous 
with respect to both the w -topology on M and the weak topology on 
the predual of H, the set V is weakly compact. 
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Assume r*i V. Then by the Hahn-Banach separation theorem 
there exists an element O f M, such that 
(3) r B(D) < r(D) for any B*fi h, |/ef'£l. 
Let D=U|0| be the polar decomposition of D«M_ existing since X is 
self-dual, (c f . Prop. 1 .4 . ) . U Is self-adjoint and commutes with ID/ 
since О is self-adjoint. Taking B-U we draw from ( 3 ) : 

l /2 - f ( A '<D(x ) .U(X)> + "Я -<и (Х ) .0 (х )> ) < 
<Tf(<D(X) ,B*(x)>) 
- f( < D { B ' ) 1 / 2 ( x ) . ( B ' ) 1 / 2 ( 5 f ) > ) 
U f ( <|Dr(B' ) 1 / 2 ( x ) .{В* ) 1 / 2 ( x ) > ) 
» f ( O o | B ' ( * ) . * > ) 
£ f ( < " № f ( x ) , x > ) 
= f ( < b ( S ) , U ( x ) > ) 
. l /2 - f ( X -<0 (x ) .U (x )> + X - < U ( x ) . 0 ( x ) > ) . 

This is a contradiction. Consequently> rev, i.e., there exists an 
element B.eH., iJB.ff ^1, for which 
(4) 2.f(<C(x).B'(x)>)-f(\.<6(x).B f(x)> +X-<B f(x).C(x)>) 
for any C € M h . We define 

0:=. (2-<C(x).B'(x)> - V<P(5).B f(x)> - 5.-<B f (S) ,C(x)> ).C . 
If C«M., the element 0 belongs to M. . Putting О to (4) we obtain 
(5) f(/2-<p(x),B'(x)> -X-<6(x).B f(X)> -'5.-<B f(x),C(xi>/ 2)-0 
for any CfH. , Since f is faithful and positive we get the desired 
equality in the case of A being ^-finite. By the way we have shown 
that B,£M. does not depend on f. 
We remark that the only place Is (4) where the c?-finiteness of A is 
needed* because we did not know whether or not B- depends on f. 
Now the restriction on A to be ^-finite can be dropped in an obvious 
way using [l,p.l64J. The lemma is proved. 

§4 Natural positive cones In aelf-dual Hilbert w'-modull 
Throughout this paragraph A is assumed to be commutative. Let X-
be a self-dual Hilbert W*-module over A. We consider von Neumann 
algebras M on <ЯС possessing a cyclic-separating element х^Л*. The 
modular involution, the modular operator and the appropriate modular 
group of automorphisms associated with the pair (M,x) are denoted by 
3,^J and f d i l : teB?J, respectively. For details see Qi] and 
Proposition 2.8.. The aim of this paragraph is to show the geometri­
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cal properties of the natural positive cone ^ШX arising from the 
pair (M.JT) in зове sense similarly as In the case A-C, cf. [l] , 

Definition 4.1. : (cf. /I.Def .2.5.25 .] ) 
For a pair (M,x") we consider the set J', the Z"I-completlon of the 
set fB3B3(jf) : В«гМ, ЦВЭВЭ(Х) ft •£ lj. Then.the natural positive cone 
J 3 associated with the pair (M,3T) is defined as _P:» LJ* J r . 

Proposition 4.2»: The closed set J'^Xhas the following properties 
(i) J> . [^\*]-~ [л1/4№;з; 

where M + and M" are the s e l f - a d j o i n t posi t ive parts of M and M', 
respec t ive ly . Therefore , J^ia a convex cone. 

( i i ) ^ " ^ P » J" for any t f f f i . 
(iii) For any у * P the equality 3(y)«y holds. 
(iv) If B«M we get BDB^J") gJ" 

Proof; (cf. p.,Prop.2.5.26.7) 
Let M„=M be the «-algebra of the entire analytic elements of the 
group {A : tetR). For any BtM there holds 
(6) ^)1 / 4вв"(х) » А1/4вА~1/АА1/4в*Л~%/\х) 

- ^ 1 / 4 B Z 3 - 1 / 4 ( ^ - 1 / 4 B ^ 4 ) - ( X , 

• (Л1/лвЛ1/А) о (А/4вЛ1/А) э (х). 
Since уЛ ' М /\ " М Ц a n d because of Theorem 2.10./the relation (6) 
yields 

r^iA "Vxj; g kd^Kx-j; j x . 
On the other hand, Гм ̂ x7_ «JM £ / by Theorem 2 . 1 0 . For an a r b l -

- Г 7 ~ ° T r r - > 
t ra ry y* [M + x j we take such a bounded net \BJb ^ e l , BKe M j that 
T^-lim ^ Я - у . Then,the equality (6> implies ^ d 1 ' 4 ^ ^ e J*. But 

• Г",-11т a^4 1 /' 2B„x 
1 * f l " 

« 7Г. -11В B^x 1 <X€l 
- у - 0 z f / 2 y . 

Therefore, 

< Z i 1 / 4 ( V ^-) .Zi l / 4 (y-EU'<)> - ^(y-B^xJ.O^f^Cy-B^x^ 
and ^ ' 4 y e - P . i . e . . ̂ d 1 / 4 f M t x J ~ ]~ £ J* . F inal ly , 
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p . C4 v 4"j; -f^ 1 / 4K-«j;j; . 
If У denotes the natural cone associated with (M*,x),there 
holds 

В 3B*3(x) - 3(3B'3)3(3B'3)(x) • (3B"3)3(38'3)3(x) 
for any В'ем'since ЗВ'ЗсМ, l . « „ > " . ? . Since ^d" 1 is the modular 
operator with respect to the pair (M'.x)^we obtain 

The first statement is proved. 
To prove the second one we keep in mind that 

If B,C«M the third statement follows from the equality 
3(B3B3(x)) - (ЗВЗ)ВЗ(ЗЕ) » B(3B3)3(x) » ВЭВЗ(х), 

whereas (iv) can be derived fro» 
(B3B3)(C3C3)(x) - BC(3B3)(3C3)(x) - BC3(BC)3(x). 

So , the proposit ion i s proved. 

Proposit ion 4 . 3 . ; The fol lowing re la t ions are v a l i d : 

[ M + x J ~ - {"ye<a?: < y . z > S О for any E e D ^ x j " ] , 
K x j ; = fieX: < ' y . z > ^ 0 for any ге[н+х]~ } . 

Proof ; F i r s t , suppose A te be £ - f i n i t e and l e t f be any normal 
f a i t h f u l state on A. We denote by [ M . x J f the closure of Гм

+х_/_ with 
respect to the norm f « I , •>) ' on^f f . The set [M'^XJ, is defined 
analogously. Then,by [ l . P r o p . 2 . 5 . 2 7 . J the fol lowing set i d e n t i t i e s 
are v a l i d on the H i l b e r t space <?C,, the closure of <ЙГ with respect 
to the norm f (<?, \>)1' 2 : 

P V j f ш{УеХ>Г- n < V . z > ) ^ 0 for any TefaxJf]. 

[ M + * ] f -{ye&f' f ( < V . z > ) ^ 0 for any Z « - f M + x J f } . 

Since f i s an a r b i t r a r y normal f a i t h f u l state^we obtain 

£ M + X J ~ '{ye «ЯГ: f ( < 7 . z > ) > 0 for any ^"eO^xJJ" . any f c f j . 

Г м+*1т " { v m X i f ( < y « z > ) ^ 0 for any z e £ M + x J ~ . any f e P.? . 

Thus, we get the sought re la t ions above. 
Secondly, l e t A be n o n - 2 - f i n i t e now. There exists a d i rected increa ­
sing net {ры: °<£ I J of project ions of A with the propert ies that 

1» 



p^Ap^ IS ^ - f i n i t e for any Ы£\ and that w*-l im p ^ - 1 . . Fro» the 
f i r s t part of the present proof one derives 

Я . ' К * 7 г " &eP*X<V'*>ZO for any i^f^-^Я]'}. 

H*'/X*Jr" {у*Р*ЯГ<^.2>^0 for any 2«p„-[м +хJ'} . 
for any *fl, if p^M on p«<̂ * is considered. Since «el la arbitra­
rily chosen we get the desired relatione. 

Proposition 4.4.: 
(1) The cone P is self-adjoint, i.e., 

P - P~ :- fy eJV: <$,*> к О for any zePJ. 
(ii) Pn(-P) - ft], 
(ill) If 0(y)»y for a certain уС<Л? there exists a unique decompo-

3ltion УшУг-Уг with yj.ygff^tand yxJ.~y2. 
(iv) The linear hull of J* is ЯГ. 

Proof: (1) First, suppose A to be 3 -finite and let f be en arbitra­
ry faithful normal state on A. If we consider the Hilbert space Ж? 
and the cone P*£32, (the closures of X and.?5, respectively, 
with respect to the norm f (^, ->) 1 / 2), there turns out (by £» 2.3.28 J ) 
that p f , ̂ f ~ . (y^^t f(<-y,f> ) f e 0 for any ?* JJ j . 

Since f is arbitrarily chosen(we obtain 
У- fyf^f' f(<y.z>)£o for any г eP, any fr PJ 

- £уеЛГ: <^,z>>0 for any z <f P] 

as desired. Secondly, if A is non-^-finite there exists a directed 
increasing net fpw: «f l} such that p̂ AD*. is ^-finite for any 
d£ I and that w'-lin р^"1д. Considering p^Psp^^'m get ц , Л ц , / 
for any <*<rl. That implies pm / ^ 
(11) If yePn (-P) we draw fron (1) that «Cy.y-̂ - ̂ O^and hence, 
y«0. 
( i l l ) Assume 0(y)»y. The cone ./ Is a closed convex subset i n the 
sel f -dual Hi lbert A-module «Shaving the property that the subset 
P0

m{jeP's "y / ' f l j la TT-complete. Therefore, there exists a 
unique element y, e ^ s u c h that 
(7) < ^ - y 1 . y - y 1 > » inff<y"-z,y-z> : zeP]. 
Let us dsnota y_:» y-y,. For any z «J 5, Л > 0 the inequality 

<У-У1.У-У1> ^ <^-(У 1+>г).у-(у 1 +Лг)> 

It 



holds since ( y , t > ? ) с ? 3 . Therefore. 

og A4<yV,.5> * <5.y 2>) • X^<?.z> . 
Since X > 0 is arbitrarily chosen the Inequality <V 2 #z> + <zty"„> SO 
has to be valid. But, since zeJ3 there holds 0(y_)»y2» 3(z~)>z, and 
hence» ̂ yg.z^. <b{y2),3(z£> "«С^.г^". Thus, we get y^eJ3 since 
zcj* was arbitrarily chosen and (i) is valid. Consequently» 
У-У^Уг ""«re ̂ «Уг*-^-
Let us show that yl-iy,. Since (1- Л )y, «•T* f or any О ^ Л ' 1 we get 

<ГУ 2.У 2> £ ^ - ^ I ' V * * ^ 
because of ( 7 ) . This i s equivalent to 

X2<f1.y^> - Л - ! ^ . ^ • < у г . У ± > ) = ° -
Finally, ̂ ^ч'Уг^^ О. and since y1#y2<rj^» J* , we obtain 
< У 1 « У 2 > * ° « 
To show the uniqueness of such a decomposition we assume the existen­
ce of two decompositions 

4-v%-42 . yj.V;,^. У ^ У 2 . 

Then y,-Zj»y2-z"2,and furthermore, 

- - « 1 . 7 2 > -<^1' г2^ = °~ 
Therefore, Vi"^., У 2*^ 2

 a n d 3 u c n a decomposition is unique, 
(iv) If an element у £»^i8 orthogonal to the linear hull of J^> 
there must be <y,y>«Q,and hence, y=0. There only reaains to re­
mark that the unit ball of the linear hull of 3* is ^".-complete by 
construction. 

Corollary 4.5.; 
(i) If у eJ3, y? is cyclic for M if and only if y" is separatina, 

for M. 
(ii) If y^J is cyclic (and hence, separating) for Myfor the 

modular involution 3- and for the natural poeitive cone J-
associated with the pair (M,y~) 3*3—, J^mJ-L hold. 

The proof of this corollary is analogous to that of /Е.Ргор.г.З.ЗО.7, 
and thus, will be oaitted. 

15 



References 
flj O.Bratteli, D.W.Robinson, "Operator algebras and quantum stati­

stical mechanics•I", Texts and Monographs in Physics. Springer-
Verlag, New York-Heidelberg-Berlin, 1979. 

Щ F.pombes.H.Zettl. "Order structures, traces end weights on Mori-
ta equivalent c"-algebras"t Moth.Ann. 265(1983). no.1,67-81. 

Щ M.Frank, -Self-duality and C*-reflexivity of Hilbert c"-modules", 
preprint.KMU-CLG Leipzig (G.O.R.), 1986. 

J4] M.Frank, "One-parameter groups arising from some real subspaces 
of self-dual Hilbert W*-moduli", preprint, 3INR, E5-87-95, Dubna. 
1987, submitted to Math. Nachr. 

[ъ] R.M.Loynes, "Linear operators in VH-spaces", Trans. Amer.Math. 
Soc, v.166(1965), 167-180. 

jp] W.L.Paschke, "Inner product modules over В -algebras". Trans. 
Amer.Math.Soc., V.182(1973),443-468. 

[7] M.A.Rieffel,A. van Oaele, "A bounded operator approach to Tomita-
Takesaki theory". Pacific J.Math., v.69(1977), no.1,187-221. 

[8j M.A.Rleffel, "Morita equivalence for C*-algebras and «"-algebras", 
J.Pure and Appl.Alg., v.5_( 1974) ,51-96. 

£9j S.Sakai, "C*-algebras and W*-algebras", Springer -Verlag, Berlin-
Heidelberg-New York,1971. 

Received by Publishing Department 
on February 17, 1987. 

16 



Франк М. Е5-87-94 
Представления фон Неймана в автодуальных 
гильбертовых И*-модулях 

Рассматриваются алгебры фон Неймана М-ограниченных о п е ­
раторов в автодуальных гильбертовых И*-модулях Н, имеющие 
циклично отделяющий элемент х в Н. Обнаружены тесные с в я ­
зи между ними и некоторыми специальными вещественными 
подпространствами в Н. При предположении, что лежащая в 
основе W*- алгебра коммутативна, теорема типа Томиты-Тане-
саки д о к а з ы в а е т с я . Исследуется естественный конус в Н, 
связанный с парой /М, х / . Описаны его с в о й с т в а . 

Работа выполнена в Лаборатории теоретической физики 
ОИЯИ. 
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Frank M. E5-87-94 
Von Neumann Representations on Self-Dual 
Hilbert W*-Moduli 

Von Neumann algebras M of bounded operators on self-
dual Hilbert W*-moduli H possessing a cyclic-separating 
element x in H are considered. The close relation of them 
to certain real subspaces of H is established. Under the 
supposition that the underlying W*-algebra is commutative, 
a Tomita-Takesaki type theorem is stated. The natural cone 
in H arising from the pair (M,x) is investigated and its 
properties are obtained. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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