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Abstract
Within the franpwork of the general self-energy problem for the
interaction of a projectile with a many-body system, we consider the
dispersion force between two atoms or between a charge and an atom.
Since the Born-Oppenheimer approximation is not made, this is a useful
approach for exhibiting non-adiabatic effects.

We find compact

expressions in terms of matrix elements of operators in the atomic
displacement which are not limited by multipole expansions.
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There are many instances in physics where one wishes to study the
interaction of a projectile, with a many-particle target.

In fact the

projectile itself may also have a composite structure such as the case
of an atom or molecule.

It is often extremely useful to reduce rhis

inherent many-body problem to an effective single particle problem,
usually expressed as a function of the center-of-mass coordinates of the
system.
Examples of such systems include the interaction of a charge Q with
a conducting surfacr , in which case the long-range interaction is
described by the classical image potential in the distance z froa the
surface
V(z)

- -Q 2 /4z

(1)

For an atom or molecule interacting with the surface the corresponding
interaction is given by the Van der Waals potential
V(z) = - C 3 / z 3

(2)

In this paper we wish to discuss the interaction between a charge and an
atom where the long range potential in the separation distance R is the
polarization force term:
V(R) = -aQ 2 /R 4

(3)

We also address the closely related problem of the interaction between
two atoms, which at large distances is the Van dar Waals dispersion
potential
V(R) = -C../R6
o

(4)

A tima honored method for treating such complex problems which has
been extensively applied in solid state physics is to reduce the nany
body problem to the solution of an effective Schrodinger equation with a
1 2)
non-local potential operator called the self-energy '

2
V*
2m

The potential u(£.) includes any local potentials which are. treatable
separately from the non-local self-energy z(r_»r* ,E n ) .

This can be

further forced into the form of a local Schrodinger equation by
imposing the following condition:

dr'

Z(r,r',E0)(j,0(r')

(6)

This leads to an effective Schrodinger equation in the self-enerey £ n (r)
ot the form

] — - V- + u(D + z (r) [ „,„(£) = En«,n(r)

(7)

2m

We note that the nonlocal self-energy depends on the energy of the
system, while the local self-energy of Eq. (6) depends not only on the
energy but also on the initial state ^n(r_)
We have developed a method for determining a self-energy which,
although somewhat different from that of Refs. (1) and (2), is much
simpler and in many cases leads to equivalent results.

The methcd is

based on perturbation theory, and in particular on the energy shift of
an unperturbed state of the sytem,
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= E

+ ...

(8)

where an unperturbed state |l> is of the product form

£> = <> jl (r)U>|n 1 >

(9)

with <j).(r_) a center-of-mass spatial wavefunction, \l> is the internal
state of the projectile and |n > is the many body state of the target.
The energy shift can be rewritten as the integral over tha local
self-energy weighted by the probability of finding the sysrem in the
initial center-of-mass state

AE Q

=

dr 4>0(r) I Q (r) * Q (r)

(10)

Comparison of Eq. (10) with Eq. (8) leads to our definition of the
self-energy.

3)

This self-energy is in general complex.

Trie imaginary

part can be subdivided into a conservative and a nonconservative part.
The nonconservative part can be used to describe real transitions and
4)
energy exchange in the system.
We consider here the application of this method to tha interaction
of two atoms or of a charge with an atom.

We begin by discussing

the interaction between two hydrogen-like atoms, and the case of a
charge interacting with an atom will be shown later to be very similar.
For simplicity, we neelect exchange.

The unperturbed system of two

isolated atoms has an eigenstate consisting of the product of two atomic
functions and a momentum function in the relative coordinate R between
their centers of mass
l.^.l'R) = |n.Z.>*.(R)

J

]-

] ]' ] -

(11)

The momentum function is a plane wave $ .(R) = exp(iQ,.R) and the
unperturbed energy is
E
3

-

E

3

where En and e
I n

J

.1

are atomic energies measured from the ground s t a t e and

u is the reduced mass of the two atom system
U - (n^+lMiy-i)/(n^-hi^+Z)
If r .

(13)

and r_ are the respective atomic displacement operators, the

perturbation contribution to the Hamiltonian is

with the R, given by
1

The R. above are expressed in center-of-mass coordinates and the four
terms in Eq. (4) correspond to the four different potential terms
arising from the interaction of the electron or nucleus of one atom with
the electron or nucleus of the other atom.
The lowest order contribution to ^ n (R) comes from second order
perturbation theory and is given by

< 001 H | n.2. .> (j H |0)
(16)

=Z

The matrix elements represented by angular brackets < > are taken with
respect to atomic states only, while those represented by ( ) include
also the state of relative motion, as shown in Eq. (11). After Fourier
expansion of the perturbation (14), the matrix elements can be partially
evaluated to put the self-energy in the form of a sum ovar atomic matrix
elements of generalized atomic operators
~a,,,s

1
2TT'

I I <00 H | Inxnl 111 00>
In

(17)

where

(-1)"

Vu)"1

(dQ/Q 2 ),

If we now make the lowest order expansion in terms of the parameter R./R
all results obtained previously for two atoms interacting in the dlpole
limit are recovered.

For the case of identical ?toms this asymptotic

form is

1

iQfg1
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(m+l)(ec + e ) R
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(m+l)2(E

where Q,

(19)

is the combination of atomic matrix elements

= 2<f z.

- <f|x

1

- <f|y

The leading terra is the familiar Van der Waals contribution,
term is a conservative imaginary contribution '
is the well known first non-adiabatic correction.

(20)

1
5)

the next

, and the term in k

Evaluating the operator of Eq. (18) for a general relative momentum Q
of the unperturbed system is straightforward but leads :o complicated
forms.

However, cany features of the general problem can be illustrated

by looking at the special limiting case of two atoms with no relative
motion, Q =0.

Then all integrals can be readily evaluated to give the

self-energy in the form

zJ(R) = - Z Z

<00lH'|j.n><2.n|H' - £ (-1)1 — -

where a 2 = 2p | e + E '• .

|00>

(21)

The terms exponentially decreasing in R in the

second matrix element of (21) are due to the quantum mechanical recoil;
specifically, they arise from the term in 0 2 in the denominator of Eq.
(18).

For large R Eq. (21) becomes the familiar London from of the 1/R

van der Waals potential as is evident from Eq. (19) above.

Further

discussion of Eq. (21) is perhaps best deferred until we obtain below
the corresponding expression for the charge-atom case where the results
are somewhat simpler in form.

We note in passing, however, that E n (R)

is finite as R-Q.
Moving now to the interaction between a hydrogenic atom and a
charge of unit mass, the unperturbed eigenstates are pr?ducts of a
single atomic state and the relative momentum wave funcrion.

The

perturbing potential is
2

H q = I (-1)1 R-L.]" L

(22)

with
L. = - r/(m+l) ; L o = mr/(m+l)

(23)

where r is the atomic displacement operator and R is the vector joining
the charge to the center of mass of the atom.

The self-energy is again

defined by Ec:. (16) and can be put in a form similar to the atomic case
of Eq. (17)
q
E

( R ) = L-y £ <0!Hq|n><n|l'|0>
'"" n

(24)

with the atocic operator I' given by
A C\ 13
Ji _

-)

*")e

0
9

I exp (-iQ«L.) (e
i=l
" " i n

_1

- [2Q>0 -Q ]/2y )
- -?
q

(25)

where the reduced mass in this case is
= (m-fi)/(m+2)

u

(26)

Again the integrals in Eq. (25) can be carried out for all values of Q
but this leads to some lengthy and cumbersome equations. The case of
zero relative motion, Q =0 leads to a s^iple expression in compact form
similar to Eq. (21) :

,
2
.
E q (R) = - E - - - < 0|Hq|n >< n|H q - E (-1)

°

n |e I
1

n '

where b*" = 2 y | e | .

i=l

-b|R-L |
e
|0 >

(27)

|R-L.I
•—l

As was pointed out for the case of Eq. (19), when

Eq. (24) is developed in an expansion in large values of the separation
distance R, one recovers all previously obtained results for the
multipole series, beginning with the long range polarization potential
4
which behaves as 1/R . However, Eq. (24) gives us che compact form
expression from which the asymptotic multipole expansion can be derived.
Of interest here is the fact that the interaction self-energy is finite
in the limit of small separation, as should be the case for quantum
mechanical systems.

Two interesting limiting cases can be readily

evaluated.

For the case of positronium interacting with a charge of

unit mass we have m=l and the self-energy for R-0 is zero.

On the other

hand if the mass m is very large we have

SJ(O)

> -m ,

(28)

The self-enargy at the origin diverges with the rass in this semiclassical limit.
We have considered here the self-energy for an atom interacting
with another atom or with a charge.

We show that the self-energy can be

expressed in terms of matrix elements between unperturbed atomic states
of closed form operators in the atomic displacenent.

This result in

itself is of interest because it gives a compact form from v u ich the
wall known asymptotic multipole expansion at large separation distances
can be obtained.
Sines these calculations were carried out without imposing the
Born-Oppenheimer approximation, the non-adiabatic and recoil
contributions are present.

Recoil effects are nanifest at small

separation distances where they cause a saturation of the stlf-energy to
a finite value.

The range over which these saturation effects occur can

be estimated from Eq. (27) where b = ^2u

e , and will be, for typical

atomic excitation energies, of the order of a fev atomic unit if the
charge is an electron.

For the case of interactions between two

ordinary atoms these recoil effects are totally negligible due to the
large reduced mass.

However, if one or both of the atoms is a

positroniuiu atom, the reduced mass is of the order of that of an

10

electron and the range of the saturation effects given by
a = /2u(e, + e ) is again of order of a few aromic units.
x

The

n

saturation co a finite energy is a reflection of the fact that in
interactions with a quantum-mechanical atom of finite mass both the
nucleus and electron must be viewed as charge clouds and the self-energy
is jusf the interaction energy of the corresponding overlapping charge
distributions.
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