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Abstract
Theoretical discussions of the propagation of pulses of laser radiation through
atomic or molecular vapor rely on a number of traditional approximations for idealiz
ing the radiation and the molecules, and for quantifying their mutual interaction by
various equations of propagation (for the radiation) and excitation (for the molecules).
In treating short-pulse phenomena it is essential to consider coherent excitation phe
nomena of the sort that is manifest in Rabi oscillations of atomic or molecular popu
lations. Such processes are not adequately treated by rate equations for excitation nor
by rate equations for radiation. As part of a more comprehensive treatment of the
coupled equations that describe propagation of short pulses, this memo presents back
ground discussion of the equations that describe the field.
This memo discusses
used in the description of
solenoidal (or longitudinal
It mentions the possibility
parts, in order to define
phase and group velocity.

the origin, in Maxwell's equations, of the wave equation
pulse propagation. It notes the separation into lamellar and
and transverse) and positive and negative frequency parts.
of separating the polarization field into linear and nonlinear
a susceptibility or index of refraction and, from these, a

The memo discusses various ways of characterizing the polarization characteristics
of plane waves, that is, of parameterizing a transverse unit vector, such as the Jones
vector, the Stokes vector, and the Poincare sphere.
It discusses the connection
between macroscopically defined quantities, such as the intensity or, more generally,
the Stokes parameters, and microscopic field amplitudes.
The material presented here is a portion of a more extensive treatment of propa
gation to be presented separateiy. The equations presented here have been described
in various books and articles. They are collected here as a summary and review of
theory needed when treating pulse propagation.
This work was performed under the auspices of the United Slates Dep
artment of Energy by the Lawrence Livermore National Laboratory under
contract no. W-7405-Eng-48
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§11.2 Radiation Intensity
Traditionally one characterizes radiation fields with several macroscopically def
ined quantities. Chief of these quantities is the energy of the electromagnetic field.
This energy is distributed throughout the region occupied by radiation, -ind it is
therefore natural to introduce the notion of energy density as a limiting value for the
increment of energy contained within a small incremental volume. By definition the
mean spectral energy density u(u,r,t) is the energy per unit volume per unit (angular)
frequency at point r at time t. That is, the increment
dE(r,t) = u(w,r,t) dw dV

(1.4-1)

is the energy in the frequency increment doi about w v/hhin volume element dV
around point r. The adjective mean here denotes a temporal average over a time suf
ficiently long to remcve possible fluctuations of thermal origin. The adjective spectral
signifies a function of frequency.
We must also parameterize the flow of radiation energy or radiation flux. This
we can do by means of the energy flux vector Ffa.r.i), defined such that the projec
tion n.F(aj,r,t) of the flux vector F(cj,r,t) upon a unit vector n is the mean energy per
unit time per unit frequency interval flowing through unit area of a surface normal
to n at point r and time t. Thus the increment
dE<n,r,t) = o . F(w,r,t) du> dA dt

(1.4-2)

is the energy within frequency increment du about ui flowing through the oriented
surface element ndA at point r in time dt. Radiation detectors, such as photoelectric
devices, respond to radiant energy. Suitable detectors reveal time variations in the
energy, and so measure power. Because such detectors have fixed surface area, they
provide measurements of the power per unit area, or radiation intensity.
Both the energy density and the flux vector, as well as other quantities defined
below, may vary with position and time. For simplicity I shall omit explicity refer
ence to the space-time value r,t in the following, and shall write dE s dE(r,t) and
F(u) s F(w,r,t), etc.
In treatments of radiation flow in which the radiation comprises a collimated
beam, as emanates from a laser, it is customary to define spectral intensity I(w) =
I(w,r,t) as the magnitude of the electromagnetic energy flux vector
Km) = | F(w) |.

(1.4-3)

The spectral intensity so defined, having units of power per unit area per unit fre
quency, can be converted into spectral photon flux &~{u) (the number of photons per
unit area per unit time per unit frequency) by dividing I(a>) by the energy carried by
one photon, fiw

9-iu) = ^fiwi .

(1.4-4)
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It follows from these definitions that when tht energy can be assigned a mcno-directional flow velocity c, then the intensity is c times the energy density:
I(tu) = hit) ^{ai)

= c 0(u)

(mono-directional).

(1.4-5)

Treatments of processes in thermodynamic equilibrium deal with an isotropic radiation
field, in which energy flows with equal likelihood into any element of solid angle.
One can then define a mean intensity and mean photon flux by apportioning these
quantities uniformly over 4* solid angle. This procedure leads to the definition
](w) = fiw i*"(w) = ^ u(u)

(isotropic).

(1.4-6)

This definition of intensity is widely used in theoretical treatments of laser in
duced excitation.
However, the disciplines of photometry, optics, and radiative
transfer introduce various alternative definitions for the term "intensity." The most
common alternative definition deals with the distribution of energy flow into differ
ential solid angle dk. This definition exhibits the incremental energy of Eqn. (1.4-2)
as the integral

dE =

dk k . n I(w,k) dw dA dt.

(1-4-7)

The differential coefficient l(w,k), with units of power per unit area per unit solid
angle per unit frequency, is then called the specific spectral intensity. Because 1 shall
be concerned with collimated plane waves I shall adopt the definition (1.4-J) for in
tensities. This nomenclature follows the common practice in laser theory
Integrated Intensity
Spectral intensity I(di) refers to power per unit frequency per unit area. For
nearly-monochromatic radiation it proves more convenient to introduce the frequencyintegrated intensity I,

I =

dw I(<J)

(1.4-8)

bearing units of power per unit area. This quantity is of particular utility when we
deal with coliimated beams that are nearly monochromatic. The intensity I measures
the total power in such a beam, regardless of direction or frequency.
Discussions of incoherent excitation, epitomized by Einstein's rate equations
employ intensity or energy density as the principal characteristics of the radiation
field. These are the parameters used in the theory of radiative transfer and in the
astrophysics of stellar interiors. They represent macroscopic aspects of radiation. To
treat coherent excitation we must e\amine more microscopic properties of radiation.
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§12.2 Wave Equations
Discussions of steady radiation flow through matter often begin with postulated
rate equations describing the gains and losses to rays of radiation as it passes through
matter. These equations use intensity (or energy density) as a measure of radiation,
and atomic populations as a measure of excitation. When treating transient effects it
is preferable to begin with a more microscopic description, in order to admit coherent
effects.
A complete description of coherent excitation must include both atom and field
variables. For the atom the relevant equations derive from the Schredinger equation-either as a multistate equation for probability amplitudes or as equations for density
matrix elements. For the fields the underlying equations are those of Maxwell, suit
ably interpreted in terms of operators to incorporate quantum mechanics. When dec
omposed into normal modes, these equations too lead to a Schredinger equation (or
lieisenberg equation). Thus a starting point for the treatment of atomic influence
upon radiation fields is the set of Maxwell equations in the presence of matter.
Maxwell's Equations with Charges and Currents
In free space Max-well's equations provide equations of motion for an electric
field E s E(r,t) and a magnetic field B e B(r,t) that together constitute the electroi .agnetic field. Maxwell's equations relate space and time derivatives of these two
vector fields at any space-time point (r,t). The presence of matter requires additional
fields. Most simply, we may describe the electromagnetic properties of matter by a
(scalar) charge density p = pir.t) and a (vector) current density j s j(r,t). When
matter is present the Maxwell equations comprise the equations of motion
ViE

t - | f l

c at

=0,

VxS

- i i - E = ^ j

c at

(12.2-1)

c

together with the constraints
V.E = 4np,
V.B = 0.
(12.2-2)
The charges and currents originate in elementary charges. For our purposes these are
electrons and nuclei. It is often useful to distinguish those electrons and nuclei that
are bound together as neutral atoms or molecules, from those "free" charges that are
not so bound. In the preceeding equations p denotes the charge density of all charges
(bound and free), and j denotes the current density of all moving charges (bound
and free).
A consistent description of electromagnetic waves must include the effect of the
waves upon charges and currents. For un-ionized matter considered here, those
effects consist of excitation, That is, the fields modify the electron distribution
within an atom, or the structure of a molecule. The modified charge and current dis
tributions in turn affect the fields, which affect the charges, and so on ad mfiniiim.
All of these effects derive from the Lorentz force density
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F = pE + j i B

(12.2-3)

or from equivalent expressions of interactions.
In the visible and infrared portions of the spectrum excitations of atoms and
molecules are primarily driven by the electric field (interacting with dipole moments)
rather than by the magnetic field (interacting with magnetic moments). Thus our in
terest is in the electric field. We require equations descriptive of electric-field propa
gation, together with equations describing the effect of the electric field upon matter.
Poynting Vector and Energy Density
From the two dynamical Maxwell equations, together with the vector identity
V.(A x B) = B.(V Jt A) - A.(V x B),

(12.2-4)

we obtain the following relationship:
V

'^

( E , B ) =

(E

E+ B

B)

EJ

' l h " - " -

(l2 2

51

-"

This has th; '"arm of a continuity equation, relating the divergence of a flux vector to
the time rate of change of a density, less an additional term:
V.S = - ^ u - E.j.

(12.2-6)

The flux vector is the Poynting vector S = S(r,t) (power per unit area) and the den
sity is the electromagnetic field energy density u T= u(r,t) (power per unit volume),
S = ^ E x B,

u = i

( E.E + B.B ).

(12.2-7)

The term E.j represents the density of power lost from the fields E and B as a result
of radiation-matter interaction. This is energy gained by the charges, either as kin
etic energy of free charges or as excitation energies of bound charges.
The Vector-Potential Wave Equation
Rather than deal with Maxwell's coupled first order equations, it is often useful
to introduce uncoupled second order equations, The simplest example is obtained by
introducing a vector potential A s A(r,t) and a scalar potential * = $(r,t) such that
E ^ - i ^ A - V * .

B = V x A.

In place of Maxwell's equations we then obtain the wave equation

and "oisson's equation

(12.2-8)
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2

V * = 4jrp,

(12.2-10)

These equations are particularly useful when applied to collections of structureless
point particles, say electrons and protons. However, alternative wave equations prove
more convenient when we consider charges bound into deformable aggregates.
The Polarization and Magnetization Fields
We axe interested in propagation through a region in which the charges and cur
rents are primarily those of electrons and nuclei bound together as neutral atoms (or
molecules). To treat this situation we express the total charge density P and current
density j as the contributions p' and j ' of free charges plus charges and currents
bound within atoms. These latter we write as contributions of a polarization field P
= P(r,t) and a magnetization field M = M(r,t), defined such that
j = j ' + 4-

p

+ cVxM,

p-^ p' 4- -V.P.

(12.2-U)

The introduction of these vector fields maintains the continuity equation for electrical
charge,
V.j "§- P.

(12.2-12)

t

The polarization field P expresses the distribution of atomic electric-dipole
moments. The magnetization field M expresses the distribution of Avnperian currents,
or magnetic-dipole moments. If the matter comprises a single species of atom, distri
buted with number density J V , then in the dipoie approximation these fields are
expectation values of the electric and magnetic dipoie moments:
p = JV~ «J>,

M = .4-" <m>.

(12.2-13)

More generally, the expectation value must be interpreted as a sum over various spe
cies and various Doppler shifts and orientations. It is generally the case that magnetic
moments are smaller than electric moments by roughly the fine structure constant (i.e.
by the ratio of electron speeds in the atom to the speed of light.) I shall assume that
the magnetic dipoie moments are negligible compared with the electric dipoie
moments. This assumption allows us to neglect the magnetization field M.
Although p' and j ' are called "free" charge and current density, it should be evi
dent that these are actually those contributions to the charges and currents that are
not represented by the expectation values of Eqn. (12.2-13). We therefore have the
opportunity to partition the atomic basis states into two portions, and to define the
polarization and magnetization fields as those fields that arise from selected states.
The influence of the remaining atomic states appears in the current j ' . The separa
tion is, to this extent, somewhat arbitrary.
Wave Equations for E and B
With the introduction of the polarization and magnetization fields Maxwell's equa
tions of motion become
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+

VxE

^ S =0

(II.2-I4)

V x (B - 4irM) - ^ I- (E + 4*P) = — j '
c at

(12.2-15)

c

and the Maxwell constraint equations become
V.B = 0,

V.(E + 4JTP) = 4wp'.

(12.2-16;

The two equations of motion combine to produce the single wave equation
VxVxE

+

L £ E

;

= - & 5 , - f e J v , M - f e J r .

02.2-17)

This wave equation determines the electric field E at all space-time points, given an
initial condition over a spatial surface and given the space-time dependence of the
polarization field P and magnetization field M. These latter fields must be deter
mined from a theory of the response of the medium to the field, i.e. from a constitu
tive connection between ? and atomic properties, together with a theory for the
atomic response to the field (the Schrddinger equation).
Given a solution to this equation, we can determine the companion magnetic field
by the equation
%- B = -cV it E.
at

(12.2-18)

Alternatively, we can determine the magnetic field by means of the wave equation
V x V x B + \ fi B =«
C dp
z

x V i M t - | VxP +— Vxj'
c at
c

(12.2-19)

and then determine the electric field from the equation
§- E = cV x (B - 4irM) - f- 4:rP -4irj\

(12.2-20)

dt

ot

With either approach the time and spatial variations of the polarization field P and
magnetization field M act as sources for the electric and magnetic fields E and B.
We shall neglect the magnetization field M and consider only the effects of the polar
ization field P.
The Auxiliary Fields D and H
One can also treat electromagnetic propagation by means of two auxiliary fields D
and H, defined as
D = E + 4JTP,

H = B - 4;rM.

(12.2-21)

These fields include that portion of the charges and currents that have been expressed
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as polarization and magnetization. The Maxwell equations then read
V i E t i I B = 0,
P x H - J

V.B = 0

| D = ^ j ' ,
c 3t
c

(12.2-22)

V.D = 4K :

(12.2-23)

P

The wave equation for the electric displacement vector D is
2

c at

2

j

c at

c 3t
(12.2-24)

The source term for D involves spatial derivatives of P, whereas the source term for
E involves time derivatives. The equation for the H field is
V x V , H

+

I | L H

-

- f j w

+

f j w

•?Vtf.

(12.2-25)

Given solutions to these equations, one must evaluate the fields E = D - AifP and B
= H + 4JTM in order to determine the forces acting upon (bound or free) charges and
currents. From these Maxwell equations we derive the field continuity equation
V

E

-4^ *

H )

E

-!£< -

E

+

H

H

- >

H

4

M +E

p

E f

- I * -'
(12.2-26)

This equation replaces Eqn. (12.2-10) as an expression for energy conservation. It
relates loss of energy in the fields E and H to power transmitted to bound charges as
magnetization M and polarization P, as well as power exchanged with free charges.
By regarding the final bracket as energy lost from the fields (and gained by matter)
we can define a field energy density u' and Poynting vector S\
"' " ir

( £ !

+

H

*> '

S' = ^ (E x H ).

(12.2-27)

These formulas differ from our earlier expression by the appearance of H in place of
B. This difference accompanies a redefinition of the rate of energy loss by th<:
fields.
Alternative Expressions for Energy Flow
Weak steady electromagnetic fields induce electric and magnetic dipole moments
in matter. These induced moments are often responsible for aJi of the polarization
and magnetization fields. The magnitude of these induced moments is, for weak
steady radiation, directly proportional to the applied field. Under those circumstances
it is possible to regard the energy of polarized or magnetized matter as an additional
field energy. Van Vleck (1932) provides the following example of how such induced
fields may be treated. Let us assume there exists a scalar relationship between H and
B and between D and E of the form

wave-9
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B = /iH,

D = eE.

(12.2-27)

The proportionality constants are the magnetic permeability ji and the electric permit
tivity £. The introduction of these relationships is equivalent to the assumption that
the polarization and magnetization fields have the relationships
4irM = Oi-I) H = ^

B,

4TP - (e. -1)E.

(12.2-28)

Then we can define the fields
E" = St E,

H* - Sii H,

f" = -?-.

j"= -L.

(12.2-29)

Using these fields we can write Maxwell's equations as

V x E' + i ^ H' = K\ I JLljfW^] -E' J. V fwel

(12.2-30)

V x H' - ± J^E' = ^ j" + F £. j[(W«) -H* * V LvTlJ

(12.2-31)

V.H' - -H'.V f/nVS J,

(i 2.2-52)

V.E* = 4JT/>" - E'.V L v W .

The velocity C that occurs in these equations is the phase velocity
C = —£—.

(12.2-33)

The continuity equation for the fields E* and H' reads
F x H') = - |
V. £<£•

& *»'> = - sJLi[EVE4ir

+

HMT] -E'.j"

E'.E' j ^ K " ^ ' ] + H'.H' ^f/ffv^|

.

(12.2-34)

This expression leads to the ir.troductian of a Poynting vector S' and energy density
u" through the definitions
S' = $- ( F

x H') = T" (E x H)

(12.2-35)
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u" = J - [ E'.E' + H'.H'] = 5L r .
f E

57T

+ jiH.H] = j - [E.D + H.B].

E

07T

(12.2-36)

G7T

This approach counts as part of the field energy that portion of the magnetization and
polarization that is expressed by the scalars t and p. Apart from the possible time
dependence of -Jiu, the remaining energy is the interaction
E'.j" = E.j'.

(12.2-37)

When one can neglect the spatial variations of -/j«: one obtains the constraint equa •
tions
V.H = 0,

V.E = ~ p'.

(12.2-38)
11

That is, the electric charges embodied in the "free charge density p' are modified by
the dielectric constant t.
Transverse Fields
We can decompose the fields E 2nd P into lamellar (longitudinal)
and solenoida! (transverse) parts, E , P defined by the property [*]
T

V i t

L

T

= 0

L

parts E , P

L

T

V.E = 0.

(12.2-39)

By so doing we obtain (in the absence of free currents and magnetization) the solenoidal-field equation

c

2

at?

E

T

-

*F J £ *

T

(12-2-40)

and the lamellar-field equation
J ~ [EL + 4irpL]

=

0.

(12.2-41)

It is the solenoid&I part of the electric field that constitutes the propagating radiation,
and it is this field that is to be determined. We shall omit the label T upon this
fieid; the field E is to be understood as transverse. The source term for this field is
the transverse part of the polarization field.
Positive and Negative Frequency Parts
[*] footnote: For plane waves the soltnuidal (divergenceless) fields are transverse to
the propagation direction whereas the lamellar fields are directed longitudinaily, along
the propagation axis. Because we usually deal with plane waves it is customary 10
refer to radiation fields as transverse.
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Although classical electromagnetic fields are real-valued functions, their descrip
tion r. greatly simplified bv introducing complex valued fields whose real parts are
the physical fields. This we do by introducing complex-valued positive and negative
frequency components of each field, as in the electric-field expression
+

E = E< ) + E(0 = 2 &e EM.

(12.2-42)

The Linear an J Nonlinear Polarization Fields; Susct-.otibility
For weak steady-state monochromatic radiation (as com.asted with
transient
pulsed radiation), the atomic dipole moment expectation value <d> is an induced
moment directly proportional to the electric field E. Hence the m?croscopic polariza
tion field P is also linearly related to the electric field. This proportionality occurs if
the atomic excitation is weak and if there is sufficient time for the atom to r.'lax into
equilibrium with the excitation and its other surroundings. The proportionality is
explained quantitatively with th; Lorentz oscillator mode! of an atom or molecule, and
it applies so long as the field is weak ai:d monochromatic. The proportionality con
stant (the polarizibility) depends upon the frequency of the radiation and upon atom.ii
properties but is constant in time. For intense fields and fur transient phenomena the
linear approximation for P is not adequate. The remaining portion of the polarization
field is termtd the nonlinear portion. One therefore writes the polarization field as
two parts:
P

=

linp

+

nonp

(12 ' ' - a j )

The proportionality between """P and E is generally a frequency-dependent tensor
relationship. To quantify this proportionality one introduces the following quantities:
a = polarizibility
r

X= J

a a linear electric susceptibility

t = l + 4»x = electric permittivity (dielectric constant)
V = VJie s

index of refraction

\t ~ magnetic permeability
Here Jf is the atomic number density. These are defined Through the expressions
+

AT KnpM = 4TT ,V a EM = 4ir E(+> = (t - 1) E( )
X

(12.2-44)

U n

relating positive frequency components of the fields P and E. In general both x and
t as well as ft wilt be compicx-valued time-depenJent (or frequency-dependent) ten
sors. With these quantities one writes the polarization field as
+

4jrP( > = ( -1) £.'0 + 4JT nonpM
(

(12.2-45)

This presentation suggests that the nonlinear portion of the polarization field is that
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part thai does not vary linearly with the electric field, However, there is no reason
why one cannot incorporate a portion of the linear response into x
' leave the
remainder in p . Alternatively, one could place some nonlinearity into x- h is only
neccessary to have a well-defined prescription for separating out a portion of the
linear response. The separation may be made, for example, on the basis of fast and
slow response time of the atom, as discussed by Ackerhalt, Dnimtnond and Eberly
(1986). A similar decomposition may be made for the magnetization field,
a n c

B o n

+

on

4irM( ) = (/* -1) HW + 4*r " M M ,

(122-46)

In nonmagnetic material (i «• I. With these definitions Maxwell's equations become

V i E J

4-MH" -~ 4C at

V x H + - |

n m M

(12.2-47a)

c ct
(E = -

C 31

IC

n o n

P + — f

01

(12.2-47b)

C

and the field continuity equation becomes

E

-[ * I £

+Hi

+E

nonp

i\ & £

+H

nonM

-i

+E y

-]

(12 2

48)

-"

We can now identify the field energy u' and Poynting vector S" as
u* = | L (cE* + fitV),

S' = ^ ( E x H).

(12.2-49)

Changes in the field energy are balanced by changes in the nonlinear polarization and
magnetization, in the atomic structure responsible far the coefficients <- and n, and in
the free currents.
The Index of Refraction in Non-magnetic Matter
By splitting the solenoidal polarization field into these two parts, and neglecting
magnetization (fi = l), we can write the wave equation for the positive frequency
components of the electric field as
V

*EM

- -L J L „*£(-) - % J i .
C« o t

z

The simplest case occurs when

C

z

n = Vt

ot

BOnp(+)

-

(12.2-50)

a

is a time-independent scalar.

Then the

linear portion of the pW field acts to modify the speed of wave propagation from c
to the phase velocity c/Ve = c/tj, while the nonlinear portion of PM acts as a source
term for propagation at this altered speed.
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One can generalize the notion of an index of refraction to include al! effects of
the medium, both linear and nonlinear. One simply tal:es the ratio of the instantane
ous 4irP( ) and the instantaneous EW as the definition of a time-varying 4irx - £ l = rp- - 1.
+

Alternatively, one can incorporate all properties of the medium into the total pol
arization field, and set the index of refraction to unity. If one obtains reliable equa
tions of motion for the atomic dipole moment, then the slowed speed of propagation
will emerge as a natural consequence, without further assumption. That is, the intro
duction of an index of refraction may be viewed as a convenient but not neccessary
artifice.
When there are several atomic species present it may be useful to treat one spe
cies in the linear approximation and to treat another species without making the linear
approximation. Then the index of refraction incorporates the influence of the linear
ized species, while the polarization-field source term incorporates the influence of the
other species.
The Coupled Equations
The complete description of radiation flowing through matter consists of the fol
lowing equations. One has, for the field, some variant of the Maxwell equations, say
V*E - — — E =
fc

c* at

1

fc

*E §L p
c* at*

y

n 2 2-5n
(

U

M

)

The polarization field is expressible as a statistical average of dipole moments,
P = Jf <d>.

(12.2-52)

When only a single species of atom occurs we can write this average as
P = JV &-r { pd),
(12.2-53)
More generally, the polarization field must be constructed from a summation of spe
cies and velocities. The atoms are described by probability amplitudes that obey the
Schrfldinger equation, or by a density matrix p that obeys an equation of motion
acc

Jj p = -([H° -d.E , p ] - Tp,

(12.2-54)

These sets of partial differential equations are known as the coupled Maxwell-BIoch
equations. The following sections describe simplified examples of these equations.
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§1.4 Microscopic Plane Waves: Polarization
Radiation may be regarded, on a microscopic scale, as a superposition of traveling
electromagnetic waves, that is, of quasi-periodic electric and magnetic fields E =
E(r,t) and B = B(r,t). In free space {i.e. in regions devoid of matter) these fields are
solenoidal (divergenceless) fields,
V.E = 0,

(1.4-9)

V.B = 0

and each field satisfies the wave equation [*]

2L ii
9x

!

+

1

dy

+

§L

LA.

&3

c*at

•

-L JL

B V*

!

c* at*

A = 0.

(1.4-10)

In addition., tfie field. V*B is ocapottvacial (o 3E/3t and the field VxE is proportional
to -3B/3t. The precise expression of this proportionality depends upon the choice Of
units for E ar.d B (1 shall use Gaussian cgs units, wherin the constant is 1/c, with c
the speed of light). This equation has solutions A(f) that are arbitrary differentiable
functions of the argument f = k(* - ct) or £. = k(x + ct) or, more generally, of the
argument
+

1

f+ = Ic.r f kct = k. x + kyy + k z j- Ik^ + ky*
A

E

ct.

(1.4-1

The functional dependence of the field upon the argument f remains ixed, but the
pattern moves (as a wave) with velocity c. The field is the same everywhere over a
plane defined by k.r = constant, and so the fields are known as plane waves. The
argument f produces waves that advance toward increasing r with increasing time.
The spatial scale of the pattern is set by the magnitude k = |kj of the wave vector k,
while the direction of wave advance is specified by the components kjj, k^, and k of
this vector. The vectors E and B are constrained, by the divergence condition of
Eqn. (1.4-9) to be perpendicular lo the vector k (i.e. transverse To the propagation
direction).
+

t

(1.4-12)

k.E = k.B = 0.

That is, plane wave vector fields that are solenoidat are transverse waves. The wave
length X and angular frequency wof a field of this type are
X = 2ir
k'

"-

c'

0.4-13)

Because the wave equation is homogeneous, the sum of two solutions will again be a
[*] footnote. The presence of matter makes several changes in the equation, most not
ably the presence of an inhomogeneous source term on the right hand side and an
altered phase velocity in place of c.
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solution. We can regard general fields as superpositions of different plane waves
having different propagation vectors. Other types of solutions, such as those in which
the field takes constant value over a spherical surface rather than a plane surface,
may also be used in constructing such superpositions.
Example
A simple example of such an electromagnetic field is the pair of vector fields
E(r,t) = e(x) 1 S | cos(<;)

(1.4-14a)

B(r,t) = e(y) | 53 | costf),

(1.4-141))

The space and time variation of these fields occurs through the argument
£ = d j p - i ] + # B kz - wt + <j>,

(1.4-15)

while the vector nature of the fields appears in two mutually perpendicular unit vec
tors,
e(x) -e(x) - e(y) .e(y) = 1,

e(x) .e(y) = 0.

(1.4- 16a)

These properties of the unit vectors may be conveniently expressed by the single
equation
e(i).etj) = * ( i , j } s ' o
v

Ifi + r

(1.4-16b)

where £(i,j), often denoted 6-^ , is the Kronecker delta, defined as unity when i = j
and zero otherwise.
These expressions describe a correlated pair of vector fields that, for fixed posi
tion, vary periodically in time and, at any instant of time, vary periodically in space.
In this particular example the variation affects only the magnitude of the fields; the
directional properties (i.e. the vectors contributing to E and B) are constant over
planes perpendicular to the z axis. The vector fields so defined constitute examples
of purely periodic, plane-wave electromagnetic fields. They have angular frequency u
and they propagate along the z axis with phase velocity c. The constant $ fixes the
phase of the wave, the quantities ) <S | and | 63 J establish the magnitudes of the
fields, and the unit vectors e(x) and e(y) establish the field directions.
Units
I shall adopt the Gaussian cgs units for electromagnetic fields, a system used in
traditional texts on quantum electrodynamics and atomic physics. In this system the
unit of electric charge is the statcoulomb, the unit cf electric field is the statvolt /
cm (i statvolt = 299.79 volt > and the unit of magnetic field is the gauss (1 gauss »
J0~* tesla). These units are such that
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„ ] (statcouDi
cm

=

j

( s t a ( v o I t ) 2

c r f l

= 1 (abamp)' = 1 gauss abamp cm

(1.4-17)

This choice of units makes the field amplitudes £ and SB of equal magnitude in free
space:
| £ | = | 58 )

in free space.

(1.4-18)

This equality produces the dimensionality relationships

Polarization
In free space the vectors E and B of a radiation field are always perpendicular to
each other and to the direction of propagation (the z axis of Eqn. 0.4-15)). Thus we
require only a single vector to specify the directional characteristics of the field vec
tors E and B at a space time point, given the propagation direction. Following stan
dard practice, I shall take the electric field E as this basic vector, and shall refer to
this director) as the polarization direction of the radiation. In free space the polariza
tion direction is always perpendicular to the propagation direction, so that these two
directions can be taken as two of the three reference axes of a Cartesian coordinate
system.
The plane electromagnetic wave of Eqns. (1.4-14) is linearly polarized (in the x
direction): throughout space, and for all time, the electric vector points along the x
axis, while its magnitude varies sinusoidally with position and time. In a more gen
eral plane wave both magnitude and direction may vary sinusoidally with time. The
resultant polarization is termed elliptical. Special ca^es (see Fig. (1,4-14)} are right
circular polarization
E(r,t) = -^-

[e(x) cos(£) + e(y) sintf)],

(1.4-20a)

y/2

and left circular polarization.
E(r,t) =

- £ - (e(x) cosOj] - e(y) sin(01.
v/2

(1.4-20b)

Recall that f = — - urt. This nomenclature follows the convention of Born and
Wolf (1959, p28): lor right circular polarization the electric and magnetic vectors
appear to rotate clockwise in the x-y plane, for fixed z, as viewed with the light
beam approaching the observer. In space the tips of tht E and B vectors trace a
helix, when the light is circularly pol&.-ized. The helix twists in a positive sense for
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left-circular polarization: left circular polarization is termed positive helicity.

The

numerical factors V^ have been introduced in Eqns. (1.4-20) to maintain a common
normalization with Eqn. (1.4-14), so that in both cases the amplitude £ expresses the
value of the time-averaged product of 2E.E.
Positive and Negative Frequency Components
Although the electric field E(r,t) has real-valued components, it proves useful to
introduce complex-valued functions to describe the spatial and temporal variation.
For example, all of the waves above can be written in the form
E(r,t) = | [£ e e'* + (<S e e**)' ] = S?s [ <? t exp(/kz - /wt)J,

(1.4-21)

where k s w/c and where * is an appropriate unit vector, possibly complex. By unit
vector, here and elsewhere, 1 mean a vector having unit magnitude:
| 6 |

2

= i

. € = 1,

(1.4-22)

as do the three orthogonal Cartesian unit vectors e(x), e{y), and e(z). These expres
sions provide the opportunity lo adjust the overall phase of the vector t; this phase
must be fixed by convention. I shall follow the choice
€ = e(x) or e(y)
=

=

J/=

[ e ( x

__!_
A

for linear polarization

) - fe(y)] . e(-i)

[ e ( x )

4

/ e ( y ) ]

„

e ( + ! )

c

lar

for "**i Z "
Pojonzvion
(negative heliaty)
f

or

left circular polarizaiion
{positive hehcily)

( |

4

.

2 3 )

The unit vectors e(±l) are complex when the Cartesian vectors e(x) and e(y) are real.
(Conversely, a representation in which the vectors e(±) are real makes e(x) real and
e(y) imaginary.) They obey they orthogonality property
e(q)*.e(q') = S(q,q'),

for q,q- = ±1.

(1.4-24)

The introduction of complex exponentials allows us to write any real-valued field
E(r,t) as the sum of two complex-valued vector fields,
+

E{t) = E( )(t) + E(-)(t).

(1.4-25)

These two vectors are complex conjugates:
+

E( )(t) = [E(")(t)l*.

(1.4-26)

They form, respectively, the positive and negative frequency componttts of the electric
vector. The positive frequency part is, by definition, the portion or the field that
contains the time varying exponential exp(-/wt). Quite generally we can express this
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complex vector as a combination of any pair of independent unit vectors in the plane
perpendicular to the propagation direction. For the z-directed waves above we can
write, at a fixed position,
(+l

E <t> = i [e(x) | <S | expH« ) + e(y) | S
X

= J
J

x

fe(x) S^ + e(y) S

y

y

| exp(-.i )] exp(-wt)
y

] exp(-iurt)

(1.4-27)

Here the real-valued phases 6. and S combine with the real-valued amplitudes
I ^*l and | S to produce complex-valued amplitudes <? and <S .
v

x

y

y

The electric and magnetic fields that together constitute the electromagnetic field,
are each examples of three-dimensional vector fields. Such a field comprises, at each
point in space, three numbers that represent field components along three independent
directions. The three independent coordinates can be chosen from any convenient
three-dimensional coordinate system. When the radiation is a collimated beam, as
occurs with laser radiation, then it is natural to take one of the reference axes to
coincide with the propagation axis. Neither the electric nor the magnetic field have
components in this direction. We are left with the problem of defining complex vec
tors in a two-dimensional plane. Let us examine some of the means of doing this.
Representations of Polarization: The Jones Vector
For any fixed direction of propagation, and point in space, we require two mutu
ally orthogonal unit vectors to describe either the electric or magnetic field vector. In
general, any vector A in a two-dimensional space can be expressed as a superposition
of two independent unit vectors, say e(l) and e(2). The simplest form for this
expansion, appropriate when the vectors are all real], is
(l.4-2Sa)

A, e(t) + A, e(2).

In the space of the x-y plane, the pair of vectors e(x) and e(y) or the pair e(+l) and
e(-l), or any other two independent combinations of these pairs, can serve as the unit
vectors. Such an independent pair of orthogonal unit vectors is termed a set of basis
vectors. Any vector in this two-dimensional space can be specified by two numbers
(generally complex), the components A along two basis vectors. When we deal with
complex vectors it is often convenient to write the expansion as
n

A e{jf
:

+ A e(2f

(1.4-28b)

2

so that the components are Aj, * e(n) .A. We can treat these numbers as elements of
a two-component column vector (the Jones vector) and write Eqn. (1.4-28) as
A =

where

e(l) = e(l) =

e(2) =

(1.4-29)

In this representation the unit vectors are real, so there is no disciinction between
Eqn. (l.4-28a) and (1.4-28b). The values of vector components Aj depend upon our
choice of basis vectors — they depend upon whether j stands for the Cartesian labels
x,y or the helicity labels +1,-1. Basis vectors in two different coordinate systems are
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related by means of linear equations.

e(q) = ^

U

e(i),

qi

,

c(i)= ^ ( ^ • ) ,

q

e(q)

(1.4-30)

i
For example, the basis vectors of the two reference systems (x,y) and (+1,-1) are rel
ated by the matrix equations
fen)]

_ ! _ T-l

=

|_e(-l)J- ^

-'ire(x)'

-r-J[eCy).

(1.4-31a)

llfet+l)"
fj|_e(-l)/

(1.4-3 lb)

[i

[e(x)l
_ ] _ [-1
Le(y)J" ^
[r
=

1

Note that the elements of the inverse matrix U" are complex conjugates of the tran
spose U of the matrix U, i.e. the matrix U~ is the Hermitian adjoint of U (that is,
U" - Ut s (U ) . ). The matrix U is therefore unitary. It follows that the vector
components A = e{n).A appearing in the equation
7

l

1

T

n

A = ^ j ( q ) * A = ^ e ( i ) * A,

(1.4-32)

q

i
share the transformation properties of the unit vectors, Eqn. (1.4-29),

^T U„A„

A = ] T (UT) it,
;

<V

(1.4-33)

q=±I

i=x,y

When we taken Eqn. (1.4-28a) rather than Fqn. (1.4-28b) as the equation of expan
sion for a complex vector,

^> e(q) Ai = )

1

e(i) A .

(H
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the vector components A* = efq) .A obey the transformation rule [*)

Ai = V

U * A'

(1.4-35)

qi

i=r,y
Often the vectors of interest have complex-valued components in our chosen
coordinate system. It follows that, whereas the length of a real vector R is obtained
from the square root of the scalar product R.R, the scalar product A.A will, in gen
eral, be a complex number. In place of R.R as a measure of length we require the
scalar product of A and A . This scalar product yields the sum of the absolute
squares of components:
A

A

A*.A - |A|* - |A,|* K|* - Y. i A

(1.4-36)

+

When we represent A as a column vector we can construct this sum as the matrix
product of A and the complex-conjugated row vector (A ) . This row vector is just
the Hermitian adjoint of the column vector A:
T

A*.A

= A*A

= [A*,

(1.4-37)

A ']
2

* I

Table 1.4-1 (exhibits examples of common unit vectors in this notation, using a basis
of Cartesian vectors.
Dirac Notation
It often proves useful to employ the Dirac notation |A> to denote a column vector
A, whose components along basis vectors e(j) are the numbers Aj. Dirac notation
allows us to simplify the typography for unit vectors by writing e(+l) = |+1> or e(x)
= [x> or generally e(j) = li>- In this notation Eqn. (1.4-2S) reads
fA> = Aj ff>

+ A |2>.

(1.4-38)

%

We use the notation <:A| to denote the Hermitian adjoint of the column vector |A>,
that is, <A| is the row vector with elements Aj . With this rotation the scalar pro
duct of two vectors is denoted <A|B>:

[*] footnote. The distinction here is between covariant components A and coniravariant components At.
q
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- x>>

<A|B> =

)

A,

Bj.

(1.4-39)

The component [*] A appearing in Eqn. (1.4-36) is, in Dirac notation, A = <n|A>.
The orthogonality property of unit vectors becomes, in Dirac notation,
n

n

<j|j*> = «(jj')

(1.4-40)

where 6(j,j') is the Kronecker delta and where j and j ' may be elements of the index
pairs (x,y), (+1,-1), or any other appropriate orthogonal labels. In Dirac notation the
transformation coefficients for basis vectors, Eqn. (1.4-32). become
U

qi

= (i|q),

( U - % = (q|i) = (i|q)*

(1.4-41)

where j=x,y denotes a Cartesian index and q=±J denotes a helicity index.
Representations or Polarization: The Poincare Sphere
We have noted the possibility of choosing as basis vectors the vectors [x> and |y>,
representing two orthogonal linear polarizations, or the alternative pair |+1> and |-I>,
representing two independent circular polarizations (helicities). How can we intro
duce more general pairs of basis vectors, representing orthogonal states of elliptical
polarization intermediate between linear and circular polarization/
One possibility is to introduce unit vectors parameterized by two angles $ ar,d #,
with ranges 0 < 9 < T and 0 < & < 2*, through the definujons
\e,v> = e x p ( ' ^ J c o s f | ] | - ] > - M t p f - ^ 1 s i n f | ] | + l >

(1.4-43)

|±1> = ± —
V2

(1.4-44)

[ |x> ±

fly>]

The two angles 0 and 4> define a direction in an abstract oace of three dimensions.
Let us denote the Cartesian axes in this abstract space as 1,2,3 (corresponding to the
triad of axes x,y,z), with the 3 axis aligned vertically and the 1,2 plane horizontal.
Let us consider a sphere of unit radius in this abstract space. Then the angles 6 and <t>
defir.e a point on this sphere. Figure 1.4 -1 (after O'Neil, 1963 or Glauber, 1986)
depicts this Poincare sphere. The north pole of this sphere, B = 0, corresponds to neg
ative helicity (right-circular polarization), and the south pole, 9 = n, corresponds to
positive helicity (left-circular polarization). The equatorial plane, 6 = ir'2, corresponds
to various typis of linear polarization. Specifically, the positive 1 axis, ^ = 0, repre[*] footnote: The <n|A> are contravariant components; it is the covariant components
<A|r» =
vectors.
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sents polarization along the x axis (horizontal linear polarization), whereas the negative
t axis, <j> = IT, represents polarization along the y axis (vertical linear polarization).
Table 1.4-1 exhibits these oases. With <t> fixed at (j> = 0, the vector \$,0> can
describe horizontal or vertical linear polarization, as well as n3ht or left circular pol
arization, and a rangs of elliptic polarizations. However, any single-parameter family
of vectors does not include all possible polarizations. The set with 4> = 0, for exam
ple, omits linear polarization in directions other than vertical and horizontal. The most
general polarization requires two angles for its specification.
We can recognize that any two diametrically opposed points on the sphere repre
sent orthogonal polarizations. Any two such antipodal points provide angles with
which to define a pair of basis vectorr for elliptically polarized light. The transfor
mation from one pair of vectors to another orthogonal pair may be regarded as the
product of two matrix multiplications:

exp

L-'-J

4) -(!)

(?)

= D(»,«

(1.4-45)

•(-*)

The resulting 2x2 unitary matrix TXprf) is a two-dimensional representation of the
three-dimensional rotation group. (Section §17.5 discusses the properties of this uni
tary matrix as a special case of more general (2j+i)-dimensional matrix representations
of rotations. The two-dimensional case is a representation of j = -J)
Time Averages
Conventional light sources, such as sunlight or fluorescent lamps, produce super
positions of waves traveling into a range of directions and with a range of frequen
cies. When collimated into directed beams, the phases and polarization directions of
such waves vary randomly with time. Suitable optica] devices can impose polarization
upon any such beam (cf. O'Neil, 1963). That is, the eiectric vector of a suitably pre
pared beam will maintain a well-defined phase relationship during the course of time.
Let us consider the traditional means of parameterizing such polarization.
We begin with the notion of time averaging. Let the symbol { ... ) denote a time
aveiage, over a time jniervai 2T sufficiently long to include optical cycles as well as
thermal fluctuations:

F(t))

2T J.

+r
dr F(t+r).

(1.4-46)

With this definition the time average of a sinusoidal! y varying quantity, such as a
component of the electric field, is zero:
( E(t)) = { EW(t)) - { EH(t)}

(1.4-47)

BWS 24 Jun 87

wave-23

Periodic functions are an example of stationary processes, processes for which the
time average is independent of the time t about which the average centers. To obtain
nonzero averages of electromagnetic quantities we must consider bilinear combinations
of field components. The decomposition into positive and negative frequency compo
nents proves particularly useful for such averages.
Connection: Fields and Intensity
The macroscopic radiation characteristics u(w) and t are related to time averages
of bilinear products of the microscopic electric and magnetic fields E = E(r,t) and B
= B(r,t). As we shall discuss in Section §9.] , an electromagnetic field in regions
away from any matter (i.e., a free radiation field) has mean energy density given by
the expression (in Gaussian cgs units)

duuM

= i

( 2
E

B* }.

+

(1.4-48)

The instantaneous flux of electromagnetic energy is g'p'en by the Poynting vector
S = ^ E i B

(1.4-49)

This vector is c times the momentum density of the electromagnetic field. The magni
tude of the vector S gives the rate of energy flow, while the direction of the vector
specifies the direction of (he energy flow. The intensity of radiation (or rate of
energy flow per unit area) is the time averaged magnitude of the Poynting vector

tolfu.)

= | {S ) | = | f | { E x B ) | .

(1.4-48)

Equation (1.4-43) provides the basic connection between radiation intensity (a
macroscopically adjustable variable) and field vectors (employed in microscopic des
criptions of the radiation-matter interaction). For a plane wave it leads to the result

Jd„ = s.{ E
m

2

1

2

+ B ) = •£- {E },

(1.4-49)

where the last expression uses the fact that (in cgs units) the E and B fields have
equal magnitudes. For the plane waves of Eqn. (1.4-10) the intensity is
1- ^

2

\<§ | .

This expression employs Gaussian cgs units.
the conversion factors

(1.4-50)

For numerical evaluation one

requires
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3

L

c m

=

] Q 1

yol£
c m

J

From these results we deduce the electric field that corresponds to given intensity:
£ [volt / cm ] = 27.4682 vl[watts / cm*].

(1.4-52)

Partial Polarization: The Statistical Matrix
Let us consider a nearly monochromatic plane wave propagating along the z
direction, as described by the electric field of Eqn. (1.4-27). This electric field origi
nates in radiation from a distribution of atoms in the radiation source. To the extent
that the individual source atoms are independent, and are subject to random interrup
tions and motions, the field from the composite source will «ary randomly with time.
In particular, the two phases Sj and the two real-valued amplitudes S\ may fluctuate
ran Jomly in time. We readily obtain the following results for time averages:
f EW(t).EM(t) ) = { E(-)(t).E(-)(t) } = 0
+

2 { EfJ(t).E( )(t) }

(1.4-53)

( E(tp } = J { | <? |* + | <S |> J.
x

y

(1.4-54)

We are interested in specifying the way in which the field vectors at a given spatial
point maintain their correlation with time. For that purpose we need to consider time
averages of various combinations of Cartesian components of the electric field. Let us
continue using the field description of Eqn. (1.4-27) and introduce the following array
of time-averaged electric-field amplitude pairs (the denominator is introduced to
supply the normalization fi + p = ]):
xx

fiii = (P»? = { Silt) c?j{0* } / ( 2E* }.

(1.4-55)

The four complex numbers p , , termed the coherence matrix, embody basic statistical
information about the polarisation properties of the radiation at a given location in
space and time. They form the elements of a 2x2 Hermitian matrix, p, with unit
trace. This matrix is an elementary example of a statistical matrix (or density matrix)
v

. Table 1.4-1 exhibits the coherence matrix (in a Cartesian basis) for the several
examples of polarization considered previously.
The Field Polarization Tensor
We defined the statistical matrix as an average of products of two electric field
components. This definition is a special case of the more general coherence matrix
[*)

[*] footnote. This expression places the fields in normal order, with positive frequency
components to the right of negative frequency components, as is customary in quan
tum optics.
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f e(A').E(0(t)EW(t).e(A)* J M E(t) } ,

(J.4-56)

where A and A' ate any pairs of labels appropriate to unit vectors. The scalar pro
ducts of the unit vectors and the fields can be written explicitly in terms of Cartesian
components for the several vectors. The unit vectors are not affected by the averag
ing, and hence we can write

+

PA,V = ^ T H^W*

( Eif-)(t)E/ )(t) } 2/{ E't)M.

(1.4-5'.')

This is an example of a scalar relationship between two second rank tensors, or rjyadics. The unit vectors form a dyadic e = e(A')e(A) , with Cartesian components
e (A',A) = e^'Je^A)',

(1.4-58)

u

while the pair of field components form another dyadic. Thus we can write

PX.X- -

^e (A',A){£ l-)(t)E W(t)>2/{
ij

i

j

Sit)*}

u
+

= e(A\A) ; (E(-)(t)Et )(t) } 2/{ E(t)» } .

(1.4-59)

The colon iii the second line is an ab^eviation for the component summation of the
r*st line. The connection between different representations is

p\» = Y.

UAS

*

*•>

( U T )

A

J "

=

^ Z

ij

( u T ) i A pn>

UA

'J*

(I

4

-"

6O)

A?

where U is the matrix that transforms the basts vectors, as in Eqn. (1.4-30);

e(A) = ] T V

e(i).

M

(1.4-61)

i
Representations of Polarization: The Stokes Parameters
The statistical matrix comprises four complex numbers. The numbers are not
entirely independent, however. We can replace these numbers by four real-valued
numbers. Let us introduce a normalizing constant & and define the four real-valued
Stokes parameters $ , s and s , s by the formulas (cf. ONeil, 1963)
0

*»

«i

=

=

2

2

2

t | <S | + | S
X

s

y

2

£

3

Y ) ?1 2{F*) -U>„+P„)r
J

( I * I ' I y \* ) ?l 2(E ) = 0 ^ - ) f
Pyy

(1.4-62B)

(1.4-62b)
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s, + ft, = 2{ « ? / <S } Sj

2(E*)

X

-

2

&

Pxy

= 2{ \SJ e x p W i ^ / y |d? | } ^ / 2{E*>.

(I.4-62c)

y

The definitions can also be expressed in terms of helicity components, as in the for
mulas
2

So = « I <M I* + I «S i I > ^ / 2{E*) = ( p
+

1

+ I | t l

+ p.

l r l

2

h = i K - i I - I <? i I ) ^ / 2(E») = ( p . ! ^ - ,
+

(1.4-63a)

) ff

+ 1 > + 1

(1.4-63b)

) ^.

The connection between Stokes parameters s^ and elements of the coherence matrix
depends upon the choice of basis vectors. For the two choices discussed above it is
f»

_ 1
2

ffi

<Vx Pyy

S

0

+ S

2

S

!

s +/s

d

S

1-' 3

s 0

,

&

Sl

p+1.1-1

p+1,-1

"-1.+1

P-1.-1

1
2

VS

3
s

-»i-' i

-

S

S

l

4
+ S

0

(

S

;

3 _

(1.4-64)
The Stokes parameters can be regarded as the components of a four-dimensional
Stokes vector s. Two choices for the normalization & prove useful. With & = 2{E }
C/4TT the Stokes parameter s becomes the radiation intensity I. (With this normaliza
tion the four Stokes parameters s , s , s , and s are sometimes denoted I, Q, U, V ).
An alternative normalization is S" = 1, which makes s = 1, and corresponds to a ray
of unit intensity.
2

0

0

3

2

3

0

Stokes Parameters as Observables
The Stokes parameters that describe a light ray may be determined by six simple
measurements of the intensity of light that passes through two types of optical ele
ment (cf. ONeill). One element is a polarizer that passes radiation only with linear
polarization along a direction that makes an angle 0 with the x axis. The other ele
ment is a phase compensator that retards the phase of y polarization by S relative to
the x polarization. For example, a quarter-wave plate (a compensator with S = JT/2)
converts light that is polarized at 45° into right circular polarization. By measuring
the intensity 1(9,5) that emerges from a combination of polarizer and compensator, one
determines the Stokes parameters as (cf. Born and Wolf p551)
s = I = 1(0°, 0) + I(90°,0) = total
0

Sj = Q = I(0°,0) - I(90°,0) = excess 0° linear
(1.4-62)

Sj = U = I(45°,0) - I(135°,0) = excess 45° linear
s, = V = 1(45°, JT/2) - 1(135°, x/2) = excess right circ. (negative helicity).
Apart from s , each of these parameters expresses the excess of one sense of polariza
tion over the orthogonal polarization. Similarly, light with specified Stokes parameters
may be prepared by means of suitable polarizing f iters and optical elements. Thus the
Stokes parameters represent a complete set of observable polarization properties of
0

;
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light rays [*].
Complete and Partial Polarization

For any choice of normalization the four Stokes parameters satisfy the constrain
ing inequality
(S )

z

1

> (s,)* + (Sj)* + (s^ .

0

(1.4-63)

If the radiation maintains a fixed phase difference 6 = 6 - 6 , the radiation is com
pletely polarized. The components of the Stokes vector then have the property
X

s

o

!

=
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i
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+

s

+
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s

3

2

y

(1.4-64)

Specific examples of completely polarized radiation, with the normalization s = 1, are
given in Table 1.4-1
0

Generally the wave trains that comprise a ray do not maintain a constant phase
relationship as time progresses. As a consequence, the radiation is only partially pol
arized. The most extreme case occurs when the two squared electric-field amplitudes
have equal averages, so that s = 0, and concurrently the phases average to zero, so
that s = Sj = 0. Such radiation is completely unpolarized light. It has Stokes vector
[s , 0, 0, 0] and statistical matrix (in any reference system)
x

2

0

[p(unpol)]

1 0
0 I

2

(1.4-65)

To parameterize intermediate cases of partial polarization one introduces the degree of
polarization, p, defined as
2

s ^ + Sj 4 s

p

=

!
3

,

(1.4-66)

and with values in the range 0 < p < 1. Any statistical matrix p describing the polar
ization properties of a light ray can be expressed as a multiple of the matrix />(unpol)
and a matrix representing completely polarized light, p{poi):
p = (1-p) piunpal)

+ p p(pol).

(1.4-67)

That is, any light ray may be regarded as a combination of completely polarized light
and completely unpolarized light.

[*] footnote. The polarization properties are but one elementary type of correlation
function that may be used to characterize waves. A more complete description of a
light ray requires other variables to establish the temporal characteristics, such as
bandwidth.
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We can see that, with the normalization s - 1, the three remaining Stokes param
eters s Sj, and s form Cartesian components of vector of length p in a threedimensional abstract space. For unpolarized light the vector has zero length, while for
completely polarized light it has unit length. In this latter case, the three parameters
Sj. Sj and s define Cartesian coordinates of a point on the Poincare sphere. The
angles 6 and 4 used above, in Eqn. (1.4-35), to locate a point on the Poincare sphere,
provide an alternative parameterization of polarization, based on spherical coordinates
rather than Cartesian coordinates.
0

lt

3

a

The Pauli Matrices
The Stokes parameters defined by Eqns. (1.4-57) and (1.4-60) can be expressed in
two other forms, involving two-dimensional rather than three- or four-dimensional
abstract spaces. Let us use the Cartesian representation and introduce the following
four independent 2x2 Hermitian matrices
WO)] -

o , ,

WD]

W2)l = 1 J ,

W3)]

4
(1.4-68)

"[!*]

Using these matrices we can rewrite Eqn. (1.4-61) as
XX

l-xy
=

W fyy

J
2

(1.4-69)

)

s

Y, i °<J-

The matrix u(0) is the unit matrix. The triad of traceless 2x2 matrices ail), a(2), and
-c<3), known as Pauli matrices, are conventionally denoted <r , c , and a . The minus
sign with o(3) occurs because we have followed the traditional definition of the Stokes
parameter s as the excess of negative helicity. Had we chosen s to be excess posi
tive helicity we could use the Pauli matrices as the basis matrices o(n). The matrices
o(n) have the property
t

i

y

x

3

ojjfcjffjjtm) s 9~>>aec{ (fnjcfm) ) = 25(n,m)

(1.4-70)

and so we can express the Stokes parameter Sj as a normalizing factor times the trace
of the matrix product pa(jy.

Sj = & Y fik "kiti)
ik

s

& ff-r-aoe^ paij) ).

(1.4-71)

Alternatively, we can introduce the Dirac notation
|E(t> = EW(i),

+

<E(t)| = (E( )(t))t

(1.4-72)
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for two-component vectors, and write the Stokes parameter Sj as the (normalized)
time averaged
scalar product of the row-vector <E(t)| with the column-vector
°<J)|E(.>:
Sj (E'J = 2JT { <E(t)| aQ) |E(l)> }

+

» 2^ ^

{ EWjW ff^U) E( ) (t) }

(1,4-73)

k

ik
(Recall that & is the normalization factor for the Stokes parameters.)
Interference
Intensity, like wavelength and frequency, provides an important parameter with
which to characterize radiation flowing along a ray. With the inclusion of polarization
properties, the four Stokes parameters describe the elementary properties of a light
ray. These parameters form the basis of traditional treatments of radiative transfer.
Such theories deal with the geometric optics of independent light rays, and so they
provide expressions for the change of the Stokes vector (or, more simply, the
intensity) along a ray. Typically the theory takes the form
^

s =

M s

(1.4-74)

where s is the four-component Stokes vector and M is a 4x4 matrix, the Mueller
matrix (cf. O'Neill, 1963). Such descriptions of radiation flow permit attenuation and
growth of intensity, as well as changes in polarization, but they omit reference to the
phases that are needed to describe the superposi.ion of electric fields from separate
rays. What is missing from the Stokes parameters is the possibility of interference
between separate rays.
Electric fields, like vectors in general, obey a linear superposition principal: if E
and Ej are permissible electric fields, then the combination a ^ + a E is also a per
missible field. (Permissible here means that each constituent field, as well as their
superposition, obeys the Maxwell equations and boundary conditions that define elctrodynamics.) Radiation detectors, such as photoelectric devices, respond to intensity
rather than to the field amplitudes. This fact, taken with the superposition property,
leads to the interference effects that evidence wave properties of radiation. The sim
plest example occurs when the field at a detector is a superposition of fields E and
E (of intensities \ and 1 ) that originate in the passage of a plane wave through two
fixed slits. The intensity I at the detector depends not only upon the two intensity
values Ij and I but also upon the relative phase of the two electric fields:
x

2

2

2

2

x

2

2

I =

± I (E + E ) ' } = 1, + I, + 2pl
L

2

{ costfj-f,) )

(1.4-72)

Here £j = kz: -ii/t is the relevant phase of the j'th wave. If the individual intensities
are equal, I = I , then the detected intensity I may range between zero (completely
destructive interference) and 4I (compleletly constructive interference). The observed
x

2

t
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value will depend upon the time average of the cosine of a phase difference. If the
two slits produce independent fluctuations, as will occur when they are separate in
candescent lamps, then the time average will be zero. If the light passing through the
two slits maintains a fixed phase relationship, as wit] occur when the light originates
in a common source or in two stable laser sources, then the time average will be
nonzero for appropriate spatial locations, and the intensity distribution exhibits an in
terference pattern of bright and dark bands.
Interference patterns are manifestations of coherence between waves. In the tr '.itional two-slit optics demonstration, the coherence and the interference pattern are
spatial. We shall be concerned with light arriving in time at a fixed position (an
atom), so the coherence of interest is temporal. When the radiation is the result of
random emission from uncorrelated atoms, as it is from incandescent vapors, the
phases are incoherent and produce no temporal interference effects. Light from a
laser originates with correlated emission from many atoms, amongst which there are
well defined phases. Such ligh permits temporal coherence.
We conclude that a description of coherent excitation must deal with the electric
field E(r,t) rather than with intensity, in order to retain the phase information that
makes possible calculation of interference.
Fields as a Prototype of Quantum Mechanics
The fields discussed above are purely classical entities, i.e. they are not subject to
any constraints of quantum theory. The quantum of action fi that is the hallmark of
quantum mechanics does not appear in the theory. The fields are wavelike entities, a
consequence of their definition by a wave equation. They do not have the granular
ity of classical particles. That is, the fields are not localized in space or time, but
fill finite volumes of space during an extended interval of time. This wavelike nature
has the consequence that the basic macroscopic observable, the intensity, involves bili
near products of field amplitudes. More generally, the elementary observables are
expressible by means of scalar products of abstract vectors. It is these vectors, rather
than the observables, for which the basic electromagnetic theory provides equations -the wave equation for the fields. These properties may be regarded as the essence of
elementary wave properties: linear equations of motion for fields whose bilinear pro
ducts are observable.
Quantum theory endows particles with wavelike properties. The theory is, for
this reason, often termed wave mechanics. The mathematics of these waves parallels
the mathematics presented here for classical fields. In place of the electric field amp
litude, particle wave mechanics introduces a probability amplitude. Both the Dirac
notation and the Pauli matrices, as well as the statistical matrix, find wide application
in quantum mechanics. They appear above as tools in describing purely classical phe
nomena, the intensity and polarization properties of a light ray passing through a
fixed point in space.
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Table 1.4-1: Polarization Representations

|j>

y>

\6,<j»

Polarization state

I |.0>

linear, along ;<

!•->

linear, along y

I I, \>
2

f, -%>
2

|-1>

-

negative helicity
(right circular)

—— .
*

|ir, $>

positive helicity
(left circular)

—— .
^ ^'^

W

2

"o o'

[1. - 1 , 0, 0]

1 I
1 1

fl, 0, I, 0]

itVl'] ^0,1. 0]

i

1

F

-F

1
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^

after O'Neil, Statistical Optics (1963). The conventions are

M-

0

[1. 1, 0> 0]

—
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V5

[s , Sj, s , s j

I 0
0 0

0 1

linear, )35° l o t

2

P

w

|C, 4»

(|R>)

|+]>
(|L>)

linear, 45° to x

2

t

ftj = «i<y

[1. 0. 0, 1]

[ I . 0,
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