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ABSTRACT

The electrostatic flute-type instability in an inhomo-

geneous magnetic field is one of the most important modes

in fusion research. A model of this mode in terms of an

equivalent gravitation force has earlier been treated by

conventional normal mode analysis, also including finite

Larmor rfj.us (FLR) effects. Such an analysis does not apply

to the r ,• > of large particle excursions, such as those due

to larg jirmov radius (LLR) effects.

At iiis stage there does not exist any analytic kinetic

approa : by whicn the LLR effects can be fully treated in a

quasi- •. utral plasma. The aim of this paper is not to present

a final solution of the LLR effects on the present instability,

but mer-'Ly to formulate the basic equations for a proposed

compute: analysis.



1. Introduction

One of the most important instabilities in fusion

research is the electrostatic flute-type mode which is due

to the inhomogeneity of the magnetic field and which is driven

by the plasma pressure gradient. This mode was studied at an

early stage by Rosenbluth and Longmire [lj, in terms of a model

in which the effects of the magnetic field inhomogeneity and

the pressure gradient were represented by an equivalent gravi-

tation force in a homogeneous magnetic field. A first step

with the aim of studying finite Larmor radius (FLR) effects on

stability was taken by the author \2\ in an analysis which

included the Hall effect. This was followed by a more complete

treatment of FLR effects as given by Rosenbluth et al. 00 »

thereby including the differential E x B drifts of ions and

electrons.

The FLR effects represent a small kinetic correction of

conventional MHD theory. Thus, even with the inclusion of these

effects, the theory remains MHD-like and does not take the

kinetic effects of large particle excursions into account. A

rigorous kinetic theory which includes such excursions cannot

even be based on the conventional methods of normal mode ana-

lysis including a time dependence of the form exp(iut) [jl,5j.

A first attempt to study the effects of large Larmor radius

(LLR) effects on the electrostatic gravity driven flute-type

mode has recently been made in the special case of a dilute

plasma [V] . In this case the phase-mixing and kinetic damping

due to LLR effects was predicted to have a large weakening effect

on the driving force of this mode for perturbation wave lengths

being comparable to or larger than the ion Larmor radius.

Even the simplest case of large particle excursion effects,

such as that of large D3bye distance (LDD) effects of electron

plasma oscillations, does not appear to be easily treatable in



terms of existing analytical methods [5J. Consequently, this

applies even more so to the present problem of LLR effects

on gravitation instability. Therefore a computer analysis could

become one of the few possible ways to proceed, at least in

the nearest future. The purpose of this paper is not to present

a solution, but merely to outline the basic equations which

have to be used in such a complex analysis.

2. Classification of Dynamic Perturbations

Before turning to the special case of the gravitation mode,

we shall here classify the dynamic (non-steady) plasma

perturbations defined by their wave length 2-n/k, with respect

to the Larmor radius a. and the Debye length A . The classi-

fication is represented by Table 1. Here (M) denotes the classes

of problems which can be treated by conventional normal mode

analysis in terms of MHD-like theory, including such kinetic

corrections as FLR effects. The symbol (K) stands for the

classes of problems which have to be treated in terms of a fully

developed kinetic theory and not by conventional normal mode

analysis [4,5]. In this connection the following points should

be observed:

Rigorous theories exist for ka,<<l and for kAD>>l. In

the case kA_.>>l the induced plasma space charges and

currents have a negligible effect on particle dynamics.

The class (ca) includes Landau's problem of electron plasma

oscillations which can be treated by MHD-like theory when

kX <<1, whereas the class (cc) includes the corresponding

free-streaming problem for kAD>>l. The transition from (ca)

to (cc) across (cb) can in principle be made in terms of a

Fourier-Laplace transform, but has not been analysed in detail

so far [5] •

Within the shaded areas, a rigorous theory does not exist

so far. The present problem of the gravitation mode belongs

to the classes (ba) and (bb).



3. Definitions and Starting Points of Analysis

on the Gravitation Mode

A fully ionized, dissipation-free, low-beta plasma is

assumed to be supported by a strong nearly homogeneous magnetic

field B = (0,0,B)=const. against a gravitation field

£=(0,g,0)=cons_t. in a frame (x,y,z). In the unperturbed equi-

librium state the plasma has a constant temperature T=T and

a density distribution n =n exp(-Yy). All quantities (B,g,n ,y)

are defined as positive constants.

The analysis of the perturbed state is restricted by the

following assumptions:

(i) Electrostatic perturbations with the electric field E= -V#.

(ii) Negligible temperature fluctuations, i.e.T=T ; this

assumption is justified later in this analysis.

(iii)To simplify the deductions without removing the essential

physical features, the electron mass and Larmor radius

are assumed to approach zero.

(iv) In the initial state, at time t=0, there should be no

mass motion of the perturbed plasma.

The distribution functions f (x,y,w ,w ,t) of ions (v=i)
v x y

and electrons (v=e) are in the unperturbed state assumed to be

given by

fvo

2
where u = 2KT /m and K stands for Boltzmann's constantv o v



In the perturbed state the Vlasov-Poisson equations

become

ax • "y 3y ' ^v""'Vv«Vy 3 ^ - « x ^ - , + g ^ - j
x y y

(2)

+00

- V^0 = (e/eo)//(ri-f )dwxdw
—00 *

where q = (e,-e) for v=(i,e).

4. The Equilibrium State

Combining eqs. (l)-(3) and assumption (iv) of Section 3

which yields v. =0, the result becomes

veo = " ( m i g

• YKTQ)/e

where <j> is the unperturbed electrostatic potential.



5. The Electron Gas

For the electron gas the conventional MHD equations

obtained from the moments of eq. (2) can be used. We assume

the perturbed state to be defined by the electron density

ne(x,y,t) = [nQo+ne(x,y,t)]exp(-Yy) (6)

where n << n , and by the potential

<6(x,y,t) = «5Q(y) + P(x,y,t) (7)

The fluid velocity v=(v + v , v ,0)of the electron gas
tj Cw t?*» ^ y

is then given by

v = -(l/B)(30/3y) + (KT /eBnJOn /3y) (8)
GX Ĉ  t? t?

/eBn ) ( 3 n / 3 x ) ( 9 )
o t? c

from which divv = 0.

Since the fluid motion of the electrons becomes incom-

pressible, this justifies the assumption (ii) in Section 3 of a

constant temperature T - T for the electron gas. Moreover,
e o

in the quasi-neutral case n. = n of a dense plasma, which is

of main physical interest, this also implies that the ion gas

motion becomes nearly incompressible, thus leading to T. a T .



Combination of the particle balance equation

— • div(neve) = 0 (10)

with expressions (6)-(9) finally yields

v
+ v | £ = (yn /B)

3t o 3x o ox

v = -(m.g + YKTQ)/eB (12)

Here it should be observed that eq. (11) neither contains the

function exp(-yy), nor the derivative 3/3y.

6. The Ion Gas

For the perturbed ion distribution function the ansatz

fi(x,y,wx,wy,t) = C
L*cF(x,y,wx,wyttOfjLo(y,wx,wy) (13)

is made where |cF| << 1. Insertion into the Vlasov equation (2)

and combination with eq. (5) then yields

o, v JL)p = -(e/cKT )(&• w + -^
i o 3wy o 3x x 3y
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where <D. = eB/ni.. Also here it should be noticed that eq. (14)

does not contain the function exp(-yy). This simplifies a

numerical treatment of eqs. (11) and (14).

7. The Poisson Equation

With eqs. (3), (5)-(7) and (13) the Poisson equation can

now be written on the form

f

+CO

V - fie (15)

Consequently, relations (11), (14) and (15) determine the

three unknown functions (n ,(6,F), in a self-consistent way.

8. The Initial Conditions

For the present system of equations any form of the initial

perturbation at time t=0 can be chosen. Here we restrict our-

selves to the simple case for which

ne(x,y,O) = cnooh(x,y) (16)

F(x,y,0) = h(x, y) (17)

where h(x,y) is an arbitrary function of x and y. Then n.

becomes exactly equal to n and the plasma has no perturbed



electric field, i.e. $(x,y,o) = 0. As a consequence, eqs. (11)

and (14) yield

O n /at) = -en v ( 8h/3x) (18)
e o oo o

and

(3F/3t)o = -wx(3h/3x) - w (3h/3y) (19)

for the time derivatives of n and F at t=0.
e

9. The Localized Approximation

When Y<<|3/3X|, a localized approximation can be adopted

where all functions (n ,$,F) become independent of y and the

basic equations reduce to

(e/cKTo) | * Wjt ^ - D • V Q ^ - (20)
y

(Tnoo /B)

UJe){*-A) » (en /Tru^)JjFexp[-(wf+wJ)/u^]dw dw -np (22)
o j \ c u u -L _ o o x y x A y e

For this system of equations the initial conditions become

analogous to those described in the previous Section 8.
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Combination of eqs. (2O)-(22) yields

D1 D2
32F

3x HI

(23)

2 2
where ai . = e n /em.. In a quasi-neutral plasma, i.e. at small

pi oo o i

Debye distances, the first term of eq. (23) becomes small as

compared to the two other terms. Dropping the first term in

eq. (23) leads, however, to an erroneous result, because this

would become equivalent to the condition 3 0/3x =0 according

to eq. (22). The physical reason for this is, of course, that

even small differences n.-n in a dense plasma give rise to

large space charges and electric fields.

The initial perturbations can be chosen arbitrarily. Here

we use the convenient forms

n (x,0) = en coskx

F U . w . w . O ) = coskx = (l/2)(eikx + e"ikx)
x y

(25)

From eqs. (20)-(22) is then seen that also the x dependence can

be eliminated by treating the system of equations in terms

of exp(ikx).
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10. The Limitations of Conventional Normal Mode Analysis

The obtained equation (23) can be used in a demonstration

of the limitations from which a conventional normal mode analysis

would suffer when being used to study the LLR-effects on the

gravitation mode. Thus, when making the normal mode ansatz

F(x,w ,w ,t) = G(w ,w )exp[i(kx+wtQ (26)
•* y x y

the resulting right-hand member of eq. (23) becomes a constant,

and eq. (26) reduces to the form

H = H(u,w ,w ,G,3G/3w ,3G/3w ) = 0 (27)
x y x y

As specified earlier Qf| , there are two basic conditions

which have to be imposed on a rigorous kinetic theory. Here we

state the following, for all times t of the perturbation:

(A) The theory should be able to describe the dynamics of

the plasma for an arbitrary initial perturbation.

(B) The theory should be valid for all Debye distances and

Larmor radii, ranging from zero to infinity.

Consequently we see that eq. (27) cannot be satisfied for

an arbitrary initial perturbation F(x,w ,w ,0) unless w would

become a function of w and w , and this contradicts the

assumed form (26) with a velocity-independent to. Further, the

free-streaming case of an infinite Larmor radius and Debye

distance is not covered by eq. (23) when adopting the ansatz (26!

Thus, the normal mode analysis does not become reconcilable with

conditions (A) and (B).
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11. Proposed Computer Analysis

For computer calculations the following or some equivalent

iteration procedure is suggested. We assume (n ,i,F) to be

known at some time t. With these values inserted into the system

of equations (20)-(22), new values of (n ,d,F) are obtained in

the iteration which then follows, after which the process is

repeated.

The results which come out of the presently formulated

procedure should be compared with those obtained from MHD-like

theory which includes FLR effects and is based on normal modes

of the form exp[i(kx + u>t)3- The corresponding dispersion

relation becomes

2
to + kvow + yg = 0 (28)

Stockholm, January 8, 1988
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Table 1. Classification of dynamic perturbations of wave length

2ic/k, with respect to the Larmor radius a, and the Debye

length X_. The classes which can be treated by means of

conventional normal mode analysis in terms of MHD-like theory

are denoted by (M), and those which have to be treated in terms

of full kinetic theory by (K). Shaded parts of the table represent

areas where a rigorous theory does not exist so far.

Debye

length

Larmor

radius

kXD = 1

(aa) (M)

- Strongly

magnetized

- High

density

(ab) (M)

- Strongly

magnetized

- Intermediate

density

(ac) (M)

- Strongly

magnetized

- Low

density

kaL «
(be) (K)

- Intermediately

magnetized

- Low

density

(ca) (M)

- Weakly

magnetized

- High

density
- Ihtermetia€e

density7

(cc) ( K )

- Weakly

magnetized

- Low

density
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