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The relation between complex line bundles and certain group cocycles is explored 
in general to obtain explicit formulae for the transition functions and curvature of the 
determinant line bundle DET of a family of Dirac operators coupled to Yang-Mills fields. 
A covariant derivative on sections of DET is constructed which realizes the curvature 
and 'minimally couples' to the integrated anomaly which thus appears as a 'functional 
magnetic field' on gauge orbit space. The transcription of group cohomological (cocycles) 
into geometrical (line bundles) information is refined in such a way that the relevant 
cohomology groups can be computed in many cases, giving insight into the classification 
of lifts of principal group actions. 
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1 Introduction 
Geometrical and topological methods have played a prominent role in recent developments 
in theoretical physics, and physicists have acquired familiarity with the standard notions 
of differential geometry and algebraic topology. 

However, recently objects (called generalized associated bundles hereafter) have ap
peared in the physics literature [1-6], about whose general structure little seems to be 
known. The purpose of this paper is to fill this gap and thus to perhaps pave the ground 
for further applications. 

The basic idea is to replace representations of a Lie group G on a vector space V (thus 
defining ordinary associated vector bundles cf a principal G-bundle P) by one-cocycles of 
G with values in suitable G-modules. The bundles obtained in this way could, of course, 
be abstractly regarded as arising from a special kind of G-bundles [3,7]. The methods 
and results of chapters 2 - 4 will, however, show that regarding them as associated in 
some way to a principal 'parent' bundle has a number of succinct computational and 
conceptional advantages. The case we shall be interested in is the one of complex line 
bundles. The one-dimensional representations of G (Hom(G, GL(l, C))) are contained in 
the larger set of cocycles Z{G, C[P)) with values in the (/-module Map(P, C) =: C'(P). 
More precisely, the cocycle condition 

f{P,9i92) = f{p,9i)f{P9\,gi) 

satisfied by elements / of Z(G, C'(P)) reduces to 

KM) =/(gxMgi) 

on those / which are independent of P. We shall show how to associate a line bundle L/ 
on the base manifold M of P with every such cocycle / . The line bundles constructed in 
this way are thus true generalizations of ordinary associated line bundles. We explicitly 
construct the local data (sections, transition functions) which determine these bundles, 
and compute their first (real) Chern class (chapters 2, 3). Then we show how the usual 
prescription for constructing covariant derivatives in ordinary associated bundles can be 
modified to accommodate the bundles considered here (chapter 4). 

It turns out that the 'ordinary' connection is modified by a connection 1-form pro
portional to the infinitesimal variation of / (i.e. a Lie-algebra cocycle) which transgresses 
to the first Chern class of Lj. 

All this is, of course, quite reminiscent of anomalies in theories of chiral fermions 
interacting with non-abelian gauge fields [8], and indeed we shall show in chapter 6 that 
the determinant line bundle of a family of Dirac operators is of the form Lj for P = A 
(the space of vector potentials), G — Q (the gauge group) and / = the Wess-Zumino 
term [9]. 

Our computation of the curvature then permits one to check [6] explicitly, that the 
curvature of the determinant line bundle and the integrated anomaly are related by 
transgression. 
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On the more mathematical side we use the relation between line bundles and cocycles 
to encode group cohomological into geometrical information to compute Hl{G,C(P)) 
in a number of cases. 

In particular, in chapter 5 we shall prove 

Theorem 1: If II2(P, Z) = 0, 

H\G,C'{P))=H2{M,Z). 

This result was aho derived in the particular case P = A mentioned above in [5] and 
says that in this case all line bundles on M arise as Lj for some cocycle / . Furthermore, 
the relation between Hl(G,C{P)) and the problem of classifying G-lifts to principal 
bundles [10] allows us to prove 

Theorem 2: Let P(M,G) be a principal G-bundle over a connected manifold M. Let 
£ be a line bundle on P admitting a lift of the principal G-action on P. Then this lift is 
unique if either P is trivial or H2(M, Z) =. 0. 

Finally, the appendix contains a technical lemma on partitions of unity which allows 
for a simplification of the calculations in chapter 6. 

2 Cocycles and Line Bundles 

Let P = P(M,G, U) be a principal G-bundle over a (paracompact connected) manifold 
M, with projection IT : P -r M, G a connected Lie group. Since P carries a natural 
(right) G-action, this is inherited by functions on P. In particular, therefore the abelian 
group C'{P) of complex valued nowhere vanishing functions on P is a G-module, and 
we can define the cohomology of G with values in C'(P) in the standard manner [11]. 
Zero-cochains are basically just elements / of C'(P) and the coboundary operator 8 acts 
on / by 

6f(p,g)--=f{pg)f(p)-1- (2-1) 
Thus / € C*(P) is a cocycle iff it is G-invariant. On one-cochains f(p,g) 8 acts as 

ßf{F>9i,92)=f{P,9i)!{P9i,9i)f{P,9i92)~l- (2-2) 

In a similar way the action of 6 is extended to higher cocycles, but this is all we will 
need here. The space of A-cocycles (/b-coboundaries) will be denoted by Zk(G\C*(P)) 
{Bk{G, C'{P)) and the cohomology groups //*(G, C'(P)) are denned as usually by //* = 
Zk/Bk. We shall frequently abbreviate JJl(G,C'{P)) by H. 

Given an element / of Zk we can use it to define an equivalence relation on P x C: 

(P,c)~(pg,f(p,9)c), 9€G. (2.3) 

This relation is indeed transitive, since / is a cocycle. The space of equivalence classes 
[(p, c)] - the quotient (P x C ) / ~ - has the structure of a complex line bundle over A/, 
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denoted by Li. The local trivializability - which may perhaps not be obvious - will be 
explicitly proved in the next chapter. 

As mentioned in the Introduction bundles of this kind have recently appeared in the 
physics literature (mainly in relation with anomalies) [1-6], their geometrical structure, 
however, was not further investigated. 

If the one-cocycle / is independent of P , the cocycle condition Sf — \ implies that 

!{9i9i) = f{9i)f{9-i) 

and thus that / € Hom(G,C*). Since C* = GL(1,C) the bundle L} is in this case an 
ordinary associated complex line bundle to P via the representation / . 

We shall now show that the assignment cocycles —• line bundles descends to an as
signment between cohomology classes and equivalence classes of line bundles in the sense 
that cohomologous cocycles lead to equivalent line bundles. This fact is implied by 

Propos i t ion 1: Lj is trivial iff / is trivial. 
Before turning to its proof let us note the following: In the particular case P = A this 

was also shown in [4j. Furthermore, we shall make use of this proposition later in chapter 
5, where we compute / / ' ( (? , C*(P)), since it allows us to transform group-cohomological 
into (more tractable^ geometrical information. 

Proof of Propos i t ion 1: If / is trivial, f{p,g) = F(pg)/F(p) for some F 6 C'{P)). 
Then we can define a global nowhere vanishing section y °f ^ / (equivalently: a global 
section of the associated C'-bundle) by 

^m):=[(p,P(p))l, 
where II(p) = m. This is indeed independent of the choice of p G n - 1 ( m ) , since 

l(P. F(P)) = lipgJip,9)F[p)) = l(P9,F(pg)}. 

Conversely, if Lj is trivial, there exists a global non-vanishing section ip : M —* Lj, which 
is always of the form 

V-(m)-[(p,A(p))] 
for some f^:P—*C, Since x[> is well-defined we conclude that 

t/n n\ - MM) / ( M ) " IM 
and hence that / is trivial. 0 

Already implicit in the proof above was the fact that sections rp of Lj are generally in 
one-one correspondence with functions /^ : P —• C satisfying the equivariance condition 

U(P9) = f(p,9)U(P) (2-4) 

via 
</>(m) = [(p,/,(p))l, (2.5) 

wheie the r.h.s. is independent of p as a consequence of (2.4). 
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3 The Local Geometry of Lf 
We shall now construct the local geometrical data which determine Lj (transition func
tions, local sections) from those of P and use them to derive an explicit formula for the 
curvature Fj of Lj and hence for a representative of the first Chern class Ci(Ly) (in real 
cohomology). Let {Ua} be a locally finite, good [12] covering of M by open sets Ua and 
let sa : Ua —» U~l(Ua) C P be local trivializing sections of P, gaß : Uaf\Uß —» G the 
corresponding transition functions. These define local sections 4'a °f Lj by 

tf.(m):=[(*a(m),l)] (3.1) 

and can be used to construct local trivializations, thus proving the local trivialisability 
of Lj claimed in the previous chapter. 

Defining &, : I T 1 ^ . ) - • G by 

sa(m)ga(p) =p, p 6 U~\m), 

we can express the V"o in the form (2.5) - i.e. via local equivariant functions - as 

Mm) = \(p,fa(p))) (3.2) 

with 

Indeed we have 

where we have used 

fatp):=fMm),ga(p)). (3.3) 

Upg) = f{p,9)Up), (3.4) 

9*{pg) = 9o{p)g (3-5) 
and the cocycle condition on / . 

The local sections V"o (3.1) define the corresponding transition functions 4'Qß by 

tpa{m) = tpoß(m)x(>0(Tn). 

Using $a(m) = Sß{m)gß^[m) one computes 

Mm) = [(««(m),l)] 
= [(*ß(n»)^a(m), 1] 
= {{sß(™)J(sJpha{m)yga0{m))} 
= f(3a{m),gaß{m))il>ß{m). 

Thus the transition functions of Lj are 

4>ap{m) := /(3 0(m),(/ o /j(m)). (3.6) 

Using J{p,g)~x = f{pg,9~]) and gßa{m)ga{p) = gß[p) one easily proves 

0*0 = l^i 
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and 

as behoves a set of transition functions. 
This then completes the description of Lj in terms of local data, but in order to 

determine the first Chern class Cj(i,y) from these (which must - in principle - be possible, 
since they contain the whole information on the bundle), we need as an additional input 
a partition of unity {pQ} subordinate to the locally finite covering {Ua}: i.e. a set of 
smooth functions {pa} with the properties 

suppp«, cUa, 

0<P*<1, 

Such coverings and subordinate partitions of unity exist, since we assumed M to be 
paracompact. Given this, ci(Lj) - or rather a representative two-form —— F{Lj), where 

2iri 
F(Lj) is the 'curvature' of Lj - can be expressed on Ua by [12] 

^ / ) c = E ^ 7 A d l o g ^ 0 , (3.7) 

where d is the exterior derivative on M. F(Lj) has a globally defined expression on P 
(where it is also exact), and to compute TlmF(L/) and hence Wci(Lj). We first observe 
that 

0 7a = < / , , (3.8) 
wh< re fa v/&o defined in (3.3) and sa was the local trivializing section of P on Ua- Using 
th«_ fact that moreover 

sa(n(p)) = pga(pyl 

by the definition of ga we find 
IT* , . = / ; 7 v (3.9) 

(Note that the functions n*t/>ro are the transition functions of the pull-back bundle 
WLj on P. (3.9) therefore shows that this bundle is trivial and we consequently ex
pect CtiU'Lj) = U*Ci{Lf) to be trivial and U'F(Lj) to be globally exact.) 

Indeed we find 

n-F(Lj)a = d,(£nv^iogiriM 
7 

= 4>(£nvy/,,iog/,) 

(dp is the exterior derivative on P), which is independent of o, and globally exact, 

TTF{L,) = d,T (3.10) 
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with 
r-£nvAiog/,. (3.ii) 

i 
In chapter 6 - where we shall consider the case P — A - we shall show in our discussion of 
the determinant line bundle, that the restriction of T to a fibre in P (the anti-transgression 
of F(Lf)) gives the integrated anomaly [13] in accordance with the general expectation 
that the curvature of the determinant line bundle and the anomaly should be related in 
this way [14-16]. 

And in the next chapter we shall see, how T (3.11) enters the construction of a 
covariant derivative on Lj (in particular - in the situation of chapter 6 - this will show 
how the connection on the determinant line bundle describes a "minimal coupling' to the 
anomaly). 

4 Covariant Derivatives on Generalized Associated 
Line Bundles 

Our aim will now be to define a connection in the generalized associated complex lint; 
bundle Lj. To see where the difficulty lies let us recall how a connection on the principal 
bundle P induces a covariant derivative on the space of sections of an ordinary associated 
bundle E with standard fibre F: 

Given a section ip of E and a vector field X on M a new section V*^ is defined by 
the following steps: 

• use the principal connection on P to lift X to a horizontal vector field X on P, 

• associate to V> the corresponding equivariant function f^:P—*F such that 0(m) = 
1(P,/*(P))], 

• form Xfo (the derivative of f+ along X). 

By the equivariance of f^ and the right-invariance of X, X/+ is again an equivariant 
F-valued function on P and thus defines a new section of E which we call Vx4>, 

(V**)(m) := [M/,(p))J, Pe n "V)' 
In our case, however, the equivariant function j+ corresponding to a section ip of Lj will 
satisfy (3.7), 

U(P9) = f{Pt9)U{p)-
Therefore Xf+ will only be equivariant up to a term proportional to Xf (this term is, of 
course, zero for ordinary associated bundles, where / is an element of Hom(G', C ) and 
therefore independent of P). But lack of equivariance implies that Xf^ does not define 
a new section of Lj. We are thus led to look for a modification of the above prescription 
which preserves the equivariance (cf. also [2]). 
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Let <p = (<pa) be a section of L/, with tpa = V'atfVtf. and let ha (= / , o ) be the 
corresponding local equivariant functions. Define new functions D^ha on n~x(Uu) by 

D$ha:=Xh0-ra(X)hot (4.1) 

where 
r n = <*plog/0. 

Then it is easy to see that indeed 

(D°xha)(pg) = f(p,g)(D$ha)(p) (4.2) 

(i.e. the lack of equivariance of Xha is precisely compensated by the lack of equivariance 
o f r o ) : 

Due to the equivariance of ha and the invariance of X, Xha transforms as 

(Xhl(pg) = (Xha{p))f(p,g) + h0{p)Xf(p,9) 

= f(p,9)[Xha(p) + (X log f(p,g))ha(p)}. ( 4 ' 3 ) 

On the other hand, dp\ogfa transforms as (U(p) — m) 

dpl°g/a(p,^) = dp\ogf(sa(m),ga{pg)) 
= dp\oZ(f(Sa{m),ga(p)g)} 

(4.4) 
= <tplog{f{p,9)f{Sa{™'),ga{p)) 
= dp\og(f(p,g)) + dp\ogfa(p). 

Putting (4.3) and (4.4) together we find (4.2). 
Thus the 'local' covaiiant derivative V£ given by 

(V^ 0)(m):=[(p,(Z)$A 0)(p))] (4.5) 

is well defined. Furthermore, it is straightforward to check that 

V J v ' . ^ ^ V } ^ . (4.6) 

Hence V^y = (Vjt^o) >s a w e ' l defined new section of Lf, and the operator V* defined 
in this way satisfies all the axioms of a covariant derivative. (4.2) and (4.6) now show 
that we have arrived at our goal of defining a covariant derivative on the sections cf Lf. 

Regarding the operator Da = d—Ta instead as a covariant derivative on the sections 
of the trivial line bundle P x C on P, we see that (according to the general prescription 
of extending connection potentials [17, p. 68]) the Ta piece together to the connection 
potential 

r = £n> f tr0, 
where T is precisely the one-form on P obtained in chapter 3 by pulling back c\(Lj) to 
P. 
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Thus the general recipe for finding a covariant derivative on Lj can also be expressed 
in the following way: Given the local expression (3.7) for the curvature of Lj, pull it bark 
to obtain T via (3.10), (3.11). This T defines a covariant derivative on sections of P x C 
which descends to a covariant derivative on (P x C ) / ~ = Lj. 

Looked at it this way the fact that (the pull-back of) the curvature of Lj - computed 
by means of V* - equals dT is quite obvious. 

5 Calculation of Hl(G, C*{P)) 
As a by-product of our previous discussion we are now able to compute the cohomology 
group Hl(G, C*(P)) introduced in chapter 2 in a number of cases. More generally, the 
groups H*(G, Map(Jf, U(l)) (where X is a manifold carrying a G-action) '.vere introduced 
in [10] to study the problem of lifting the G-action on X to automorphisms of torus-
bundles on X. Explicit calculation of this group is, however, quite difficult in general, 
since it involves an intricate relationship between the topologies of G and X. In our 
case the additional structure provided by the fact that P = X is a principal G-bundle 
allows us to compute it explicitly. The relation between HX{G, C*(P)) and line bundles 
on M we have established so far will be refined in such a way that the computation of 
H1(GiC*(P)) becomes geometrically accessible. We shall then also apply these results 
to the question of classifying G-lifts. 

The first bit of information we need - and which we have already established in 
chapter 2 - is the fact (Proposition 1) that Lj is trivial iff / is trivial. Thus, if wc can 
for some other (topological, geometrical) reason show that Lj has to be trivial, we can 
conclude the triviality of H := H\GyC*{P)). 

One such situation occurs if P is trivial because of 

Proposition 2: If P is trivial, Lj is trivial. 

Proof: Let a be a global trivializing section of P, a : M —* P. Then ii>{m) := [(s(m), i)] 
is a nowhere vanishing section of Lj. Thus Lj is trivial. O 

According to the above remarks we thus have 

Corollary 1: If P is trivial, Hl(f~J, C'(P)) is trivial. 
Since line bundles on M are classified by H7(M, Z) we can also deduce 

Proposition 3: If H2(M, Z) » 0, H\G, C*{P)) is trivial. 
Notice how H 'feels' the triviality of P and the cohomology of M via the G-mcdule 

cm 
Another situation which is still tractable but in a somewhat less straightforward 

manner, finally giving rise to a non-trivial H, occurs if / / 3 ( / > , Z) = 0. Indeed we shall 
show below that then H = H*(M, Z). Before proceeding to the proof let us make the 
following remarks: 
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1. In particular, this result implies that in the case H2(P, Z) = 0 every complex line 
bundle on M is of the form Lj for some cocycle / . 

2. In the case P = A (the space of connections on a principal bundle P'), G =• Q (the 
group of pointed vertical automorphisms of P1) this result has been established 
in a very nice way in [5], where it was used to relate the group-cohomologicai 
and topological aspects of anomalies. This relation has been sharpened and made 
explicit in [6] (cf. also chapter 6). 

3. The result /^(G.C^/*)) = #*(M,Z) is consistent with the results for H de
rived above. Indeed this is trivial for Proposition 3. As for Corollary I note that 
H2(P,Z) = 0 together with the triviality of P imply - by the Künneth-formula 
applied to P = M x G - that IP(M, Z) = 0. 

Theorem 1: If E\P, Z) = 0, then 

H\G,C*{P)) = H\M,Z). 

Proof: We have already seen that for any Lj the pull-back to P - Jl'Lj - is trivial 
(chapter 3). H2(P, Z) = 0 however implies that all line bundles on P - and iu particular 
the pull-backs of all line bundles on M - are trivial. This makes it plausible that we can 
recover all line bundles on M by 'quotienting' P x C. 

We shall now show how to construct an element of Z1(G, C(P)) from any line bundle 
L on M, and then prove the bijectivity (in cohomology) of this construction. 

Thus let L be any line bundle on M with projection Ilj,. WL is trivial, and - via the 
choice of a global non-vanishing section rj): P -* II'L we have Yl'L ~ P x C. 

Since WL := {(p,t) € P x L : Tl{p) = n L ( /)} ^ is of the form 

*W = (*/•«) (*) 
for some fibre-preserving bundle map f+: P —* L. Since fi,{pg) and /^(p) sit in the same 
fibre of L, there is a smooth function at: P —» C such that 

Uip) = <*g(p)U{pg) 

(the reason for putting ag on the r.h.s. of the above equation will become apparent 
below). Consistency of this relation requires that a{p,g) '•= ag(p) is a group one-cocycle 
with values in C'(P), i.e. an element of Z !(G, C*(P)), since 

a{p,gk) = a{ptg)a(pg,h). 

In this way every line bundle on M determines a cocycle in Z'(G. C'(P)) via a choice 
of trivialization. If a different trivializing section ty is chosen, then t/> is related to V' by 
0 = iptf for some (p € C'(P). Defining the new cocycle a' by 

fv(p) = a'(p,g)U{pg) 
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one finds 

• ' < M > - < * * > * ! $ • 
Thus a' and a are cohomologous, 

a' = aSip 

(cf. (2.1)) and every line bundle on M defines a cohomology class in //'(G, C*(P)). 
We shall show next that the cohomology class defined in this way is zero iff L is trivial, 

i.e. represents zero in H2(M, Z): 
Assume first that a is trivial, i.e. that for a given trivializatioc V» ol WL we have 

for some F € C"(P). Then 

U(P)F(P) = UiP9)F(pg) =: <r(m) 

is obviously independent of p € n _ , (m) and thus yields a global section a : M -* L, 
which is nowhere vanishing. Thus L is trivial. 

Conversely, if L is trivial, let a : M —» L be a global trivializing section. Then any 
trivializing section i/> of U'L is of the form (*) with 

U(p)=o(m)F(p), m=n(p) , 

for some F € C*(P). Computing J^{pg) we find 

/*(p) = <*(/>. 0)/*Ov) = «(p.tfMnO^w) 

and therefore 

Thus if Z. is trivial a is trivial. 
The same method as above can be used to prove that equivalent line bundles on M 

give rise to the same cohomology class in H. Thus the mapping h: L —* a gives rise to 
an injective group homomorpbism 

h.:H2{MfZ)-*H\G,C'{P)). 

We shall now show finally that A. is surjective. This will be done by showing that h.\Lj) -
(/], where Lj is the generalized associated line bundle cc;.olructed from the cocycle / as 
in chapter 2. 

The bundle map J? : P —* Lj corresponding to a trivialization of Tl'Lj is of the form 

U(P) = KP,MP))) 

for some /^ € C'(P). 
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Therefore f+(pg) and f+(p) are related by 

SM = l(p./*(p))] 
= [(pg,f(p,g)fM)\ 

(by definition of the equivalence relation on P x C) 

= lM,4^rf{p,9)Uwi))] 
U(P9) 

= f[p,9Wil{P,9)U{p9)-

Thus A. [I/] = [/). This shows that 

hm; H2{M,Z)~ Hl(G,C'{P)) 

is an isomorphism. O 
One final bit of information on H we can infer directly from [10]. Namely, that H = 

Hl{G, Z) if G is connected and Hl{P, Z) = 0. 
Again we can show (at least when M is simply connected) that this is compatible 

with the results we have derived above on the structure of H: 
In particular if H2{M, Z) = 0 = Hl(P, Z), the cohomology long exact sequence of the 

principal fibration G —» P -* M implies //'((?, Z) = 0 and therefore Proposition 3 in 
this case. On the other hand, if P is trivial and H*{P, Z) = 0, this implies Hl(G, Z) = 0 
(Künneth-formula) and hence Corollary 1. Finally, if W[P, Z) = 0 = H7{P, Z), we have 
Hl(G, Z) = //*(M, Z) (via transgression) and therefore we recover the resuit of Theorem 
1 under the further assumption H1(P, Z) — 0. 

Collecting our results in the following table we see that the only case in which we 
have not been able to determine H explicitly is the one with P non-trivial and Hl(P, Z), 
H*{P, Z) and H2(M, Z) all non-vanishing. 

P{M,G) H\GtC'(P)) 
P trivial 

H\P,Z) = Q 
H2{P,Z) = 0 
H*(M,Z) = 0 

0 
Hl{G,Z) 
lP(MtZ) 

0 

Table 1 

From [10] we know that /^(G, Map(A", £/(l))) classifies equivalence classes of lifts 
of the Ci-action on X to an [/(l)-bundle on X (provided one lift exists). Similarly 
W(G,C*(X)) classifies lifts to C*-bundles (and hence to line bundles) on X; thus in 
particular Hi(G,C'(P)) classifies lifts of the principal G-action on P to automorphisms 
of C*-bundles on P. In the light of this fact and the above results we have shown the 
following 
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Theorem 2: Let PIM, G) be a principal (»-bundle over a connected mzjiifold M. Let 
C be a Viae bundle on P admitting a lift of the principal G-action on P. Then this lift is 
unique if either P is trivial or H\M, Z) = 0. 

While this result could have undoubtedly been derived by other means as well, it illus
trates nicely how group-cohomological can be transcribed into geometrical information. 

6 Anomalies, Wess-Zumino Terms and the Deter
minant Line Bundle 

We now finally come to the main application of the techniques developed so far, namely 
to the construction and investigation of the determinant line bundle [14,18] of a family of 
Dirac operators coupled to non-abelian gauge fields. Although these bundles have been 
around for some time, the results of the previous chapters will allow us to be on more 
intimate terms with them. 

Specializing chapters 2 - 4 to the case (mentioned several times already) P = A, 
G = <?, M = C (the gauge orbit space) we sb-ill now be able to see the following [6]: 

a) Lf - where / is the cocycle determined by the Wess-Zumino term [9,13] - is the 
determinant line bundle (cf. also [1,2]) of the family of Dirac operators parametrized 
by A € A. 

b) The curvature of Lj (anti-) transgresses to the integrated anomaly obtained via the 
descent-equations [13] or perturbative calculations [19]. This establishes explicitly 
the equivalence between the topological (determinant line bundles, index theorem) 
and algebraic (BRS-cohomology) approaches to anomalies. This had already been 
done to some extent in [4] and [5], but our formalem allows us to be quite explicit 
about this. 

c) The connection on Lj constructed in chapter 4 provides the nice interpretation 
of the anomaly as a kind of 'functional magnetic field' on the gauge orbit space, 
whose 'field strength' is the curvature of the determinant line bundle. It would 
be interesting to see how this fact is related to the Fock-space picture, where the 
anomaly also shows up as a t/(l)-field [20] (Berry's phase [21]). 

Finally, since the connection on 1/ is in some sense natural, it ought to coincide with 
Quillen's connection [22] (ov rather its generalization [23]), but I have been unable to 
show this. 

Since all the computations have already been done in previous chapters, we can be 
quite brief about these matters here. 

Non-abelian anomalies show up at one loop as lack of gauge invariance of the effective 
action, 

W'*-g)fW{A) 
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where 

W{A) = JdiWex?l-J$ßA1,] 

&=£+£/*(!+7s) 

A • g = g~lAg + g~ldg. 

However, the modulus of W can be shov/n to be gauge invariant. Thus 

W(A') =ex?[2xiu>(A,g))W(A) (6.1) 

where J is known as the Wess-Zumino term and exp 2irtu/ is a group cocycle in the sense 
of (2.2). Formally W(A) is the determinant of tht Dirac operator PA, and comparing 
(6.1) with (2.4) and (2.5) shows that W actually defines a section of the line bundle 

with 
(A, c) ~ (A • g, (exp2*-iu/(/l, g))c). 

Lj is the determinant line bundle, which is thus trivial iff the Wess-Zumino term defines 
a trivial one-cocycle. 

Completing the transgression of F (3.7) by restricting V (3.11) to the fibre via the 
fibre injection x^ : Q —* A, g —• A'g and interpreting the result as a one-form on Q gives 

CiW = EAr(W)* 1O«/(*T(M),*TW '*). 
f{A,g) = vxg2*va{Atg)% (6.2) 

where [A] is the orbit {A • g,g € Q) and dg is the exterior derivative on Q. 
To compare this with the integrated anomaly (Ju>ln(A, X), where X € Lie Q) we use 

the fact [!3] that it can be obtained as the infinitesimal variation of the Wess-Zumino 
term (i.e. as a Lie-algbra cocycle). 

To simplify the calculation we choose a covering {Ua} in such a way that for a given 
[A] p-y([A]) = Srn. Although it may seem obvious that this is always possible a proof of 
this is contained in the appendix, since I was not aware of a reference in the literature and 
the proof is slightly technical. Then we find (using the equivariance of / and reinserting 
the factor 2ri we had omitted) 

Ju1

2n(A,X) = jtu{A,ex?tX)\t=0 

(by [6.2]) 

= 2 7 i ^ l o g / ( / 4 ' e x p a ) U 

= 2 ^ | l ° g / ( ^ ( / l e x P * m = o ( 6- 3) 
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(where c is the identity-element of Q). Thus we have explicitly verified that the curvature 
of the determinant line bundle Lj anti-transgresses to the integrated anomaly. 

Pulling back the connection (chapter 4) to A x C, whose connection potential is T, 
one obtains a S-equivariani flat and necessarily trivial connection there, which however 
restricts to a flat connection with non-trivial holonomy on the gauge orbits iff the anomaly 
is non-trivial (because of (6.3)), iff the cocycle is non-trivial (since Hl(Q) ~ H2(A/Q) ~ 
H) iff Lj is non-trivial (Proposition 1). 



Appendix: A Lemma on Partitions of Unity 
The purpose of this appendix is to prove the following lemma which we used in chapter 
six to simplify the calculation of the anti-transgression: 

Lemma: Let M be a paracompact smooth Hausdorff manifold and let x G M be a 
point of M. Then there exists a covering of M by open sets {W a} a i> and a partition to 
unity {p„} subordinate to \Wa] such that pa{x) = 0 Va 6 / , o ^ <x0 and pao(x) = 1. 

Proof: Let {Vo,}aeJ D e any locally finite covering of M (this exists, since M is para-
compact). Assume without loss of generality that x € M is covered by just two open sets 
t/i, t/ 2 (by the local finiteness of {Ua} the procedure outlined below will just have to be 
repeated a finite number of times in the general case). 

The strategy will be to modify not directly a partition of unity subordinate to {UQ}, 
but rather to modify the covering itself in such a way that X will then be only covered 
by one open set W. A partition of unity subordinate to this new covering (which exists) 
will then have the desired property, since 

Hp«(y) = 1 Vy€Af, supppcC^a-
a 

The crucial property we shall need of paracompact spaces is that they are normal, i.«\ 
every two closed disjoint sets A, B can be separated by open disjoint sets 0A and Oy, 
formally: 

\ M , ß C M closed, A n # = 0, 

30,i,OflOpen such that: AcOA, BQOB, 0AnOB = 9). 

Choose Vs C U\ 0 Vi such that i g V , and Vx is open, and denote by Vz the closure of Vx. 
Assume now that W is an open set with the property Vx C W C V\ n (/2 (the existence 
of such a W will be shown below, using the normality of M). Let Vf be the complement 
of Vx in M; then Vf is open. Then one can convince oneself (by drawing pictures or by 
formal reasoning), that the union of the following three open sets 

Wt Wi := V, D Vx, W2 := Vf n U3y 

is equal to the union of V\ and Uj, and that x is only contained in W. A partition of 
unity subordinate to the new locally finite covering 

will then do the job. 
Now we shall show that such a W can always be found. Since A = Vx and B = 

{Ui n V<i)° are disjoint closed sets, we can - due to normality of M - find open sets 0A, 
0B with 

P . C O * (•) 
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(UiDUif QOB 
oArtoB = 0. 

Since ((/, D U{f COfl.we have 
0% C £/, 0 U2 

and since OA and OB are disjoint, 0>t is contained in the 

0A C 0%. 

Putting *, ** and * * » together we find that 

KCOAC^M/I. 

Thus OA ='• W is a possible choice. 
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