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ABSTRACT
We propose a new method for modeling the sawtooth instability and other MHD activity
in axisymmetric tokamak transport simulations. A hyper-resistivity (or current viscosity)
term is included in the mean field Ohm's law to describe the effects of the three-dimensional
fluctuating fields on the evolution of the inverse transform, q, characterizing the mean fields.
This term has the effect of flattening the current profile, while dissipating energy and con
serving helicity. A fully implicit MHD transport and 2-D toroidal equilibrium code has
been developed to calculate the evolution in time of the ^-profile and the current profile
using this new term. The results of this code are compared to the Kadomtsev reconnection
model in the circular cylindrical limit.
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I. INTRODUCTION
Tokamak transport simulation codes presently play an active and important role in
magnetic fusion research. These codes have proved useful not as methods for predicting
plasma behavior from first principles, but rather as lower dimensional reduced descrip
tions which enforce the appropriate conservation equations. They also account for fine
scale or fluctuating three-dimensional phenomena by means of 'anomalous' coefficients or
heuristically motivated prescriptions.
One such class of phenomena which is essential to model at some level is the sawtooth
instability [1]. There are presently several approaches used in doing this. One approach [2]
is to incorporate the Kadomtsev complete reconnection model [3] at time intervals which
are either predetermined or are linked in some way to the plasma evolution. Another
method [4,5] used is to flatten the resistivity profile in the interior of the magnetic surface
which has q = 1.
Each of these prescriptions has some merit, but each also has some inconsistencies. The
Kadomtsev model is only stiictly applicable to a cylindrical plasma of circular cross section
where a pure helical mode can exist. Even then, there is no guarantee that the helical
structure would fully reconnect as assumed by this model. The resistivityflatteningmodel
does not explicitly conserve magnetic helicity as would be done by the underlying MHD
instability.
This paper deals with a new method for modeling the sawtooth instability in a tokamak
transport code, based on introducing a hyper-resistivity or current viscosity term in the
transport equations. It has been shown by several authors [6-9] that the effects of threedimensional MHD fluctuations on the force-free mean field of a plasma can be represented
by the introduction of a new term with one free parameter into Ohm's law such that
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where A is an arbitrary, positive function of position, and where u is an arbitrary vector
function of position that may be chosen according to mathematical convenience. The form
of the function A has been calculated explicitly for tearing modes in the reversed-field pinch
(RFP) [10,11] where hyper-resistivity is shown to sustain the magnetic field reversal and
to produce plasmas near the force-free Taylor state [10,12]. Here, however, we make use
only of the fact that an arbitrary, positive A follows from the derivation in Ref. [9].
The new term conserves magnetic helicity. Equation (1) is, in fact, the unique form
of a force-free mean field Ohm's law under the assumptions [9]: (1) the exact magnetic
field energy and helicity are closely approximated by the energy and helicity of the mean
field, (2) thefluctuatingfield can cause differential transport of both the field energy and
helicity, and (3) thefluctuatingfield can lead to enhanced dissipation of field energy but
2

not of field helicity. The underlying physical instabilities leading to sawtooth oscillations
should satisfy these assumptions; therefore we propose to model sawteeth and other 3-D
MHD phenomena using this equation in such an MHD transport model.

II. THEORY
It can be shown [13] that in a toroidal system with nested magnetic surfaces, the qprofile (safety factor profile) develops in time according to
l

(2)

fa~ = &V ,
L

where $ is the toroidal flux contained inside the $ = constant surface, and V/,($) is the
loop voltage, defined by
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Angle brackets denote the flux surface average, defined by
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Here R represents the right-hand side of Eq. (1), which can be written

E + vxB = R =

RC + RH,

and the Jacobian, JT, of the ( $ , 0, <f>) magnetic flux coordinate system is defined by
1

J = [ V I x W - V0]- .

(3)
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Here <f> represents the axisymmetric toroidal angle with | V # | = Rr , 9 is the poloidal
angle, and (R,4>,Z) are conventional cylindrical coordinates.
If we first consider only the classical term, Re = j;|| J|| + rjx J± i the loop voltage appearing
in Eq. (2) is
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We have taken the axisymmetric (or mean) magnetic field to be represented in the usual
way,

3

B = V ^ x V * + s(*)V0,

(5)
i

with * being the poloidal magnetic flux per radian, V * = (2irq)~ V$,
field function, g(*) = [2ir< ^ > ] " .

and g the toroidal
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Next consider the new term in the mean field Ohm's law that describes the effects of
the 3-D turbulent field. The hyper-resistivity term is
x
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the prime denoting differentiation with respect to $.
We take advantage of the fact that u can be any arbitrary function of position, and
specify the form for u such that the terms with theta derivatives of a cancel, thus

a =
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The loop voltage corresponding to the hyper-resistivity term, Eq. (6), then becomes
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Considerable simplification can be obtained by restricting the form of X, the arbitrary
function of position appearing in Eq. (1), to be of the form

where A($) is an arbitrary function of toroidal flux. In addition, we choose the angle 6 in
the ($,8,d>) flux coordinate system so that the Jacobian, J, is given by the Boozer form
[14]

where
rt^

MO

dV

V'($) being the volume enclosed by the flux surface with label • .
Including the loop voltage due to the classical term, Eq. (4), and that due to the hyperresistivity term, Eq. (9), in the time evolution equation for q, Eq. (2), gives the final form
for the complete equation to advance q in time relative to surfaces of constant toroidal flux
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- *{(A(*)A<$f ^^SfV ]))}Equation (11) includes classical resistive field diffusion, as well as the new term rep
resenting the effect of the 3-D turbulent fields. We model sawteeth with this equation
by evolving the <j-profile in time with the resistive term only. When some threshold is
reached (e.g., <jo reaches some minimum value), we 'trigger' the sawtooth by turning on the
hyper-resistivity term within some inner radius of the cross section.
As a first test of this model we consider the large aspect ratio cylindrical tokamak limit.
The evolution equation, Eq. (11), becomes the simpler 1-D equation:

dt
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where A is an arbitrary scalar function closely related to our function A($) of Eq. (11), and
¥ is the poloidal flux. In this 1-D version we can compare our model to the Kadomtsev
flux reconnection model [3].

III. NUMERICAL METHOD
We have developed a fully implicit code to implement our model in both 1-D and 2-D
versions. In the 1-D version we advance the poloidal flux, 4 , in time by solving Eq. (12).
We normalize the equation to the resistive time. The value of the safety factor, q, can be
found from the spatial derivative of 9 and the current density by differentiating once again.
We solve Eq. (12) by using an implicit finite difference technique and reduce the equations
to block tridiagonal form. We integrate $ from the boundary inward with the boundary
condition that the spatial derivative of 9 is constant at the edge. This corresponds to the
condition of keeping the total integrated plasma current constant.
In the 1-D case we compare this model to the Kadomtsev reconnection. To calculate
the Kadomtsev reconnection we let the poloidal flux evolve due to resistive relaxation using
Eq. (12) with 5 = 0- We convert to m = 1, n = 1 helical flux by subtracting the toroidal
flux from the poloidal flux, then use the reconnection formulae given by Kadomtsev [3] to
5

calculate the helical flux after reconnection. We then compare this to the effect of triggering
the sawtooth by letting A be nonzero in Eq. (12).
In the 2-D version we advance the inverse q by solving Eq. (11) directly. We obtain the
metric coefficients that appear in Eq. (11) by calling a 2-D MHD equilibrium program [15]
that solves for the equilibrium, given the ^-profile, at every iteration. The parallel current
density is then found from a derivative of the inverse q. The implicit finite differencing
technique is similar to that used in the 1-D case, and the boundary condition is to keep
q(edg>i) constant. We again normalize the equation to the resistive time using the total
toroidal flux divided by the toroidal field at the plasma edge as the characteristic square
length.
To model sawteeth we begin with some initial ^-profile with qt, = 1 and q(r) increasing
parabolically to the value at the outer radius, q(edge). We let the current profile relax due
to classical resistivity by solving Eqs. (11) or (12) with the hyper-resistivity term equal
to zero. When qo reaches a predetermined threshold, typically qo = 0.9, we allow the
hyper-resistivity term to come on by changing A to a preselected nonzero form. The hyperresistivity term will have the effect of flattening the current and q profiles in the region
where A is nonzero. When the value of qo reaches qo = 1-0 we set the hyper-resistivity term
back to zero, and allow the profiles to again relax due to classical resistivity only. We then
repeat the entire process several times until a steady-state sawtooth cycle is reached.

IV. RESULTS
In our 1-D cylindrical model we have found a form of the arbitrary functional coef
ficient, A, with which our model very nearly matches the results of the Kadomtsev flux
reccnncction model. We use a resistivity profile given by sj(r) = %exp(4.5r*) correspond
ing to a resistivity that goes like T~5 where the temperature profile is Gaussian. The
hyper-resistivity profile is given by
A(r) =

f M l - (g))° for r < ,.
y

0

for r > r,.

The value we use for AQ is 775, and a is equal to 1.20. The value for r, is determined by
finding the point where the 1/1 helical flux is equal to the 1/1 helical flux at the center.
It is inside this point where the Kadomtsev reconnection takes place and that the hyperresistivity affects the flux. Outside of this point the flux is unchanged by both this model
and the Kadomtsev model. Figure 1 shows the current profiles and ^-profiles for both
models immediately after triggering the sawtooth. Figure 2 shows how qo evolves in time
according to both models. We see that for this form of \(i>), the results of this model are
nearly identical to those of the Kadomtsev model.
We can visualize how the current profile is affected by the hyper-resistivity as in Fig. 1.
6

From the form of the Ohm's law, Eq. (1), we see that if the magnitude of A is large
enough, then the hyper-resistivity term dominates the right-hand side of the equation.
Furthermore, if A is large, then the gradient of j\\/B must become small in order for the
right-hand side of Eq. (1) to balance with the left-hand side. In other words, j\]/B becomes
nearly uniform in the region where X(ip) is large. Larger magnitudes of A will produce more
uniform profiles of j\\/B. Just outside the region where the current profile is flattened, we
see a sharp current reversal. This corresponds to the region where A goes to zero. This
negative current spike is a result of the inductive effect of the sudden mixing and equalizing
of currents on adjacent magnetic surfaces [16]. In the region outside the current reversal
the hyper-resistivity term is zero and has no effect on the equation. The profile is affected
here only by classical resistivity; therefore the current profile in this region is essentially
the same as it was before the sawtooth.
By choosing different magnitudes and functional forms for A we can model sawteeth
that are quite different in their precise form, but with the same qualitative behavior as
Kadomtsev sawteeth. The Kadomtsev model can thus be thought of as one specific case
of a more general range of sawtooth behavior which can be represented by our model. For
instance, by changing the position of the A cutoff, we can change the position of the current
reversal and, therefore, determine how much of the inner region of the current profile is
flattened. By changing the magnitude of A we can specify how flat the resulting profile will
be. If the magnitude is large enough, we can achieve a complete flattening of the current
profile within this inner region. This is shown in Fig. 3. Once this limit in magnitude is
reached, any further increase in magnitude or change in the functional form of A will have
no noticeable effect on the resulting profiles.
Figure 4 shows how the poloidal flux at the center, $ , evolves due to the effect of the
sawteeth for both the Kadomtsev model and the hyper-resistivity model with A equal to that
used in Fig. 1. This illustrates how the volt-seconds from the Ohmic coils are 'consumed'
by the sawteeth in both models. The effect of sawteeth on volt-second consumption is of
considerable importance to the operation of tolnmaks during the current flat-top phase,
especially for Compact Ignition Tokamak designs and for long-pulse reactors [5].
0

The above-mentioned functional forms of the hyper-resistivity are all such that A goes
to zero exactly at some point and remains zero for all larger radii, i.e., these forms have a
discontinuous derivative. Such a form is particularly well euited to match the Kadomtsev
model, but may not be a good physical description of the hyper-resistivity. We can use
forms of A that are continuous in all derivatives, and produce qualitatively similar results
as long as the hyper-resistivity approaches zero fast enough with increasing radius. For
example, forms such as A(r)=Aoeip(—or") will produce behavior similar to the functional
forms used above. The resulting current profile is not as flat and the current reversal is not
nearly as sharp as in the Kadomtsev matching case, but the basic features are the same.
Therefore, we know that it is not the discontinuity in A or its derivatives that determines
the overall form of the profiles. Again, we have the freedom to change A , a, and p in order
0
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to alter the precise form of the sawtooth behavior.
We extend our model to toroidal plasmas with cross-sectional shaping by using our full
2-D model. We use a form for A that corresponds to that which we used to match the
Kadomtsev model in our 1-D version. This is, therefore, a 2-D extension of the Kadomtsev
prescription to a toroidal plasma with a shaped cross section. We have run cases for plasmas
with circular cross sections and compared the results with those for plasmas with highly
shaped cross sections.
We consider two cases for our 2-D model: (a) a circular cross-sectional plasma and
(b) a plasma with a strongly shaped cross section (elongation=1.8, and triangularity=0.30).
Figure 5 shows the current density profiles {j\\/B profiles) and the g-proflles for both cases
at four times: at two times during the sawtooth crash, shortly after the sawtooth crash
(gb « 1.0), and after some resistive relaxation and shortly before triggering the next saw
tooth (<jb % 0.91). The current profile of the elongated plasma evolves into a more hollow
profile with the value on axis being significantly less than that at the peak. In fact, the
value of the current on axis actually is higher during the first part of the sawtooth crash
than it is just before the CTash. This effect is much more pronounced for the elongated
plasma than it is COT the case with the circular cross section. To illustrate this, we have
plotted the value of the current on axis, jj|(0)/B, versus time in Fig. 6. We see that there
is a significant difference in the development of J||(0)/B between the circular plasma and
the elongated plasma. Figure 7 shows the corresponding time evolution of Q>.
When the plasma recovers from a sawtooth crash, it beginc with a fairly flat current
profile. In the case of the highly shaped plasma, this current profile evolves into a slightly
hollow profile during the initial resistive relaxation after the sawtooth. As this continues,
the profile becomes more hollow, but the current that was forced outwards by the sawtooth
begins to diffuse back towards the center. If this classical resistive diffusion continued in
definitely, the profile would, of course, evolve into its completely relaxed state, but the next
sawtooth is triggered (at % * 0.90) while the profile is still quite hollow. As the sawtooth is
triggered, the hyper-resistivity flattens the current profile, and the current density near the
axis is larger than that before the sawtooth when there was a local minimum on axis due
to the hollow current profile. Therefore, the sawtooth cause* a sudden, noticeable jump in
j'll(0)/fl. There is a corresponding drop in q&. As the hyper-resistivity continues to flatten
the current profile, some of the current is redistributed towards the edge and the value of
ji|l(0)/£? falls to the value it takes at the end of the crash. When the hyper-resistivity goes
to zero at the end of the sawtooth crash, we have a nearly uniform current profile, and the
whole process repeats itself. Keeping these steps in mind we can understand the evolution
of j\\(0)/B in time as shown in Fig. 6(b). Furthermore, we can use the same reasoning
to see why the evolution of j||(0)/B in the case of the circular plasma, Fig. 6(a), looks so
different.
The evolution of j\\{ti)/B

in the case of the circular plasma is not nearly so dramatic.
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The current profile at the time that the sawtooth is triggered (see Fig. 5(a)) is not nearly
as hollow as in the case of the highly shaped plasma. Therefore, when the hyper-resistivity
begins to flatten the current profile, Jn(0)/B experiences only a small jump, and then
immediately drops as the current density becomes more uniform across the profile. After
the crash the current diffuses back towards the center due to classical resistivity, and
jj|(0)/B increases again. Then the sawtooth is triggered again, and the whole process
repeats itself. This gives a more conventional sawtooth pattern of j^\(Q)/B for the circular
plasma.
Figure 8 shows how the helicity, poloidal flux, and the total toroidal flux vary with time.
We see that both the absolute and the relative change in the poloidal flux is substantially
greater in the noncircular case, Fig. 8(b), than it is in the circular case, Fig. 8(a), even
for the same relative change in gb during the sawtooth. The nearly discontinuous behavior
of the poloidal flux in Figs. 8a,b is to be contrasted with the more gradual oscillations in
the magnetic helicity, K = J*'{9 - ¥[)<**i where the subscript T denotes the value at
the limiter, or at the plasma edge. The helicity does not change discontrauously due to
the direct action of the nonzero A term, but does decrease due to the sharp current spikes
created by the action of the sawtooth model. This decrease is compensated for, on the
average, by the continued influx of helicity across the plasma boundary.
It is clear that all effects of the sawtooth oscillation are more pronounced in the noncir
cular cross-sectional geometry than in the circular cross section, although this result clearly
depends on the assumption used here that the values of qo for which the sawtooth turns
on and off are independent of the cross-sectional shape. The dominant effect of shaping
the cross section is that for the same value of q at the limiter, the radius over which the
current rearrangement occurs is substantially larger for the noncircular case than it is for
the circular case. This is evident from comparing Figs. 5(a) and 5(b).
For cases with a larger value of q at the limiter, q(edge), the sawtooth affects a smaller
region of the profile. This results in more conventional sawtooth patterns for <*> and j||(0)/B
even for cases with highly shaped cross sections. Here, however, we have considered a
case with low q(edge) to demonstrate the strong effects of cross-sectional shaping on the
sawtooth behavior.

V. SUMMARY
We have developed a fully implicit MHD transport code in 1-D and 2-D versions that
models the effect of the sawtooth instability using a hyper-resistivity term. With the 1-D
version we can closely match the results of the Kadomtsev model, by a suitable choice of our
parameters determining the form of the hyper-resistivity, A. We can, given our freedom
of this controlling function, also model sawteeth with behavior different from those of
Kadomtsev. Thus, the Kadomtsev model may be regarded as a special case of the more
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general model discussed here. Furthermore, our model has been extended to plasmas with
shaped cross sections through our 2-D version.
With the 2-D model we have found that plasmas with strong cross-sectional shaping
develop hollow current profiles after the sawtooth crash and have a larger fraction of their
area affected by the sawtooth region. The plasmas that are more strongly shaped develop
profiles that are more hollow. The sawtooth crash will initially increase the current density
near the axis before current is redistributed outward by the hyper-resistivity. This results
in an unusual sawtooth pattern for the current on axis, j\\(0)/B.
Our form for the hyper-resistivity was chosen to be the form that matched the Kadomtsev model in the cylindrical limit, but it might be possible to develop a more self-consistent
model by using a resistive stability code to calculate the eigenmodes and choose the form
and magnitude of the controlling function, A(^>), from the results of this stability analysis.
We have shown the utility of including a hyper-resistivity (or current viscosity) term
in an MHD transport code in order to model MHD phenomena such as the sawtooth
instability. We have also seen evidence that such a term may be useful in the modeling
of magnetic islands and tokamak disruptions, and in the modeling of dc helicity injection
through induced double tearing modes as in the dc helicity injection scheme on CDX [17].
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Figures
Fig. 1. The current profiles and q-profiles for the Kadomtsev model and for the hyperresistivity model in the cylindrical limit.
Fig. 2. The time evolution of q on axis, go. for both models.
Fig. 3. The current profiles and ^profiles for the Kadomtsev model and for the hyperresistivity model with a large value of A, which gives complete flattening.
Fig,. 4. The time evolution of *.he poloidal flux on axis, ¥ , for both models. Note that the
curve for the Kadomtsev mode.' has been displaced downwarc , otherwise it would lie
directly on top of the other curve.
0

Fig. 5. The current profiles and g-profiles at four different times during the sawtooth cycle
for the 2-D model where we have (a) a circular plasma, (b) a highly shaped plasma
(elongation = 1.8, triangularity = 0.30). The four times are shown on the time evolution
of <jo in Fig. 7. The radial variable r is the square root of toroidal flux contained within
the surface, normalized to the value at the plasma edge.
Fig. 6. The time evolution of the current density on axis, j\\(Q)/B for (a) the circular
plasma and (b) the highly shaped plasma.
t

Fig. 7. The time evolution of the value of the safety factor on axis, $,, for (a) the circular
plasma and (b) the highly shaped plasma.
Fig. 8. The time evolution of the helicity, poloidal flux (ten times the difference between
value at limiter and value on axis), and the total toroidal flux.
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