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PERIODICAL REVIVALS OF SQUEEZING

IN AN ANHARMONIC-OSCILLATOR MODEL WITH COHERENT LIGHT

I . INTRODUCTION

In recent years a remarkable deal of interest has been devoted

to studying of the exactly solvable models which exhibit s ignif icant

squeezing of the electromagnetic f i e ld ( for a review on squeezed

l ight see [ l ] ) .

Among others Tanas [2] has studied the interaction of coherent

light with a nonabsorbing nonlinear medium modelled ae an anharmonic

oscillator with the Kamlltonian
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ABSTRACT

He have carried out a detailed investigation of squeezing in the

enharmonic-oscillator model with coherent light. The Hamiltonian is of

the form H • fua Kg + HX K+K._, where KQ, K± are the generators of the

Lie algebra of the SU(1,1) group. We have shown that for a particular

realisation of the generators K the squeezing performs periodical

revivals. He find analytically the maximum value of the squeezing.
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He has found that i f a large number of photons C^IO6 ) l e present

i n i t i a l l y in the system, then the l i^ht become squeezed s i g n i f i -

cantly over the appropriate time scale of At~ 10~6 ( i . e . the

variance in one quadrature Is suf f ic ient ly l e s s th»n 1 /4) . Moreover,

in the framework of the model described by the Hamiltonian CD,

i t can be observed that at longer times the variance under con-

sideration tends to o s c i l l a t e Irregularly and never becomes squeezed

again. So, after the f i r s t reduction of the variance, the original

squeezing becomes de f in i t e ly revoked.

Here we can mention, that the model proposed by Tanas has been

generalised recently by Gerry [ 3 ] , who has studied the k-photon

anharmonic o se i l l a tor with the nonlinear term proportional to

hX (<C)-A, . Gerry has shown, that such a model Hamiltonian

interacting with the coherent l i ght can give r i se to enhanced

squeezing for some values of the number of photons. Nevertheless,

his resul ts do not d i f fer principally from those of Tanas.

In the present l e t t e r we w i l l study the model of the anharmonic

oscillator. very similar to that considered by Tanas [2^ , the

typical feature of which are the periodical revivals of the

equeeelng of the variances of the quadrature operators. We wi l l
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analyse in detail the behaviour of the Byetem in the short-time

scale (jXi^ l), when squeezing occurs in one quadrature if the

number of photons is sufficiently large. It will be also shown,

that significant squeezing in the second quadrature can be obtained

for weak intensities Cthe small number of photons) at a long-time

scale (H ~ 3T) .

H. THE ANHARMONIC-OSCILUTOR MODEL

First of all we want to call attention to the fact, that the

Hamiltonlan (l) can be rewritten (up to conetant factors) in termn

of the gen era t or P K0,KTand K _ of the Lie algebra of the group

(2)

where the generators K ,Kt , which satisfy the commutation relations

(3)

are expressed in terras of the boson operators a and a':

In our analysis we will also consider the Hamiltonian in the

form (2), but with a different realisation of the PU(l,l)Lie alfebra.

Namely [sj, let:

Since we suppose the interaction of the anharmonlc oscillator

with ordinary coherent light, the initial ptate vector of the pystem

can be written ass
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where o<~J^e and n is the dimenslonless Intensity of the coherent

field (i.e. the average number of photonp - n-<^o7o.U> and^is the

phase of this field.

The state vector M O > Of the system at t>0 le given by the

time-dependent SchrBdinger equation:

- H
and can be obtained in the following form:

(7)

(8)

For the purposes of the following calculations we wi l l write

down the mean values of the photon number operator <av«>, photon

amplitude <.a> and the Bquared photon amplitude <a2> :

where P_ is the distribution of the coherent l i fht - P - |

I I I . LIGHT SQUEEZING

To analyze the squeezing properties of the radiation we intro-

duce t u o Hermitian tirae-dependent quadrature operators



J ,
where S is an arbitrary phase chosen to be equal to f . flnce the

squeezed states are defined as the states with a smaller uncertainty

(Tariance) in one quadrature of the field than that associated with

the coherent field, it is convenient to define two functions [6j:

where the variances Vj/t) are defined as usually - Vj « <at
l> -(a;)1

and V®oh (l)- \ . The squeezing condition now looks very simply

S; U) < 0 . (12)

So, with the function S^£t)(for 1*1 or 2) going to -1 the squeezing

becomes larger and larger.

The variances Y^(t) can he expressed through the mean values

of the photon operators (9) 1 so the functions S^) can be written as:

Us)

Using the explicit expressions for Xi (9), we obtain for the func-

tions SjOt) the following expressions:

(U.a)

Cos.
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Further we will analyze these functions in two tine scales.

First - In the long-time scale ( H ~ X ) and second - In the short-

time scale (>t «.l) .

1) Long-time scale

The first remarkable feature of the functions Stft) is their

exact periodicity with the period T - % :

SiU>= S c d - k O tor k -1 .2 . . . . (15)

This means that if at some moment one quadrature becomes squeezed,

then this squeezing will reappear periodically at later times.

It Is easy to find that for t » \ , the functions SjW are;

Prom here It follows that there is no squeezing (.at t - Vi) in

the first quadrature, but the second one can be squeezed maximally

(up to » 57% for n-1/4) . In fig. 1 the minimum value of S t C O

(corresponding to the maximum squeezing in the second quadrature ) Is

plotted versus the mean photon number n. From here it follows that

for long-time scales and weak Intensities the squeezing occurs in

the second quadrature.

In fig, 2 the time evolution of the functions S±(\) Is plotted.

It is seen from this picture that the variances are periodical

and that the variance in the first quadrature is squeezed in its

evolution ,too. The maximum squeezing in this quadrature appears -

at times closer to the Initial moment (we will show later that

with Increasing the average photon number the moments when the
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maximum squeezing In the first quadrature is achieved become closer

and closer to the Initial moment; of course this squeezing will

re-appear periodically at later times).

Finally we mention, that with Increasing the average photon

number (n»l) the squeezing in the second quadrature vanishes

deflnitelly.

11) Short-time scale

First of all we will analyze the behaviour of the function?

SA U) close to the initial moment. To do that we will calculate

their first and second derivatives at t«0, for which we find:

0
for 1-1,2

and

(17)

(18.a)

A2-~

fc-o

From above it follows that the first quadrature tends to be squeezed

at first moments of the evolution. Moreover, the more photons

in the initial state, the more rapidly the squeezing grows. One

can also see that there is no tendency for squeezing in the second

quadrature at initial moments.

Now the question is, at what moment the flret minimum of the

function S1Cf) Can be Observed [2). From the above considerations it is

clear, that it has sense to find the first minimum of this function

for n » l . So, we have to find the first derivative of S,(fi for

t >0. Using the conditions * t « l and n » l , we find:
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the right-hand side of (l9)ie equal to zero for the times . t,

1

where

(19)

Prom here it follows that the moment when the maximum squeezing

in the first quadrature occurs for the first time is proportional

to the inverse number of photons. This can be seen also from the

fig. 3 obtained by numerical calculations where the minima of

the function S1 achieved at *t*10"
2 are plotted versus the inten-

sity n. Prom this picture one can see, that the maximum squeezing

is achieved for n * 31 what is in excelent agreement with our

formula (20) (n-52,6) .

Now we will look for the absolute minimum of the function S1Ct)

for A t « l and n » l . We can find It by substituting the value of

t^ from Eq.(20)to S^ and searching for the minimum of j

a function of n. To do that we have to solve the equation

The derivative at the left-hand side of (21) can be easily calculated

up to the second order of the expansion In the small parameter ^ :

(22)

It is seen now that the maximum squeezing ie reached for n^><**.

The last thing we have to do. Is to calculate the limit of

the function Sj (t) at t± for n -»«> . For thifi limit we find:
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(23)

Substituting the value of the parameter <x (2O.b) into the last

Expression we find that the absolute minimum of the function S-, 1B

., i - 0 £10 i (24)

This result Is again in a very good correspondence with computer

calculations. It Is seen from fig. 4, where the minimal valuep of

the function S^ are plotted versus the intensity n, that our anal-

ysis works very well already for h *15.

It should be stressed here, that the analysis presented above

is extremly useful for irtry large n, when the comuter calculations

may become difficult.

IV. COMCLUSIOHS

We can conclude that the time evolution of the function

which describes the squeezing in the first quadrature is as follows:

At first moments S^ tends to achieve its minimal value. Then at

f t ^ (20) the minimum is achieved and after thle moment the

squeezing start*: to vanish - the more photon in the initial state,

the more rapidly the maximum squeezing is achieved and then more

rapidly It Is revoked. After that the maximum squeezing periodi-

cally reappears at later times tj^kT^t., , where k*l,2,.. .

These periodical revivals of the squeezing in the first quadra-

ture are seen also for weak intensities (see fig. 2) .

As It was discussed earlier, for weak intensities one can

obtain significant squeezing in the second quadrature. The maximum

squeezing in this quadrature occurs periodically at times +lll*(t
rlvt.

-9-

ACKNOWLEDGHENTS

The author would like to thank Professor Abdus Salam, the International

Atomic Energy Agency and UNESCO for hospitality at the International Centre for

Theoretical Physics, Trieste. He would also like to thank S. Olejnik for

helpful comments and V. Corny for performing some computer calculations.

-10-



REFERENCES

[l] R.Loudon and P.L.Knight, J.Mod.Opt. 34 <1987> 709.

[2l R.Tanae, in; Coherence and quantum optics , Vol.5, edited by

L.Handel and E.Wolf (plenum. New York, 1984) p.643.

[3] C.C.Gerry, Phya.Lett. A 124 (1987) 237.

[4] C.C.Gerry, Phyp.Rev. A 35 (1987) 2146.

[5l B.Buck and C.V.Sukumar, Phys.Lett. A 81 (1981) 132.

[6] A.S.Shumovsky, Fam Le Kien and E.I.Allekenderov, Phyo.Lett,

A 124 (1987) 351.

-11-

FIGURE CAPTIONS

Figure 1. The minima of the function S2(t) versup the average

photon number n.

Figure 2. Time evolution of the functions S,(t) for ii =0.25.

Figure 3. The minima of the function E, at the moment pit =10

versus the average photon number n.

Figure 4. The minima of the function S^t) versus the average

photon number n.
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