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1. It is well known that calculating the Green's functions of a field theory 
involves an expansion in terms of a coupling constant, which is in some sense 
small. In practice, though, it is often difficult to calculate such a series beyond 
a few terms, and so questions of convergence of the series cannot be addressed. 
Moreover, it is often the case that the series will not be convergent, but instead 
asymptotic, being useful for calculations only for certain values of the coupling 
constant. If this is the situation, then the question of whether the series con
tains all the information, arises. For instance, it is always possible to add a 
function to an asymptotic series which itself has a trivial asymptotic expansion; 
eg e~" always decreases faster than any power of z. In field theory, knowing 
if there are non-perturbative contributions present in a Green's function is of 
crucial importance. However, techniques, such as Borel summation, exist to 
resum asymptotic series to a function, which, if it is well defined, has improved 
convergence properties [1]. In some cases, though, there are obstructions to this 
resummation which arise from poles along the positive real axis in the Borel 
plane, and are known as renormalons. They correspond to non-perturbative 
contributions to the Green's functions which are not included in the asymptotic 
series, and which therefore restricts the usefulness of the series to perturbative 
estimates. 

For certain field theories in two spacetime dimensions, which have an infinite 
set of conserved charges, it is possible to determine their S-matrices exactly 
from general principles, [2-4]. In the case of the O(N) a model and the Gross-
Neveu models, scattering amplitudes calculated from the field theory to next 
to leading order in the large N expansion, have been shown to agree with the 
exact result [5j. However, knowledge of the S-matrix to all orders in 1/JV, allows 
one to investigate the issue of whether all non-perturbative effects have been 
correctly included in the S-matrix. Such an investigation has been carried out 
recently for the O(N) bosonic a model, [6]. Using a particular representation 
of the S-matrix, Brunelli and Gomes found that at each order in l/JV, the non-
perturbative part factorized from the perturbative part, ie it has the following 
structure: 

T,a".<9nf<(9) (!) 
n,l 

where a n ( are independent of the effective coupling constant g, and fi(g) are 
nonanalytic functions of g. Further, they showed that for a certain class of inte
grals, which arose in the respresentation of the S-matrix and which could only 
be computed asymptotically, were Borel summable. They therefore concluded 
that the exact S-matrix properly included non-perturbative effects. In this let
ter, we perform a similar analysis for the S-matrices of the Gross-Neveu and 
supersymmetric O(N) a model, and find they both have the same structure as 
the bosonic model. 

2. As a preliminary to examining the supersymmetric S-matrix, we present 
an analysis of the 0(N) Gross-Neveu S-matrix. This serves several purposes, 
one of which is to demonstrate how to treat CDD poles, which arise in this and 
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the supersymmetric case. Also, we give a partial review of the results obtained 
for the bosonic model [6], which we require for both models. The Gross- Neveu 
S-matrix is given by the minimal (bosonic) O(N) result with a CDD pole at 
6 = t'A, where A = 2T/(N — 2) and 6 is the rapidity variable, related to the 
Mandalstam variable s, by 

s = Am2 cosh2 -6 (2) 

Thus [2,7] 
SGN(e) = SB(9)SCDD(8) (3) 

where 

= r(g-i»)r(|-t»)r(^+g+^)r(i + i») 
B U r(-.^)r(J + tf-t»r(i + t̂ )r(n-tf + t» {' 

and 

*»«•> - S ^ <5> 
where we have defined 6 - A/2ir, ^ = 6/2ir. Here, SGN(^) is the t-channel 
amplitude, to which the other amplitudes are related. 

We now briefly review the treatment of the bosonic part of (3), [6]. Using 
the representation for the T function 

In r W = j H £ . - [(. - 1) - (1^_"^."P] Re . > 0 (6) 

implies 

which may be expanded in powers of A, ie 

ra=0 ' ' f»=l 

The integrals In are defined by 

ƒ„ = lim I <fte-<'i"sin^ttanht/4 (9) 
«-»oy0 

where a damping factor t~ft is inserted to ensure convergence [6j. For even n, 
these integrals may be computed exactly, and 

/„-H-M-'j^jti,) (IO) 
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However, for n odd, I„ can only be computed from an asymptotic expansion, 
established by integration by parts. With 8 real, Bninelli and Gomes determined 

hn~l ~ R (2(m-.+ l ) ) ! ^ . " ̂  °° (11) 

(We use the conventions of reference [8] in defining the Bernoulli constants B„). 
Moreover, they showed this series is Borel summabie, with Borel transform 
P(tn tan y), and so all non-perturbative effects have been correctly included 
[6]. One can see this by examining the original integrals Jïn+i and changing 
variables to obtain an integral of the Borel type. The singularities along the 
real positive axis, at cos y= 0, in the Borel plane give no contributions. This is 
because, when the contours of the original integral are rotated to this real axis, 
they close each pole in two half circles with opposite directions. Thus the net 
pole contribution is zero. Contributions only arise from the contours along the 
real axis, between the poles, which has been evaluated asymptotically in (11). 

To treat the ODD part of (3), we use the following representation [8] 

AanhiriX _ f°° dt e-^*(cosxt - 1) ^ ftanhirz\ _ r°° dt 

I TI / Jo * 
(12) 

cosht/4 

which gives -' 

lnScDD{e) = l n ^__J _ 2tJo Jt < / < - ^ - (13) 
Expanding this in powers of 6, similar to (8), it is equal to 

^2n-l\BJ 2*4^. (2n+l ) ! <W2» K ' . — - x- / 2* ^ (2n+l ) ! 
r»=l " ' n = 0 v ' 

where [8], 

J = 2 ƒ dt , . , , = 2* ( —— 
J0 e'/2 + l \6 smhej 

(15) 

Substituting the first term of (15) into (14), and performing the sum, we see 
that it cancels with the first term of (14). Thus, 

h «,„(#)-* E I jJ^sB (si,) (.6) 

So collecting terms from (8) and (16), we have 

1 v^ ( - ) n + 1 / A \ 2 n + 1 *̂ « S2n f°° 

f °H"*2"+' £L (_±J\ {17) 
^ ( 2 n + l ) ! <W2" Vsinhö/ { ' 

oo 
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which is equivalent to the bosonic result [6], but with A replaced by —A. This is 
consistent with the original S-matrix, because the CDD part may be combined 
with the T functions of (4) to obtain SB {9) with A —>-A. To establish this 
consistent result (17) by the method we have described here, may seem to be a 
roundabout approach. However, it shows how to treat CDD poles correctly in 
other cases, where the pole position does not allow this simplification. Moreover, 
we note that the representation (4), is valid only for Rez > 0. 

Finally, we can make use of this replacement for A, in discussing the struc
ture of the amplitude SGN{9)- AS the sign change does not alter the convergence 
properties of the various series involved in (17), the S-matrix factories into per-
turbative and non-perturbative parts at each order in A, [6j. We will examine 
an example of this feature explicitly in the supersymmetric case. 

3. Shankar and Witten have shown how to construct the exact S-matrices 
for models which include supersymmetry, by examining the conditions the su
percharge imply for the scattering amplitudes [4j. They found that the S-matrix 
involved that of the underlying bosonic model together with the S-matrix of the 
supersymmetric sine-gordon theory. For the 0[N) case, it therefore has the 
structure [4], 

S(9) = SB(9)SGN(B)S.U,V{9) (18) 

where the first two factors have already been introduced. From (7) and (17) 
they are rewritten as 

lnSB(9)SGN(9) = l n ( ^ ^ ) 

+ l im2tV 7 —— ƒ rf<e-e't2n_1sin^ttanht/4 (19) 

We note that there has been a cancellation between terms with odd powers of 
A, due to the CDD pole present in SGN(9). The remaining factor S,u,v(8) is 

S.u.y(0) = R(9)R(iir-6) 

R(6\ = TT nS-i4> + l)Ti-i4>-6 + l)(T(-it + l+Ü)* 
1 ' , y T(S -Ü + 1+ £ )r( - i* -6 + 1+ i ) ( r ( - , ^ + l))2 [ "> 

Using the representation (6), this becomes 

it e-'/2(coshSt - 1) cos^t InW*) - / " f ginW4 

t f°° d te - '^coshae- l)sin^t 
2 Jo t cosh2t/4 

(21) 

We see immediately that both integrals are even functions of A, and so the 
amplitude S(9) will be a power series in A2. This is to be contrasted with 
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the constituent boson and fermion models, which were expansions in powers 
of A and —A respectively, and which suggests there are cancellations between 
the two sectors in the supersymmetric version. This feature is consistent with 
Shankar and Witten's observation, that the iterative solution of the crossing 
and unitarity equations for S(ff) was independent of the choice of sign of A, 
[4]. A similar feature occurs when one examines the next to leading order 
renormalization of the O(N) supersymmetric model, which has (18) as its S-
matrix [9]. In examining the coupling constant renormalization in dimensional 
regularization for the constituent O(N) bosonic a and Gross-Neveu models, 
though, a In e type divergence arises at next to leading order, where d = 2 — e. 
Moreover, this term differs between models only in a relative minus sign. In the 
same analysis for the supersymmetric model, the non-leading order corrections 
is equivalent to replacing N by N — 2, with the In e term absent, [9]. This is 
again due to cancellations from the two sectors. 

We now treat (20) in a similar fashion to section 2, and expand the expression 
in powers of A - 1 . First, [8] 

f 
Jo 

<f t e -« / 2 ( cosh5t - l ) cos fr _ f , (~ )" - 1 A 2 " d2»"1 0 2 

7 shmT/2 ^ (2n)! ^ - 1 < c o t h 2 " fl} ( * 2 ) 

n = l 

and the term involving 1/0 may be rewritten as — ^ln\92/(92 + A 2 ) ] . For the 
second term of (21), rewriting the exponential in terms of hyperbolic functions, 
it becomes, 

~ , (2n)! [Jo ' 

We are now in a position to examine the S-matrix and its non-perturbative 
properties, and collecting the various terms, we have 

1 ( A 2 \ ^ S2n C°° 
lnS{8) = - - l „ ^ l + _ j + i U m £ _ ^ ^ - " t 2 " " 1 t a n h t / 4 s i n ^ 

+ 

\ (2«) 

1 y . ( - ) " - x A 2 " d2""1 

2 *-*t (2n)! do2""1 
, 9 2x9 

coth - + 2 n sinh 9 
(24) 

Next, we introduce an effective coupling constant g, which is related to the 
dynamically generated mass, m, of the model through 

•(•ƒ m) 
m = M a «Pl - ƒ -sfa) (25) 

= l 

9 ln(a/2m2) 
(26) 
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Further, the rapidity $ can be expressed in terms of this coupling by first in
verting (2), (6j 

1=0 v ' f»=0 * ' 

where 

A.» = ^ r [ I n ( l - » + v^(l-2x))l- (28) 
a x i = o 

and A,n ~ (-n)'(ln2)n_'. We remark that the first two terms of (24) have 
been treated in the bosonic case, and we only note the results of that analysis. 
So for instance, [6], 

-hn(, + sl\ = f» (-*')" ff-'-'7'ƒ f» A,a-2n(q-i)! 
2toV1+«v h 2n lk ll Uï>-2">,<2,|-1>! 

(29) 
where the perturbative series in g is convergent. One can explicitly see here 
that at each order in A, (29) has the structure (1). For the second term of (24), 
the asymptotic expansion of each integral may be inserted at each order in A. 
As it is Borel summable, no non-analytic terms are omitted by using such an 
approximation. Thus from (11) and(27) 

2 n _ 1 ~ h ~ J & h r (2 (r -n) + 3)r(a-2r) * < - • « ) * ' . - * - 1 
(30) 

where again the perturbative series is convergent, due to the asymptotic be
haviour of Di„ given above. 

Finally, the last term of (24) is purely non-perturbative. One can see this 
by carrying out the differentiation after expressing the hyperbolic functions as 
series 'me'0. Thus it becomes 

" 7 £ (2FTTF1(1"cos(2* + 1)A)(1 + H2k +1 )} 

-(2fc+l)AsinA(2fc-t-l)] + £ , -^(cosJfcA - 1) (31) 

With, for instance, 

e-9 = f^^e-(^)/o (32) 
n=0 

where 
"n = 5 ^ | l - * + v ' ( l - 2 x ) l | , = 0 (33) 
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it is easy to see (31) is a nonanalytic function of the effective coupling constant. 
Thus the supersymmetric S-matrix (18) has the structure (1), and therefore 
correctly includes all non-perturbative effects within the A expansion. 

We conclude, by remarking that the supersymmetric model differs from the 
bosonic version in several respects, for small values of N. For instance, in the 
bosonic model, when N = 3 and 4, the non-perturbative contribution, analogous 
to (31), vanishes [10]. In the supersymmetric case, it appears that (31) vanishes 
for N = 3 only, ie A = 2ir. However, this is misleading for several reasons. For 
instance, the N = 3 model corresponds to the CP[i) a model, which admits an 
extra supersymetry [11]. However, Shankar and Witten's result, (18), is based 
on the implications an N = 1 superalgebra has on the scattering amplitudes [4]. 
Moreover, when A — 2w, the supersymmetric sine-gordon factor in the unitarity 
equation for S(ff) ie 

becomes unity. So S(B) cannot correspond to the S-matrix of supersymmetric 
CP(l). This feature also occurs when one includes a central charge in the 
N = 1 superalgebra and generalises Shankar and Witten's result [12]. Then, an 
exact S-matrix cannot be constructed, and we conjecture that supersymmetric 
CP(N) models do not have an exact S-matrix. 
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