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Abstract

We discuss the relationship of the effective start-up noise in a

single pass free electron laser to the spontaneous radiation emitted in the

initial gain length of the wiggler magnet. Also, it is noted that the num-

ber of modes in the output is related to the phase space volume occupied by

the spontaneous radiation emitted in the first gain length.
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1. Start-Up Noise in One Mode Expressed in Terms of Spontaneous Radiation

The initial value problem determining the start-up of a single pass free

electron laser from the Schottky noise in the electron beam has been discussed

in Refs. [1-6]. In this note we extend previous work by expressing the output

power spectrum of the amplified spontaneous radiation in terms of the spon-

taneous radiation emitted by the electrons while passing through the first gain

length (e-folding length) of the wiggler magnet. In the high-gain regime

before saturation, the output power spectrum dP/du> can be expressed in terms of

Moore's [7] exponentially growing guided modes, and one can write [5,6]:

dP ffdP 1 r<iP A
*~. = 2 G _ ( w , z ) I ~i I + I ~] I . ( 1 )
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Each term in the sum over n,£ corresponds to a guided mode, or a pair of guided

modes. The cross terms n * I are, in general, small and can be neglected. The

contribution from an external coherent EM-wave incident at z - 0 is
(dP n/d£j)_x,_TT_,, and the contribution from the Schottky noise in the electronVLX. INPUT

beam is (dP ./dw) Q „„. The gain in length z of the free electron laser is

described by G .(w,z).

In order to obtain simple results with a clear physical interpretation,

let us restrict our attention to radiation at the resonant wavelength

*0 = — (1 + K ), (2)
l7o

where \ is the period length of the static wiggler magnetic field, K is the
2

dimensionless magnetic field strength parameter [8 ] , and 7 = E /me i s the

electron energy in uni ts of the r e s t mass. The spontaneous power radiated in

the forward d i rec t ion per unit frequency per unit so l id angle is [8] (mks

u n i t s ) :

f dP 1S P O N T
 2 N V 7 V I
- 5*5 - - (3)
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where I is the electron beam current and N is the number of wiggler periods

traversed. The spontaneous radiation emitted in the first part of the wiggler

interacts with the electron beam causing it to bunch, and the bunched electron

beam amplifies the radiation. The output power spectrum of the amplified spon-

taneous radiation in the fundamental guided mode n - 1, at the resonant

frequency, can be written

dP
1 1 A _ • t- <- / ^ i J- •*-1 /1 .

where L is the gain length for the fundamental mode.

One-dimensional theory [2,3] yields the following result for the effec-

tive noise power spectrum [5]:

^ N O I S E

where p is Che Pierce parameter [9]. For a cylindrical electron beam with cir-

cular step-function profile of radius r ,

2

3 2eZ I 1 K
(2p) - 2-^ j 7 , (6)

7T7 me 2k k r 1+K
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with k - 2n/X , k = 2n/X and Z - 1/e c. Let us note that the effectiveo o w w o o

noise power spectrum as predicted from one-dimensional theory, Eq. (5), can be

rewritten in terms of the spectrum of the spontaneous radiation emitted in the

first gain length of the wiggler. One easily shows:

(7)

dp.lD 3 x> , M .SPONT
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where L is the gain length predicted by one-dimensional theory, X /L

Ixpjl. The right-hand side of Eq. (7) is 3/4 times the power spectrum of the

2 2

spontaneous radiation emitted into the diffraction solid angle AO - X /nv , in

the first gain length.

When the electron beam radius r is large enough, the one-dimensional

result of Eq. (5) is a good approximation. However, as the electron beam
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radius r is reduced, with current I fixed, eventually the one-dimensional ap-

proximation breaks down. This is clearly seen by noting that as r -» 0, I

-2/3
fixed, the Pierce parameter p - r , so the effective power spectrum of Eq.

(5) diverges, which is unphysical.

Let us define the diffraction ^ngle

and the angle of emission of the spontaneous radiation

When the radius of the electron beam is large, 0 R « 0 , and only a small frac-

tion of the spontaneous radiation feeds into the fundamental mode. In this

case, (0 « 9 )
L> W

NOISE *- J NOISE

, ID 3

4

dP 1 S P O N T

d ^ . • <10>

w

The total number of the modes which are excited is on the order of

Now, as the radius of the electron beam is reduced, current held fixed, even-

tually one reaches the regime 9 « 0_. Now, since the emission angle of the

spontaneous radiation is small compared to the diffraction angle, all of the

spontaneous power at the resonant frequency should feed into the fundamental

mode. The effective noise power spectrum can be computed from Eq. (5.15) of

Ref. [6], see Appendix, and one obtains (0 « #n) :

d p 1 n r J n ^SPONT
11 _ „ . 1 ( 1 1 )

-'NOISE

where L is the gain length of the fundamental mode for small radius r . The

right-hand side is approximately equal to the total spontaneous power spectrum

at the resonant frequency, radiated in the first gain length.

For arbitrary electron beam radius, the effective noise power spectrum,

coupling to the fundamental mode, can be determined from Eq. (5.15) of Ref.

[6]. The result can be written in the form:
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where L is the gain length corresponding to the given electron beam parameters,

and the angle 9 is defined by

^7 = —2 + ~1 • (I3)

w D

This definition of 9 assures that for large electron beam size 9 ~ J3/h 9-, and

for small electron beam size 9 ~ 79/8 S , hence, the form factor F = F(0 /#„,)
w w u

satisfies F(o) = F(«>) - 1. One finds that F only varies in the range 0.65 < F

< 1. Further details of the calculation will be given elsewhere.

2. Number of Transverse Modes in the Output Radiation

Optical guiding in free electron lasers has been studied by many authors

[7,10,11,12]. Our work [6] has been based upon the approach introduced by

Moore [7], who expanded an input coherent radiation field into a superposition

of transverse modes, each evolving exponentially along the axis of the wiggler

magnet, with invariant transverse profile. Since different modes have dif-

ferent growth rates, the weights of the different modes vary as the EM-wave

propagates through the laser, and hence the transverse profile of the radiation

beam also changes. If the radius of the electron beam is not too large, the

fundamental mode has the largest growth rate, and hence eventually becomes

dominant. In this case, the EM-wave evolves into a single transverse mode, the

beam profile becomes constant and this is optical guiding.

It is useful to introduce [6] a dimensionless scaled electron beam

- 2 2 ID
radius a defined up to a multiplicative constant by a <x k r /L , the ratio

of the Rayleigh range to the one-dimensional gain length. To be specific, we

define

I2 = 2p (2k k ) r . (14)
o w o



Suppose the current density is held constant while the electron beam radius is

increased. When the radius becomes large enough, the gain becomes independent

of beam size, and is that given by one-dimensional theory. The parameter a

characterizes the competition between diffraction and gain. When a » 1, the

Rayleigh range is much larger than the gain length and diffraction is negli-

gible. In this case, the gain is that given by one-dimensional theory, and

many modes are degenerate having the same growth rate. On the other hand, when

a < 1, the Rayleigh range becomes smaller than the gain length, and diffraction

reduces the growth rate below that predicted by one-dimensional theory. In

this case, a single mode has the largest gain, and hence the output of a long

wiggler will be dominated by this mode.

To treat the start-up from Schottky noise, it is necessary to describe

how the radiation evolves from a source localized at a point (electron) into a

wave packet. This wave packet is the Green's function of the initial value

problem. In our previous work [6] we have shown how to expand the Green's func-

tion in terms of Moore's modes. Once the Green's function is known, the

contribution from all the electrons is determined by carrying out an average

over the stochastic ensemble describing the Schottky noise in the electron

beam. In this way, the output power is computed, and one finds the frequency

spectrum as given in Eq. (5.15) of Ref. [6]. From this one can derive the ex-

pressions for the gain and start-up noise presented in Section 1.

In the previous section, we have discussed the relationship of the ef-

fective start-up noise to the spontaneous radiation emitted in the first gain

length of the wiggler. Now we shall consider the number of transverse modes

fed by the spontaneous radiation. We begin by considering a » 1. In this

case, we note that an individual electron passing through a wiggler of length

L emits radiation at the resonant frequency into a cone characterized by
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angle [Eq. (9)] 9 ~ Jx /L . The phase sps.ce volume occupied by the spon-

2
taneously emitted radiation from all the electrons is roughly (r 8 ) . Since

2

each transverse mode occupies roughly a phase space volume of A , one sees that

the number of modes in the spontaneous radiation field emitted in the initial

gain length is approximately

2

O W —2 ,ic\
5 ex a . (15)

A
o

It turns out that the scaled electron beam size a also satisfies (a » 1):

where [Eq. (8)] 8 - A /irr is the diffraction angle corresponding to radius r

of the electron beam. Hence, the number of modes in the spontaneous radiation

ID 2

field emitted in length L is roughly (.9/9^.) .

When a » 1, there are many transverse modes in the output radiation

field. There are two reasons for this. First, the spontaneous radiation

emitted in the first gain length contains many modes, and second, when a » 1,

many modes have growth rate degenerate with the fundamental mode. The effec-

tive noise power spectrum for one mode is given by Eq. (10), and is approxi-

mately equal to the spontaneous power spectrum radiated into the diffraction
2

solid angle Afi = 7r0 in the initial gain length of the wiggler. We expect that
2

the number of modes in the output is roughly (.S/9n) . When a = 1, we see from
Eq. (15) that the spontaneous radiation emitted in the first gain length oc-

2

cupies a phase space area of A , hence is transversely coherent and will feed

only one mode of the output. The diffraction and emission angles are about

equal, 0 = 9 , and all of the spontaneous radiation feeds into one mode. The

gain is still close to that given by one-dimensional theory, and this is the

case considered by Kim [5]. If one now considers a « 1, because of diffrac-
2

tion the phase space volume remains at A , and only a single mode is excited.

The emission angle becomes small compared to the diffraction angle, 6 « 0_,
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and all the radiation feeds into one mode, but Eq. (10) is in this case an

over-estimate of the effective noise power spectrum. The proper result is

given in Eq. (11), and we see that the effective noise power spectrum is ap-

proximately equal to the total spontaneously radiated power spectrum emitted in

the first gain length of the wiggler.
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Appendix

From Eq. (5.15) of Ref. [6], one finds

[dP
L 211

n

2p
2

9 2 2 2 2

T J d x |V>i 1 J d x u(x) |V>! I

We consider only radiation at the resonant frequency, so the detuning q.. - 0.

[Note dq = dw/u ]. The coherent frequency shift Q is related to the gain

length L by Imfl = 1/k L. The transverse profile of the electron beam is speci-

fied by u(x), and the transverse profile of the fundanental mode by Vi( x). with

- 2 2

the normalizations u(o) = 1 and J d x ^ - 1. The quantity

F1(q..) is defined in Eq. (4.15) of Ref. [6], Finally, the dimensionless

transverse coordinates x are related to the dimensioned transverse coordinates

r by x = 72kQkw r.
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