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ABSTRACT

PSL(2,q) is the protective special linear group. The automorphism group of
PSL(2,q) is denoted by PrL(2,?). The structure of TTL(2,g) is well-known, it is isomor-
phic to the semidirect product of PGL(2, q) by a cyclic group A of order n, where q = p™,
p a prime. Taking a € PrL(2,g) such that a2 = 1 by considering conjugacy classes of
involutions in PFL(2, q) and finding the centralizer of this element in PSL(2,q) we prove
the following result.

Theorem
q > 5. Then

Let a be an involutary automorphism of PSL(2,q) where q is odd and

(i) If q is not a square the fixed point set of a is either dihedral of order g — 1 or
dihedral of order q + 1,

(ii) If q — r2 the fixed point set of a is either dihedral of order q — 1, or dihedral of
order q + 1 or is isomorphic to PGL(2,r).



INTRODUCTION

PTL(2,q) has PSL(2, q) as a normal subgroup on which it acts faithfully by con-
jugation. It 18 well known [2] that every automorphism of the group PSL(2,q) arises in
this way. Thus to find the isomorphism class of the fixed point set of an involutary auto-
morphism of PSL(2,q); it is sufficient to obtain a set of representative {n} of involutions
of PrL(2,<j) and identify the subgroups CPSi,(3,q)(r«) in each class.

The procedure is as follows:

1. Description of PIL (2, q)

2. Classes of involutions in PGL(2,q) and in PSL(2,q)

3. Centralizes in PGL{2,q) and in PSL(2,q) of the involutions of PGL{2,q)

4. Involutions in PIT, (2, q)

1. DESCRIPTION OF PrL(2,<j)

The structure of a finite field of q elements is well-known. We know from field

theory that q = p" where p is an odd prime. Let K be the field of q elements and F its

prime subfield. It is well-known that the Golois group F of K over F is cyclic of order n

generated by the Frobenius automorphism 7 : x -* xp. The two dimensional linear group

Gh(2,q) has as its elements the set of 2 x 2 non-singular matrices M = [ A with

entries in K,

If a £ T, then o induces an automorphism of GL(2, q) given by

M - M " =

For convenience we denote this automorphism by a as well.

We introduce an equivalence relation ~ on GL(2,g} by defining

M ~ JV-t* MN~l = XI

where 0 ^ A e if and / is the identity element of GL(2, q). It is easily seen that
and M2 ~ JV2 then MtM2 ~ JViJVa- Thus if [M] denotes the equivalence class of M, we
shall observe that the set of equivalence classes is a group under the product
[M][Nj = [MN] and this group is the projective general linear group PGL(2, q). The natural
homonorphism from GL(2,9) onto PGL(2,q) given b y J W - [Af] has kernel Z, the set of

scalar matrices in GL(2,g).

The automorphism a of T maps equivalent elements of GL(2, q) to equivalent
elements and BO induces a mapping of PGL(2,q) to itself which is an automorphism. For
convenience, we also use a to denote this automorphism. With this convention, we can
form the semidirect product of PGL(2,q) with F and this gives the projective semi-linear
group PrL(2,g). Any element of PFL(2,g) is a unique product of the form 7*[M] where
7 is the Frobenius automorphism of K, 0 < i < n and M 6 GL(2,g).

The following elementary results are noted without Proof. For a proof the reader
is referred to [lj.

Proposition 1

(i) |GL(2,g)| = v ( ? -

(ii) |PGL(2,q)| = q(q

(iil) |PrL(2,9)| = nq(q - 1)(, + 1); (, = p»)

(iv) Z = {A/|0 f \ e K) = 2(GL(2,9));

( v ) \ Z \ = q - l

The special linear group denoted by SL(2, q) is the subgroup of GL(2, q) consisting
of matrices in GL(2, q) with determinant value 1.

The natural homomorphism given by M —* [M\ maps SL(2,9) onto a subgroup
which is the projective special linear group denoted by PSL(2, q). Since SL(2,g) is the
kernel of the homomorphism M —> detAf from GL(2,qi) onto the multiplicative group K*
of the field K, it is obviously normal in GL(2, q) and has order q(q — l)(q + 1). The kernel
of the map M ~* [M] when it is restricted to SL{2,q) consists of ±1 and so we see that

An element of M of GL(2, q) is mapped into PSL(2,q) under M —> [M\ if and only if
[M] = [N] for some N £ GL(2, q) with det N — 1. Any element of Z has a determinant
value which is a square in K*, so if M maps into PSL(2,q), then, necessarily detJW is a
square in K*. Conversely, if detM = S2 (6 € if*), then M ~ f " ' M and det(6-lM) = 1.
In other words, PSL(2,q) is the subgroup of PGL(2, q) consisting of elements [M] such
that detM is a square. It is clear that PSL(2,q) is not only normal in PGL(2,q) but also
in PrL(2,g). Thus the elements of PrL(2,g) induce automorphism of PSL(2,q) under
conjugation and, as we have already remarked, every automorphism of PSL(2,q) arises
this way.

For convenience we put these various facts in the following proposition.



Proposition 2

(i)

(ii)

(iii) PSL(2,q) = SL(2,q)/±I

(iv) PSL(2,q) = {[M] e PGL(2,q)|detM is a square in K*}

(v) Every automorphism of PSL(2,q) arises uniquely as the automorphism induced
by element of PFL(2,?) acting by conjugation, i.e. the automorphism is uniquely
of the form [A] -> [ M ] - 1 ^ ' ^ ] where \A\ £ PSL(2,q), M 6 PGL(2,q)
0 < i' < n.

The group PSL(2,q) has been, extensively studied in [2], in particular its sub-
groups are determined and listed in Sec.260.

2. INVOLUTIONS IN PGL(2,q) AND PSL(2,q)

An element [M] of PGL(2,q) is an involution iff the representative matrix M
satisfies the following conditions:

(i) M 2 = XI for some X € K*

(it) M ? XI for any A € K*.

Thus the rational canonical form of an involution [M] is ( ) where

A = — det M. It is easily seen that the two elements I n ) ' ( 1 n ) a r e

conjugate in PGL(2,q) for any nonzero element a of K. The multiplicative group K* of
K is a cyclic group of order q — 1 and, as q is odd, the elements which are squares form a
subgroup of index 2. Choosing any element X of K* which is not a square, we see that any

involution of PGL(2, q) is conjugate to one °f ( , 0 ) • (•• 0 ) • B u t '* ^ e t M is

a square in K* then for every N of PGL(2, q), det(JV"1MJV) is also a square, and so the

above two involutions are not conjugate to each other, in other words, we have exactly two

classes of involutions in PGL(2,q). Clearly only one of these classes belongs to PSL(2,q).

3. CENTRALIZERS IN PGL(2,q) AND PSL(2,q) OF THE INVOLU-
TIONS OF PGL(2, q)

In this section we introduce the following convention: For a subgroup H of
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PGL(2,q) we write
J* = HnPSL(2,q)

Proposition 3 Using the previous convention we have the following:

(i) [H :H*}<2

(ii) If \H : H*\ = 2 and H* is a maximal subgroup of PSL(2, q), then H is a maximal
subgroup of PGL(2, q)

Proof is immediate by the fact that PSL(2, q) is of index 2 in PGL(2,q).

Let /? denote a generator of the multiplicative group if*. Then the element

[M] = 11 « l ) generate8 a cyclic subgroup H of PGL(2, q) of order q — 1. The element

[S] = j K o ) | generates a subgroup of order 2. Moreover [Sj-^Afp] = \(l ° j l =

[A/]"1. So that the subgroup D =< \S\, [M] > is dihedral of order 2(q - 1). From list of
subgroups of PSL{2, q) [2] we see that H ^ PSL(2, q) (since we assume q > 3 we do not have
9 - 1 = *£•). Thus we have \H : H'] = 2. Therefore \D : H*\ = 4, H* ± D* £ D; in other
words, D* must contain an involution inverting H*. Thus D* is dihedral group of order
q - 1 and from Dickson's list [2] as it is a maximal subgroup of PSL(2, q). By Proposition
3 then D is maximal in PGL(2,q). Because q — 1 is even D contains a central involution.
The point of deriving maximality is to show that D is the centralizer in PGL(2,q) (and
D* in PSL(2,qJ) of this involution.

The group GL(2, j) can be identified with the group of invertible linear transfor-
mation of a vector space of dimension 2 over K, In particular we can take as the vector
space a field L of gs elements. A generator 7 of the multiplicative group of L gives rise to
an element N of GL(2,q) of order g2 — 1 corresponding to the transformation t —> f*. It is
easily seen that 7»+1 is a multiplicative generator of K* and that < TV'"1"1 > is the group
of scalar matrices in GL(2,^). Thus L =< [N] > is a subgroup of PGL(2, q) of order q +1.
The field automorphism X —+ A* of L induces a K~linear transformation of L giving rise
to an element [T] of PGL(2, q) of order 2. We find that

and so E =< [T\,[N] > is dihedral subgroup of PGL(2,q) of order 2{g + 1). Arguing
as before E is the centralizer of an involution of PGL(2,q) with E* the centralizer in
PSL(2,q) and [E : E*} = 2.

Since we have only two classes of involutions in PGL(2,q) the isomorphism class
of any centraliser (in PGL(2,q) or PSL(2,q)) is determined.

We have already remarked that there is only one PGL(2,q) conjugacy class of
involutions in PSL(2, q). The fact that the centralizer of such an involution in PGL(2,q)



is twice the order of its centralizer in PSL(2, q) now shows that there is only one PSL(2, q)
conjugacy class of involutions in PSL(2,q)

4. INVOLUTIONS IN PrL(2,<?)

We have already remarked that the group VTL(2,q) is a semi-direct product of
PGL(2,q) by the cyclic automorphism group T, and that if we express q in the form pn ,
the order of T is n. Then, if n is odd, the involutions of PrL(2, q) all lie in its subgroup
PGL(2,q) which we have already discussed. In what follows then, we assume that n is
even in which case we can put q = r2. The group T now contains a unique involution 6,
namely the automorphism k -* kT. It is well-known from the Galois theory that the fixed
point set of S is the unique subfield of K of order r and we denote this subfield by Ki.

Any involution of PrL(2,g) not in PGL(2,q) must be of the form S\M] where
[Af] £ PGL(2,q). Thus if we can determine a Sylow 2-subgroup S of the semi-direct
product of PGL(2,q) and < S >, any involution is conjugate to an element of S. We now
proceed to identify such a subgroup.

Let 2" denote the highest power of 2 that divides q — 1. Since g — r2 it is easy to
calculate that g s 1 (mod 8) and so a > 3.

By Proposition 1 the order of PGL(2,q) is q[q - l)(q + 1) and so a Sylow 2-
subgroup of PGL(2, q) has order 2 a + 1 . Inside the multiplicative group of K (the field of
q element) there is an element a generating a Sylow 2-subgroup. Elementary calculation

will now show that the subgroup Sx =< \\ _, n ) • ( Q 1 ) \ > ° f P G L ( 2 'C ' } is

dihedral of order 2"+ 1 and is consequently a Sylow 2-subgroup. We note that its subgroup

52 =< ( ® ] , f ° ] > lies in PSL(2,q). Whence it is easily seen by order

considerations that this subgroup is a 2-subgroup of PSL(2, q).

The subgroup Si is evidently invariant under S and so we obtain the desired
Sylow 2-subgroup S of PGL(2,q) < 6 > by adjoining 6 to it. For convenience of notation
we denote

aa elements of PPL (2, g). Straightforward calculations demonstrate the following

(i) S=<t,b,6>

(ii) B =< b > is a normal cyclic subgroup of index 4.

(iii) t6 = 6t and the four-group < t,S > complements B in S. Since we know that
t'tbt — 6"1, it is easily seen that all we require for a complete set of defining

relations for S is knowledge of the action of 6 on B which we now proceed to
obtain.

The automorphism group of a cyclic group of order 2°(a > 3) is described in
lemma 5.4.1 of [1], There are exactly three involutory automorphisms, namely

we use a to denote cyclic generator of the cyclic group of order 2". The second automor-
phism centralizes < a3 > and the third inverts < a2 > without inverting the whole of
< a > (because a > 3). These properties characterizes the respective involutory automor-
phism.

The multiplicative group of the fixed K of order r2 — 1(= q — 1) contains a
subgroup E of order r — 1 which is the multiplicative group of the field Kx, and a subgroup
F of order r + 1. The subgroup E is fixed by the Galois automorphism 6 and the subgroup
F is inverted. Since the equation x'~l = 0 and xr+1 — 1 = 0 have no more than r — 1 and
r + 1 roots in K respectively, we see that E consists of the entire set of non-zero elements
of K fixed by 6 and F the entire set of nonzero elements inverted by S.

By order consideration neither E nor F contains the Sylow 2-subgroup < a >
and so we see that 6 neither inverts nor centralizes < a >. The highest common factor of
r — 1 and r + 1 is 2 and from this we can deduce that < a2 > is contained in exactly one
of the subgroup E and F. Precisely we have < « 1 > < J S i f r = l (mod 4) and < a2 >< F
if r = 3 (mod 4), (recall a has order 2" where a > 3). This brings us to the final defining
relation that we need for S, because it is now easy to see that we have

when r s 1 (mod 4)

6~Lb6 = !T1+2'V~1 when r = 3 (mod 4)

Thus S is presented as follows

5 =< i, 6, t\ b — 6 ~ £ = 1 £t— t5, t~ bt = A~ ,

1 1 " 1 + 2 * r = 3 (mod 4) /

From this presentation we now obtain the involutions in S not contained in PGL(2,q).
Evidently such elements are either of the form 6b' or of the form 6tb'. We consider two
cases.

Case 1 r ~ 1 (mod 4)



It is well-known that if an involution d normalizes a subgroup JV of S, then

dn(n € N) is an involution iff d inverts n. Using this fact we see that the involutions in S of

the form Sbl are two in number, namely 6 and £63' ; moreover elementary considerations

of the group < b,S > show that they are conjugate in 5 . A similar argument shows that

the involutions of this type Stb* are the elements of the form I Stb2k\0 < k < 2°~' [. There

are 2 a - 1 involutions in $ of this type, and again thery are all conjugate in S. Thus we
reach the conclusion that for r = 1 (mod 4) any involution in PrL(2,r2) not in PGL(2,r3)
is conjugate to at least one of the two following elements

Case 2 r = 3 (mod 4) !

This case is essentially similar to the previous one, the main distinction being
that the roles of the involutions S and Bt are reversed. The calculations show that the
required involutions fall into two classes, namely

0<k<2"

and

st,

Reverting to our original notation for the elements of PFL{2,g) we find that
we have reached the stage of showing that involutions of PFL(2,?) not in PGL(2,q) are

conjugate to (at least) one of the involutions S, 6\i J I. It remains to investigate

the possibility of the fusion in PF L (2, g) of the elements and to do this it is more convenient
to consider the elements

C = CpQL[2>q){6) then Bu and 6v are conjugate in PVL[2,q). Since a2 = — 1 these
correspond to the elements Sb2' and 6tb2' and in both cases 6 is conjugate to Sb2

and 6t to Stb2' . It is easily seen that if u and v are conjugate in C = CPGL(2,q) (6). Also,

C contains all elements I * , J of PGL(2,q) such that a,b,c,d e Ku these elements

forming a subgroup of PGL(2, q) which can be naturally identified with PGL(2,r). If r > 5
then our work on the involutions of PGL(2,r) shows that

•-K-.1 o i - • - [ ( - • .

are conjugate involutions in the subgroup PGL(2, r) of C, and by the above remark Su and
Sv are conjugate in PrL(2,q). For the remaining case r = 3 direct calculation shows that

uh = v where * = [ ( " / \j | € PGL(2,3)

We have established that there are exactly three classes of involutions in PTL(2, q)
[g odd, g = r2, q > 5), we achieve our aim once we determine the centralize inside PSL(2, q)-
of a representative of each of these classes. We have already done this for representative
of the two classes in PGL(2, q) and we can take 6 itself to represent the third class.
To complete the work, then we mtist determine the structure of the centralizer of S in
PSL(2,q).

Proposition 4
PSL(2,q) is

Suppose that g = r2 and 6 as above. Then the fixed point set of 6 is

{[( € PSL(2,q)|a,b,c,de = PGL(2,r)

Proof We have already remarked that 6 fixes all elements f ° ^ j of PGL(2, q)

such that a, b, c, d € GF(r) and that these elements form a subgroup which can be identified
with PGL(2,r). Every element of GF[r) is a square in GF(q) [2] so that all these elements
lie in PSL(2,q). Put

ePSL(2,q)|a,b,c,d,eGF(r

We need to prove that if A € PSL{2,q) is fixed by S, then A€ H.

J.
Now A is representable as

. means that

a b
c d

where ad — be = 1 and we know that

A £ GF{q}\

Because ad — be = 1, and x —> xr is an automorphism of GF(q), we have
ardT - Vcr = 1 and we deduce from this that A2 = ±1.

If A = 1 then ar -a, br = b, cr — c, dr = d and A is clearly an element of H.

If A = - 1 then aT ~ -a, br = -6 , cr = - e and dr = -d. To deal with this
case we regard GF(q) as a 2-dimensiona! space over GF[r), in which case it is seen that
6 induces a GF(r) linear transformation whose minimal polynomial is x2 - 1. It follows
easily that the GF(r)-linear transformation of GF[q) induced by S is representable by

I I and so there exists e e GF(q)* such that E6 = -e; moreover, if a e GF(q) and

ae = -ft then (ae)* = ae proving that a = fte where /i e GF(r),
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Applying this to the above equations, we have a = a'e, b = b's, c = c'e, d = d'e,
where a',b',c',d' e GF(T), and we get

This completes the proof of the Proposition 4.

SUMMARY

We have PrL(2, q) = PGL(2,q) < -> > where < 7 > is the Galois group of GF(q)
over its prime field. Let n = | < f > |. If n is odd there are exactly two classes of
involution of PVL{2,q), both of which lie in PGL(2,q) and one of which lies in PSL(2,q).

Representative of these classes have fixed point sets in PSL(2,q) which are dihe-
dral of order q — 1 and q + 1. If n is even, there are 3 classes of involution in PTL(2iq).
Two of these classes lie in PGL(2,q), one in PSL(2,q) and representative of these classes
have fixed point sets in PSL(2, q) which are dihedral of order q - 1 and q + 1 respectively.
The third class of involations lies outside PGL(2,q) and an involution in this class fixes
in PSL(2,q) a subgroup isomorphic to PGL(2,r), where r2 = g. The proof of the main
theorem is now complete.
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