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SIMPLE METHOD FOR CALCULATING ISLAND WIDTHS
John R. Cary,a James D. Hanson,b B. A. Carreras,c and V. E. Lynchc
ABSTRACT
A simple method for calculating magnetic island widths has been developed. This method uses only information obtained from integrating along
the closed field line at the island center. Thus, this method is computationally less intensive than the usual method of producing surfaces of section of
sufficient detail to locate and resolve the island separatrix. This method has
been implemented numerically and used to analyze the buss work islands of
ATF. In this case the method proves to be accurate to at least within 30%.
I.

Introduction
In the design of helical magnetic confinement systems, it is desirable to obtain a
system with nested flux surfaces. That is,
one would like there to be neither chaotic
regions nor islands. The Cary-Hanson
technique1 allows one to reduce systematically'the size of islands while preserving
other desirable features of the system, such
as reasonable rotational transform, shear,
and magnetic well. However, practical
constraints, such as power supplies and
available space for coil locations, may preelude the complete elimination of islands,
Thus, one must calculate the island widths
for a given design in order to determine
whether it is acceptable. Such calculations
are also necessary for comparisons of theory with experimentally observed islands to
due, e.g., error
fields.
Determination of island widths using
standard methods is computationally intensive. Standard methods require the generation of puncture plots with sufficient detail
to find a field line just inside, but close to
the island boundary. Then, this field line
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must be integrated for a sufficiently long
time for the points in the surface of section
to sample the island boundary well enough
that the width can be measured. We have
developed a new, computationally less intensive method for calculating the island
width. Our method uses only information
obtained from integrating along the closed
field line at the center of the island,
The method works as follows. Fixed
points of the return map, the map of a
poloidal plane onto itself obtained by following a field line, are found. Such fixed
points are the intersection of a closed field
line and the surface of section. The map is
linearized about this fixed point. This linearized map, or tangent map, describes the
motion of points near the fixed point. The
trace of the matrix representing the tangent
ma
P determines the eigenvalues of the linearized motion. Complex, unit-magnitude
eigenvalues imply that the fixed point is elliptical, and the argument of these eigenval" e s determines the rotation rate about the
island center. In the small-island approximation, this rotation rate depends on the island width and the shear of the underlying
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integrable system. The off-diagonal elements of the tangent map, suitably averaged
over the iterates of the fixed point, give the
shear. Thus, from the tangent map we are
able to deduce the island width.
This method has been implemented in
the stellarator design code, EFT (IntegrableField Torsatron). This method was used to
analyze the buss work2 islands of ATF. 3
These islands are moderately well separated.
This comparison shows that this method of
calculation is accurate to approximately 20%
for this case.
Return map and fixed points
The systems we are considering are assumed to be mo-fold symmetric in the
toroidal angle to lowest order. Breaking of
this symmetry is due to small effects such as
coil errors and the ambient magnetic field.
The magnetic field-line map is generated as
follows.
One begins' at some point
X = (R,Z) in a particular poloidal plane defined to be (p = 0. From this point, a field
line is followed by numerically integrating
the field line equations until (p = 27r/mn. At
this value of cp, the poloidal position is Fo =
( F O R ( R , Z ) , F O Z ( R . Z ) ) . This defines the
map for the first period of the torus. There
are mo such maps, one for each of the periods of the torus. If the periodic symmetry
is exact, then these maps are identical.

order fixed point, X Q , is a solution to
F n (Xo) = Xo with n = k. In the nonsymmetric systems, a kl^-order fixed point is a
solution to F n (Xo) = Xo with n = kmo(Note that symmetry breaking may change
the order of a fixed point.) In either case
such fixed points may be found by
Newton's method. Once the fixed point is
found, its iterates, defined by
Xi+i = Fi(X0 may be obtained.
Motion of points near the fixed point is
governed by the tangent map,

II.

J

We define the partial composition of the
tangent maps via T^ s i , the identity, and
T k E = T k T k l . Composing the tangent
maps, Mo=Tn_i»Tn-2»...#To, for the entire
closed field line yields the motion of nearby
points around the initial point of the closed
field line.
This tangent map has been extensively
studied. (See, e.g., Ref. 4.) When islands
are small, the residue, ^.= [2 - Tr(Mo)]/4, is
small. This provides the basis for elimination of islands in three-dimensional systems. The angular rotation about the elliptic
fixed points, those with 0<.^,< 1, per n
A fixed point of the map is the intersec- mappings is given by
tion of a closed field line with the surface
= arccos(l (1)
(p = 0. To find fixed points we first introduce the composed map,
The motion of points near the fixed point
has a quadratic invariant,5 5X»Wo»5X,
F"(X) H; F ^ C F ^ C . F o C X ) . . . ) ,
where Woij=j[(Mo»J)jj + (Mo*J)ji], and J
in which the convention, Fi + m o = Fi, is is the fundamental symplectic matrix, J =
used. In the mo-symmetric systems, a klh- (_j 0 )• Diagonalization of Wo yields the

principal axes of the elliptical invariant
curves. The corresponding eigenvalues are
WOJ. and won with WOJ. being the larger in
magnitude. (In the limit of vanishing island
the perpendicular direction is perpendicular
to the flux surfaces.) We denote the corresponding unit vectors by e o± and coilIII. Single-resonance model
Field line flow is a Hamiltonian system.6 Thus, to understand the perturbation
of flux surfaces away from the ideal nested
case, it is sufficient to study perturbed
Hamiltonian systems. The single-resonance
model for perturbation of a Hamiltonian
provides an accurate description of the
major islands in a perturbed Hamiltonian
system when the neighboring islands are far
from overlapping the island being considered. In this model, the Hamiltonian is
H = H0(Y) + e(v) cos(/e - imp- £(D), (2)
where \jr is the momentum variable, 8 is the
angle variable, and 9 is the time. The first
term in this Hamiltonian is the integrable
piece, which corresponds to the system with
perfect flux surfaces. The second piece
induces islands. [In general, the cosine in
(2) may be some other periodic function.
However, typically the lowest harmonic is
dominant, so that only the cosine is
needed.] This Hamiltonian (2) has been
extensively analyzed.^ Given the limitations
of space we simply state the results of this
analysis.

t r =ra//'. The resonant value of the momentum (or flux) variable, \j/ r , is the value at
which the unperturbed motion is in resonance with the perturbation, i.e.,
i(Vr) - ~HT^ (Yr) = *r- Without loss of
generality it is assumed that e(\|/r) > 0.
The width of the island for the Hamiltonian (2) is found by calculating the width of
the separatrix. The standard calculation
yields the full-width, A\|/ = 4leA'l 1 / 2 , the
extent of the separatrix at the o-point, in
terms of the resonance amplitude and the
shear, i'(I r ). The frequency of rotation
about the o-porit is found by linearizing the
motion near the o-point, and diagonalizing
the appropriate matrix. This procedure give
a frequency, 8 = fle(\|/r)t'(Yr)l^ 2 » f° r
oscillation about the o-point. From this
relation and its predecessor, the amplitude
of the perturbation may be eliminated to give
A\jr = 4 8/fli'(\|/r)l. This is the width in the
flux variable x\r. To obtain the width, s, in
distance, we use must divide by the gradient
of \\f. This gives
s =A\|//|V\|/l =

(3)

Thus, we have the island width in terms of
the shear and the rotation 8, which can be
calculated from the residue via Eq. (1).
IV. Calculation of the shear
The basic idea of the shear calculation is
that the tangent map has the form,

Mo=IV\|/l2e o±e 01 +1 Vill V01 e o||e 01 +
Because the Hamiltonian depends on the
IV8l2eo||eo||,
angles only through the combination,
T[ = 9 - mcp/£ phase-space structures, such
to lowest order in the perturbation. Thus,
as the island, must have this same depenby taking the appropriate element of the tandence. This implies that such structures
gent map and averaging to obtain the angle
move (0 = tr(p + 9o) with the velocity,

gradients, one finds the shear. The averag- second-order islands significantly.
ing over the surface is replaced by averaging
40 r~,
.
over the iterates of the fixed point, which to
lowest order are equally spaced in the flux
^
V v (1.0,1.4)
angle. (This approximation assumes that
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the order of the fixed point is large.) Here
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in which C is the circumference of the polygon defined by the iterates of the map and
B-fk is the toroidal field at iterate k. Combination of Eq. (2-4) yields the island width in
terms of the tangent map.
V. Comparison with the buss work
islands of ATF
A surface of section for the buss work
islands of ATF is shown in the figure below. We have calculated the island widths
using two methods. The results of these
two methods are the ordered pairs in the
figure. The first of the pair was obtained by
the direct method of measuring the width of
the island across the o-point from the surface of section. The second was obtained
via the calculation outlined here.
This comparison shows that the larger,
second-order islands are obtained to within
5% by this method, while the smaller, thirdorder islands are obtained to within 30%.
Likely, the calculation of the third-order islands is less accurate because the presence
of the large second-order islands is beginning to make the single-resonance approximation invalid. Conversely, the smaller third-order islands do not affect the
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VI. Conclusions
We have presented a method for calculating island widths using only that information obtained by integrating along the
closed magnetic field line at the center of the
island. Thus, our method is much less calculationally intensive than the standard
method. Our calculation predicts the island
widths produced by the buss work of ATF
to at least within 30% accuracy even though
these islands are within a factor of two of
overlapping.
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