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INTRODUCTION

Let ft be a o-finite measure space with measure denoted by tit. A nonlinear integral
equation of Hammerstein type on Q is an equation of the form
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where we seek a real-valued function u on ft which satisfies the relation (1) for a given kernel
K(x,y), nonlinear function /(]/,u) and a given inhomogeneous term / . In operator theoretic
forms, the problem of determining the solutions of (1) with u lying in a given Banach space of
functions defined on ft can be put in the form of a nonlinear functional equation
AN APPROXIMATION METHOD FOR NONLINEAR INTEGRAL EQUATIONS

u + KNii = / ,

(2)

OF HAMMERSTEIN TYPE •
with the linear and nonlinear mapping K and N given by,
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ABSTRACT
The solution of a nonlinear integral equation of Hammerstein type in Hilbert spaces is
approximated by means of a fixed point iteration method. Explicit error estimates are given and,
in some cases, convergence is shown to be at least as fast as a geometric progression.
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Kv(x) = / K(x,y) vi.y)dy,
Ja

Nu(x)

(3)

We note immediately that several problems that occur in differential equations - for instance, elliptic boundary value problems whose linear parts posses Green's functions, can, as a rule,
be transformed into Hammerstein equations (see e.g., [24]). Moreover, operators of the Hammerstein type (i.e., operators of the form / + AB) play a crucial role in the study of feedback control
systems (see e.g., [16]). Hammersttin equations have been studied extensively by various authors
see e.g., [1-9], [12], [16.17], [20-22], [24,25].
If X = H, a HUbert space and K = I, the identity operator of H, the Hammerstein
Eq.(2) reduces to
x + Nx = f.
(4)
Eq.(4) has been studied extensively by several authors under some monotonicity and continuity
conditions on /V (see e.g., [10], [11], (13], [18], [19]). When a solution to Eq.(4) is known to exist, iterative methods for approximating such a solution have been studied by various authors. In
this connection, W.G. Dotson (18], proved that an iteration process of the Mann-type [23], under
suitable conditions, converges strongly to the unique solution of Eq.(4) when JV is a Lipschitz and
monotone operator (defined below) with Lipschitz constant 1. This result has been extended by
one of the authors [11], to mappings with Lipschitz constant L > 1. Recently, R.E. Bruck Jr. [10],
obtained a solution of Eq.(4), under certain conditions, as the limit of an iterati vely constructed sequence in a Hilbert space when N is a multi-valued monotone operator. No continuity assumption
was imposed on JV. This result has also been extended by on of the authors [13], to L p spaces,
p>2.
For the more general operator Eq.(2), although several existence theorems have been
established under various monotonicity and continuity conditions on K and N, there arc very few

results in the literature on methods for approximating a solution to Eq.(2) when one exists. Recently,
for X = H, a Hilbert space, one of the authors [12], proved weak convergence theorems for Eq.(2)
using some welt-known fixed point iteration methods*
It is our purpose in this paper to prove strong convergence theorems for Eq.(2) in Hilbert
spaces, by using a fixed point iteration process of the Mann-type (see e.g., [23]). Explicit error
estimates will be given and, in some cases, convergence will be shown to be at least as fast as a
geometric progression.

Mann iteration process has been studied extensively by various authors and has been successfully
employed to approximate solutions of several nonlinear operator equations in Banach spaces when
these equations are already known to have solutions (see e.g., [10], [II], [12], [13], [18], [19]). The
following two theorems will be required in the sequel:
Theorem D (Dunn, [19] p.41) Let ft, be recursively generated by
A»i *=(>with n > 1, ft > 0, {«„} C [0,1). and

2.

PRELIMINARIES
ml

For a Banach space X we shall denote by J the normalized duality map from X to 2 •*'
given by
Jx - {%* e X": Ili'll2 = llsjl2 = < x,x' > .},
where X' denotes the dual space of X and <, > denotes the generalized duality pairing. It is well
known that if X* is strictly convex, the J is single-valued, and if X* is uniformly convex, then J
is uniformly continuous on bounded sets.
Let H be a Hilbert space. A mapping U : H —* H with domain D( CO in H is called
hemicontinuous [15, p.98j if t / ( i + tny) -^-* U( x) as tn —* 0 + , where -2-* denotes weak convergence. It is easy to see that linear maps as well as continuous maps are hemicontinuous.
A mapping [/, with domain D( U) in H, into H is called monotone if for each x, y in
< Ux- Uv, x-y

> £ 0,

Then pn > 0 for all n > 1, and ft, -* 0 as n -» oo.
For the next theorem, we shall need the following definition: Let N be a mapping of a
Banach space X into its dual space, X*. N is called coercive if (< u, JV(u) > /....) -* oo as
||u[| -* oo, where <, > denotes the duality pairing.
Theorem' (Browder, de Figueiredo and Gupta, [9] p.702) Let X be a reflexive Banach space,
A a hemicontinuous monotone mapping of X* into X, N a coercive hemicontinuous monotone
mapping of X intoX*. Then for every u in X, the equation u+ AJV(u) = u> has a solution in X.

3.

MAIN RESULTS
We now prove the following theorems:

and U is called strongly monotone with constant X > 0 if, for each i , y in D( U),
< Ux - Uv, x - y > > X||a; - j / | | 2 .

Theorem 1 Let H be arealHUbert space and let C be a closed bounded convex nonempty subset
of//. Suppose,
(a) N : C —» C is a Lipschitz strongly monotone map with constant X > 0,

In the sequel, we shall be concerned with an iteration process of the Mann-type described as follows:
The Mann Iteration Process (see e. g., [ 14], [ 19], [23]). For a convex subset K of a Banach space
X, and a mapping T of K into itself, the sequence {ziJS^o in K is defined by,

(b) K : C —» C is a hemicontinuous strongly monotone map with constant ;i > 0.
Let M = K~x + N and define S : C -» H by
Sx= K-*f + x-Mx,xeC,
for some fixed / in the range of K.

io 6 if,

Let {Cn}™0 be a real sequence satsifying: (i) 0 < CB < 1 for all n, (ii) £ Cfl = oo,

«, n > 0 ,
where {Cn}™o is a real sequence satisfying: (i) 0 < C < 1 for all n, (ii) Urn C = 0 ,and (hi)

and (iii) £ C\ < oo. Then the sequence {Zn}™0 in H defined by i 0 e C,

n—*oo
oo

oo

53 Cn = oo. In applications, condition (iii) is sometimes replaced by 52 Cn( 1 — C n ) = oo. The
O

0

n, n > 0 ,

(5)

A standard argument (see e.g. Dunn 119], Chidume 114]) now yields that pn —> 0 as n —> oo. For
completeness, however, we sketch the details of this argument here. Inequality (8) and a simple
induction yield:

where {£»}!£<) in C is such that for each n > 1,

0<pB<A2aBhn>l>
converges strongly to the unique solution of the Hammerstein Eq.(2).

where o B > 0 is recursively generated by

Proof: Observe first that since N is Lipschitz, it is hemicontinuous. Also the condition
< if i , a: > > n\\x\\2 implies K is coercive. So, the existence of a solution to Eq.(2) follows
from Theorem*. Furthermore, K~x exists, is Lipschitz with Lipschitz constant /J~' and satisfies
< K~lx,x > > n^WK^xW2 for each x G R{K). Moreover, S is Lipschitz with constant
l>s < LN + X~l + 1, where LN denotes the Lipschitz constant of N. Observe also that,

< Mx~My,x-y

>=<

(9)

-y > + < Nx - Ny,x - y >>>-\\x-y\\2

so that,

a.n-1 = (1 - 7 B )a B + C\, ai = 1,
and

A1 = max{pi,d2}.
Moreover,
7B

= 1 - (1 - \C B ) 2 = H2 -

\Cn)Cn,

so that using conditions (ii) and (iii) we obtain:

Sx-Sy,x~y > =

(6)

Let q denote a solution of the Hammerstein Eq.(2). Then q is afixedpoint of 5. Let R : H —* C
denote the proximity map, i.e., R is the map which assigns to each x G H the unique point of
C nearest to x. Then R is nonexpansive (i.e., \\Rx — Ry\\ <, \\x - y|| for each x,y in H, see
e.g. [IS]). Starting with x 0 € C. we obtain Sxo in H and so compute Za in H by the relation
ZQ = (1 -Co)xo +COSXQ- Then xi = R(Z0) lies in G. Using this n we can compute Z\ in
H by Z\ = (1 - C\) si + Ci Szi. Let 12 = H( Z\). Continuing this process, we generate the
sequence {2«}™0 m ^ - Observe that for u > 1,

m.0

Furthermore, J^ CB < oo implies lim C = 0. So, we can choose a positive integer No sufficiently large such that for all n > Wo,7B G [0,1]. Fort > J. set ft = a
OO

£

2

oo

cf, = 551
1 ^v«+t < °°- '

i-i

ti
t-i

l men

M l

( | = CJVO+(, so that

follows from Theorem D that aa —> 0 as n -» oo. Inequality (9)

now yields pn - t O a s n - t o o s o that
the theorem

}BSo converges strongly to q, completing the proof of

a
Using (5) and (6) we obtain

IIS- - flll2 = IK 1 - C.)(Xn - 9)
= ( 1 - C n ) 2 ||i B - q\f + (S||S*. - Sqf
+ 2CB(1-Cn)<
Sxn-Sq,xn-q

Remark 1 It is a consequence of the proof of Theorem 1 that under the hypothesis of the theorem
the solution of the Hammerstein Eq.(2) must be unique. The element q g F ( 5 ) , where F(S)
denotes the set of fixed points of S (and hence the set of solutions of the Hammerstein Hq.(2)), was
arbitrarily chosen. Suppose now there is a g" G F(S) with q* j q. Repeating the argument of
Theorem I relative to q*, one sees that {Zv}^0 converges to both q and q*. showing that F(S) =
There are particular choices of the real sequence {CB}j|2o and an alternate method which
yield the conclusion of Theorem 1 with the additional information of an explicit error estimate.
Moreover, the boundedness assumption on C is not needed with this method.

where we have added (1 - \)2Cl ||i B - <j||2 to the RHS of (7), and have set d = Ls sup \\xn - q\\.
Now, set fin = \\Zn-i - all2, I — 7, = (1 - ACB)2 to obtain.

Theorem 2
Let C be a closed convex nonempty subset of a real Hilben space H and lei
K, N, M, S and q be as in Theorem 1. Let the sequence {2«}™0 be as in Theorem 1, where
the real sequence {C}So satisfies
(i) 0

— I ) ' 1 foralln>0,

*

._.._. '£_ _ .

._*_

JLSL

In this case, we obtain, as in the proof of Theorem 2,

(n)
Then {Zn}™0 converges strongly to the solution of Eq.(2). Moreover, if C, = X( L | + 2 X - 1) - '
for all n > 0 , then
||Z B -<j|| < fi^UZo - q | | ,

and the conclusions of Theorem 2 still hold.

where
Proof The existence of a unique solution q, for Eq.(2) follows as in Theorem 1. Moreover, a
computation similar to that in the proof of Theorem 1 yields,

||Z« - fllP < [(1 - O,)2 + 2( 1 - X)CB( 1 - C ) + L\Cl\ ||Zn-i - flip
= [l - { 2 X - ( L | + 2 X - OCJcJllZ,-) -<?|P,
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so that using condition (i) we obtain

i.e.,
Iterating this inequality from 1 to N, and using condition (ii), we obtain

\\Zn-q\\2 <exp(-~\f2Cn]\\Z0-<}\\2 ^0

as JV-.OO.

Hence, {^«}^o conveys strongly to g.
If G, = X( L | + 2 X - 1) -' for n > 0 then inequality (10) reduces to
P . - all1 < {1 - X * j

2X - l ) - 11

#

so that a simple induction now yields:

where S is as defined. This completes the proof.

•
Remark 2 IfC = H in Theorem 2, the approximation method reduces to the following Mann- type
iteration scheme: i o e / / ,

=d -

n, n > 0 .
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