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ABSTRACT

For a large class of effectively closed surfaces, it is shown that the only divergences in
string scattering amplitudes at each order in perturbation theory are those associated with the coingi-
dence of vertex operators and the boundary of moduli space. This class includes all closed surfaces
of finite genus, and infinite-genus surfaces which can be uniformized by a group of Schottky type.
While the computation is done explicitly for bosonic strings in their ground states, it can also be ex-
tended to excived states and to superstrings. The properties of these amplitudes lead to a definition
of the domain of perturbation theory as the set of effectively closed surfaces. The implications of
the restriction to effectively closed surfaces on the behavior of the perturbation series are discussed.
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String scattering amplitudes can be calculated by summing over all possible histories
between initial and final states, with the world sheets swept out by the strings being Rie-
mann surfaces. There has been considerable interest in the properties of these surfaces that
are needed in the scattering amplitudes, because they are directly related to the duality
and the ultraviolet finiteness of string theory. Divergences do occur in the amplitudes,
of course, but their sources can also be understood within the context of Riemann sus-
face theory. First, there are physical singularities associated with coincidence of vertex
operators on the world sheet. Second, there are infrared divergences for bosonic strings
when tachyon and massless dilaton states propagate in long thin tubes, which arise from
pinching a surface at or between the handles, a process that corresponds to approaching
the boundary of moduli space. Recently, another potential divergence in string perturba-
tion theory has been revealed by introducing a genus-independent cut-off in moduli space.
Gross and Periwal ! find that even with this cut-off the series may still diverge, as the ¢**
order contribution to the bosonic string partition function grows as ¢%g!

Since the basis of string theory is the perturbative expansion of the S-matrix, infinities
are particularly important for the superstring models. In these models, the tachyon and
infrared divergences can be eliminated by a GSO projection, so that superstring amplitudes
are actually finite at each order in perturbation theory. It is possible that a divergence of
the type found by Gross and Periwal also occurs for superstrings, but the explicit compu-
tation, which would be of considerable interest, has yet to be done. Moreover, even though
it is widely believed that string theory requires a more complete formulation including non-
perturbative effects and a mechanism for selecting the correct ground state, this would not
ultimately diminish the significance of divergencea in superstring amplitudes. A realistic
theory containing the standard model in the low-energy limit should allow for consistent
perturbative calculations, at least in the weak-coupling region. It would therefore be es-
sential to identify all sources of divergences in such a theory, and the aimn of this paper is to
investigate a new class of string scatteting amplitudes, which conceivably could introduce
a new set of infinities, but actually leads to the same types of divergences found in other
amplitudes.

The on-shell amplitudes derived from the Polyakov path integral involve an integration
of the positions of the vertex operators on world sheets of arbitrary topology. While the
sum over histories usually consists of evaluating disgrams with only a finite number of
handles, it couid also be extended to surfaces of infinite genus, as Friedan and Shenker 2
proposed, for example, when they formulated atring theory in terms of the geometry of
a universal moduli space. Indeed, it will be shown in this paper that thete are several
reasons for including a certain class of infinite- genus surfaces in the sum over histories.
These are the surfaces that can be regarded as effectively closed and thus most resemble
the closed finite-genus surfaces occurring at finite orders in perturbation theory. Effectively
closed surfaces can be precisely characterized by their {ideal) boundaries, which must have
Hausdorff dimension lesa than one, and they have several distinctive properties that will be
investigated here. From an analysis of scattering amplitudes and physical considerations,
one is naturally led to the following conciusion: string perturbation theory gives rise to
a weli-defined domain in the space of Riemann surfaces, and this domain is the set of
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effectively closed surfaces.

Let us begin by recalling that the scattering amplitude for N closed bosonic strings
at finite order g in perturbation theory is given by an integral over a compact Riemann

surface of genus g
/ I1 5 Vo (iter)- Vo) (1

followed by an integral over moduli space M, 3. When the strings are in their tachyonic
ground states, the vertex operators are V(x.) = i X(%} p? = 8 and after normal
ordering, the integral (1) becomes
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i<y

where 1 1
GV, 2;) = G"™(,2;) — EG(Z-'-"E) - EG(’:‘-‘:') (3)

with G*¥™(z;,z;) being the Green function for the scalar Laplacian, symmetrized with
respect to &;, 2;
Gleinz;) = limus, G2, 2)) — fogd(z, 2] (4)

where d(z;, z{) is the distance between 2; and 5!, The subtraction in (4) is clearly deter-
mined by the metric in the neighborhood of z;, and under local rescalings of the metric,
the changes in the exponential terms in (2) are cancelled by those in the area elements,
8o that the entire expression is conformally invariant . On any closed surface, it follows
from Stokes’ theorem that the Green function for the scalar Laplacian doea not exist when
there is a single delta function source. A solution can be obtained, however, when a second
source of the opposite strength is placed on the surface. Therefore, o Green function can
be defined, but it will depend on the position of three, and even four, points, if the value
at P iz measured with respect to the value at some fixed point Q. Denoting the Green
fanction by Ggs(P, R), one easily sees that

GQso(P,R) = GQS(P,R) + Gqsr(P,S)

5
Ggs (PR} = GJF(P.R) + %quc(}’. R) + -;-Gqsr(R,S) (%)
by adding a negative charge at § and a positive charge at 5’ to the surface in Fig.1.
Equation (5) gives the depsndence of the saymmetrizsed Green function on the position of the
Dositive charge, Upon substituting Gge(P, R) in (3), ona finds that G**™ s independent
of 5. Similarly, it is independent of Q, which is even more cbvious, since the inclusion of
Q in the Green function is convenient but not necessary. As G**™ depends only on P,R,
the integral (2) is well-defined.

It might appear that a aingle source would suffice on open surfaces. However, non-
existence of the Green function with a single source defines a class of manifolds customarily
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denoted as Og &, which includes not only all closed finite-genus surfaces, but also many
surfaces of infinite genus. They correspond precisely to the effectively closed manifolds with
boundaries of zero linear measure, which can be best characterized by the uniformization
theoremn. Any surface of genus g > 2 has the unit disk U an a simply-connected covering
and is homeomorphic to [U-{limit points of G}|/G, where G is the uniformizing Fuchsian
group. If G is a Fuchsian group of the first kind, the fundamental domain has no border
arc on the unit circle, and the ideal boundary, which is the complement of the set of limit
points on the circle, factored by G, has zero linear measure.

Thus, for surfaces of type Og, it is necessary to add a second source of opposite
strength to obtain a Green function. By a well-known theorem on Riemann rurfaces 8,
there always exists a function with the correct logarithmic behavior at the singularities
which is harmonic and square-integrable outside a neighborhood of these singularities, An
explicit formula for the Green function on compact surfaces can be given in terma of prime
forms. Alternatively, one can use the representation of the surface as D/, where D is a
domain in the extended complex plane and I is a discontinucus subgroup of SL{2,C) leaving
D invariant 7, and then apply the method of images. In addition to the uniformization by
Fuchsian groups, any closed surface of genus g can be uniformized by a Schottky group,
which is the free product of g infinite cyclic groups generated by linear transformations
Ty Ty Lt Toz = -‘_‘-;::—E%_l.n = 1,...,g, and define the isometric circle of T, to be
Ir, = {2€ CUm!|-r,.:+ 6,] = 1} . The transformation 7,, maps the outside of Ir, to the
inside of Ipo1 and joins the two isometric circles to create a handle, provided the circles
{(Ir.. Ir 1),n = 1,...,g} are disjoint. Since I' mapa any point outside the 2g circles to
points inside the circles, the exterior of the circles is taken to be the fundamental region of
I’ and is homeomorphic to the Riemann surface. The sources at R,S lie in the fundamental
region and their images under I' are inside the circles. The Green function should be

invariant under T and it straightforward to show that °

2p —~ Vizp xg — Vizs
tp — Vizg 39 — Vizp

Gos(P,R) = E In

~ 3 E Re{vm(2p) — vm(2q)}(Im7)  Re{un(zr) — valss)}  (6)

m,nx}
va(z) = E ) In (:——:%g—:) vp(z) — va(Tnz} = 2xiry,

i

where the V; are arbitrary producta of the generators T, ..., T, with i iabelling the ¢lements
of T, £1n, 824 are the two fixed points of T,,, and }:}"’ represants the sum over all V; that
do not have T¥! at the right-hand end of the product, The first sum in (8) is the expected
contribution from the sources at R,S and their images, while the second term is required
to make the Green function single- valued.

While P,Q,R,S are bounded away [rom the isometric circles, both terms in (6) are finite
if the Poincare series 3°,,; |7:/™? is convergent. The series has been proven to converge
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when the parameters of the transformations T;, satisfy certain inequalities 19, It has also
been shown that the series does not converge for all Schottky groups. Even when the suma
in (6) are not finite, however the formula for the Gzeen function in terms of prime forms
demonstrates its existence on all compact surfaces.

Now suppose that I' has an infinite number of generators. The domain D is usually
taken to be the set of ordinary points of T, so that z € D if there is a neighborhood N, such
that ¥;z ¢ N, for all V; # I. If this domain is disconnected, D/T may be the union of two
or more Riemann surfaces. To obtain a single surface, it sufficient that D be connected,
and this property will hold if the fundamental region is connected. The surface will have
infinite genus if the fundamental region has an infinite number of boundary components.
It is interesting to note here that there are examples of infinitely generated groups I’ for
which the isometric circles cover almost the entire complex plane, the fundamental region
has a finite number of boundery components, and D/T is a surface of finite genus ..
These are exceptional cases, however, and, in general, an infinitely generated group gives
rise to an |nﬁmte-genus surface. The precise requirement for D/T to be an infinite-genus
surface is that > 1+ ¢ for all n and some ¢ with d, being the distance from the center
Ir, or Ip-1 to a.ny of the other circles, and r, being the radius of I+, 2. The simplest
example involves an extension of the Schottky group for which the isometric circles are
non-overlapping and can be joined pairwise to create a sphere with an infinite number
of handles. As the handles accumulate at some point on the aphere, this point must be
removed to obtain a manifold (Fig.2).

Since the surface can be represented as D/T', where I' is infinitely generated, the
method of images can be used again to obtain the Green function. The ﬁ.mtenm of the
expression which depends on the convergence of the Poincare series T, |:|~?, is more
difficult to prove when T is infinitely generated. Let us first recall Burnside's proof of
convergence for Schottky groups with generators T}, ..., T,. As the elementa of the group
are products of the fundamental transformations, they may be classified according to the
number of factors in each product. Thus the first set consists of 2g elements, the second
set consists of 2g(2g-1) elements, and so on. The action of each T, can be expressed in
terms of its two fixed points £1,, f2n

Tas = 6in _ . 2~ €ia
Taz - £2n B an — fan (7)

where K, is the multiplier of the transformation. Burnside 1? showed that if the absolute
values of the multipliers, | K|, ..., | K|, are sufficiently large, the ratio of Ml to vyl
is bounded below, where ¥1),¥(i41) refer to parameters af any transformation in the It*
and (I + 1)*" sets respectively. Suppose ]—”—*—ul > k and the lower bound for |1, ..., |1n]

T
is |4]. Then it follows that "

¥ it < h["[zg ¢ D) GeoIF (8)
T3}

which is finite if £% > 29 — 1.

Although the argument cannot be applied directly when g = oo, it may be modified
to obtain a convergence proof in this case as well. Note that |y;{~! is the radius r; of the
isometric circle Iy, = {¢€ C| |2 + &| = 1}. The firat term on the right-hand side of the
inequality in (8) thus represents the sum of the square of the radii of the isometric circles
{Ir., I,.-:} No distinction is made between these radii in Burnside’s proof. However, if
one chooses r, — 0 sufficiently fast as n — co (Fig. 3), the first term becomes finite. A
similar calculation for the higher-otder terms leads to the following theorem.

Theorem 1. Let I' be a discontinuous group acting on the complex sphere with an
infinite number of generators {T,} that have non- overlapping isometric circles. If the
distance between the circles s bounded below and t.he distance between Ir, and [y..a I

bounded above for all n the Poincare series z,“ I |%|~? converges if the radii r,, decrease
to zero rapidly enough as n -+ oo,

Proof. Let Ky, £1a, 2n be the multiplier and fixed points of T,,. From equation
7,

3 -4 - )
_ Ki — Ka - fanKn® — EinKa
Tn = fan — Ein fan — Cin 9

Suppose V; is some product of the generators and Vi, = T,,V;. Then

T _ W - xt H—fin P Sam— 31
“Ti 1-'10' + 6 K e?» Ell + e "Eln (10)
so that a
2] > (Ralt = al [ Z2 ~ 1 (1)

As T;! cannot be the leftmost member of V;, and since the isometric circles are non-
werla.ppmg., I,,—l Ulr, = 0. The point —1 lies at the center of I,, 1 and so it is not inside
Ir,. The fixed pomta Etn, Ean are in IT.,IT—; respectively and l.hus 15t -¢ |..| is bounded
(l.

t —Gl and

below and |£3,, — 1] is bounded above. Define ¢ to be the lower bound for

¢’ to be the upper bound for |€3, — 1) If Hf..li = eyn? +¢; it is straightforward to show
that |7.| > £n7 and I-"—*—'-I > ¢eyn?, provided 3 > 1 4 1 The following bound can then
be placed on the Poincare series
2 1 2 & 1Y
-2 7 '

Z"Tl < 1? E:Z-E;‘,—q'f-(a;z;;) + ... (12)

s#l n=1 n=1
which converges if ¢} > E In terms of the radu of the isometric circles, the
sum is finite if r,, falls off faster than 7:&'-—11 9, withg>1 3

2¢(2¢)
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While convergence of the Poincare series implies that the firast term on the right-hand
side of (6) is finite, the second term could lead to further conditions when g = oco. In
particular, the imaginary part of the period matrix, Imr, has an inverse if it is symmetric
and positive-definite, properties which follow from the period relations for finite-genus

surfaces °.
wor-flofe-fofd w

where w,o are harmonic differentials and the cycles Ay, By represent s cancnical homology
basis. Theae relations can be generalized to open manifolds '3, including infinite-genus
surfaces. While the generalized relations involve an extra boundary term, this vanishes
when the ideal boundary has zero linear measure, and the relations reduce to the usual
form (13) for surfaces in the class Og. The next theorem is needed to show that /T is

in Og.

Theorem 2. If I' is a group of Schottky type, with either a finite or infinite number
of generatora, whose isometric circles are non-overlapping, and D is the set of ordinary
points in the extended complex plane then D/T' is a Riemann surface in the class Og.

Proof. Let us begin by recalling that f I is a finitely generated Schottky group with
non-overlapping isometric circles, then D/T is a closed finite-genus surface 4, which is
certainly in Oq. The theorem, then, only has to be proven when I' ia infinitely generated.

The first step is to note that a better understanding of the classification type of a
Riemann surface can be achieved by passing to its vniversal covering rather than the in-
termediate Schottky covering. A surface is in O if the uniformizing Fuchsian group acting
on the unit disk is of the first or second kind (Fig. 4), which in turn is equivalent to the di-
vergence or convergence of the associated Poincare series !5, Therfore, given the Schottky
uniformization of a Riemann surface, one would like to find the corresponding Fuchsian
uniformization to determine whether the surface is in Og. To obtain explicitly the parame-
ters characterizing both the Schottky and Fuchsian uniformization of a surface is a difficult
problem !¢, but it will now be shown that the existence of a Schottky uniformization is
sufficient to imply that the Poincare series for the Fuchsian group diverges.

Recall that if Ay, By,..., Ay, By reprment a canonical homology basis on a finite-genus
Riemann surface, the Schottky group is I' = (B,,..., B,} while the Fuchsian (or funda-
mental) group is G = {Ay,..., 45, By, e +BolA1B1AT By LA, ByAZ Bt = 1). While
the fundamental group is not free for finite g, there is a na.tural projectmn from G to [
7 by mapping the generators Ay, ... Ay to the identity, and it is clear that every word
T €T has an infinite number of preimages in G, {i‘,-}. When g is infinite, I is again a free
group generated by transformations associated with the B-cycles. The representation of
the fundamental group given above also has an obvious generalization, but scme care must
be taken with the defining relations among the generators, as they customarily involve
equating words of finite length with the identity. Nevertheless, the intuitive picture of the
fundamental group is supported by the following result about open surfaces: the funda-

7
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mental group of any subsurface, with compact closure, of a connected C* open Riemann
surface is a free group generated by transformations corresponding to the A- and B-cycles
contained in the subset 2. There is then a projection from this fundamental group to a
finitely-generated subgroup of the Schottky group which can presumably be extended to
a projection from G to T, although it will be sufficient to consider the finitely-generated

subgroupa to prove the theorem.

Since the Riemann surface is homeomorphic to D/T ~ J-J/ G (f) being the complement
of the set of limit points of G in the unit disk), given a coordinate neighborhaod N of a point
z on the surface, there exist neighborhoods Ng of £5 and Ny of zi7 in the fundamental
domains for T and G that are homeomorphic to N. Let $4 be the homeomorphism from
Np to Ng and define ¥; to be the homeomorphism from T;Ny to TNg, so that T2y =
@' . T -®,(zi;} = 8" - T{zs). This relates the action of the Fuchsian group on the unit
disk with the action of the Schottky group on the Schottky covering surface and also leads
to a relation between the Poincare seriea for the two groups. For a word T € T', & minimal
set of elements {T;} in G which project to T is obtained by adding to T transformations
corresponding to the A—cycles. It is clear that the preimages of words of finite length in I’
form disjoint sets in G, so that the Poincare geries for G can be written as

Y [Pl = 3 Y vl = 3 3 197V (Te(zu)) ()T (25)]  (24)

fea Ter i Ter i -

{Recall that 3op.p [T¥(23)] = L rap [129 + 6/ 73. Convergence of this series is equivalent
to convergence of the series in Theorem 1 provided sz s bounded away from the centers
of all of the isometric circles, which holds true when 2g liea in the fundamental domain
of the Schottky group.) We first wish to consider the summation over i in (14). Fix T to
be a word of length N; and suppose that T; is & word of length N, + N3 which projects
to N3, where N, is the number of generators corresponding to the A-cycles. As the limit
points of the Fuchsian group G lie on the unit circle, the neighborhood T; Ny is near the
boundary and decreases in Euclidean size as N3 becomes large. It would seem then that
in the limit as N3 — o0, T/(2y) — 0 and the sum in (14) could converge. However, it
easy to show that a lower bound of ¢¥*|T*(25)|, ¢ < 1, can be placed on the decrease of
T'(zu} with the length of the word. Moreover, the number of irreducible words of length
Ni 4+ Nj in G which project to T is 2g{2g - l)""‘l%‘iw"-’-’l where ¢ is the number of
A-cycle generators that have been added to T. The -implut way to define g In to take the
smallest compact subset of the Riemann surface whose fundamental group projects to the
minimal sybgroup of I" containing T. This is not required, however, as the addition of an
arbitrary number of A-cycle generators to T gives a free subgroup of G. It is convenient
therefore, to choose g a0 that 2g—1 > 1. Since Ny > 1,

Y [ #(zw)| > E (Na+1)| Y |T'(2s)| (15)

Tec N3=0 TeT

From (15), it is clear that regardless of whether the Poincare series for the Schottky
group I converges, the series for the corresponding Fuchsian group G will always diverge.
Consequently, the Riemann surface must be in Og.
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From this theorem it follows that the period relation holds on D/T and the imaginary
part of the period matrix has an inverse. The finiteness of the second term in the right-
hand side of equation (8} can now be easily demonstrated. Let zp be a point on the
isometric circle I, and zg = Tjzp be the corresponding point on IT‘-l. Then

L 3" Relom(Tier) = vmler)} (Imr)zh Re(un(za) - oales)}

o3
= Y (Imr)im (Im7);} Re{va(zr) - va(zs)}
mna=l1
= Re{v(zgr) — vi(25)}

(16)
is finite since the Poincare series for the Schottky group converges. Now note that (16) is
of the form [ ::" J(z)dz for some function f(z). If we take two paths from zp to Tizp, the
result must be the same and given by (16). Then the integral §, f(z)ds over the contour
in Fig. 5 is zero and Morera's theorem implies that f(x) has no singularities in the domain
bounded by C. Since C car be an arbitrary contour connecting the points zp, Tizp, f(2)
has no singularities in the entire fundamental domain, and thus, for any two points zp, zg
in the region exterior to the isometric circles, the second term on the right-hand side of
equation (8} will be finite.

Having established the suitability of the series expansion for the Green function on
these infinite-genus surfaces, we would like to determine its behavior near the isometric
circles, particularly in the region where they accumulate at oo, because the amplitude (2)
involves an inlegration over the entire fundamental domain. While all the image charges
are inside the isometric circles, it is conceivable that they might lie arbitrarily close to the
circles so that Ggs(P, R) could diverge as zp approaches these boundaries. In fact, this
possibility does not occur because of the following proposition.

Proposition. There are no limit points on the isometric circles.

Proof. Suppoee that there is 2 limit point 2z on the isometric circles Ir,. Then
there is an infinite sequence of elements V; such that lim;...V:e = 2y for some 2 in the
fundamental domain {Fig. 6). The points V;z must approach zy from the interiot of Ir,
because they cannot exist in the fundamental domain and the isometric circles are non-
overlapping. It follows that V; must have the form T, 'V for all i. So lim;— o, T V/z =
zg = limiLoV/z = Thzo which lies on I,.- . Smce V! cannot have T,, as its left-
most member, V/r must be in any isometric circle except IT-I- The points {V}} cannot
accumulate at T w20, and so {V,;z} cannot accumulate at z,.

It is obvious that if there are no limit points on the isometric ¢ircles, then the image
charges cannot lie arbitrarily close to circles of finite radius. One may also recall that the
size of the circles has been allowed to decrease to zero, and in this case, the image charges
inside the isometric circles are arbitrarily close to the fundamental domain as the circles

]

approach the accumulation point. In this limit, however, the positive and negative charges
cancel and the Green function remains finite.

Let us now consider the amplitude for the scattering of four closed bosonic strings
in their tachyonic ground state. Recall from equation (1) that the amplitude is supposed
to obtained by integrating over the positions of the four vertex operators followed by an
integral over 3g-3 modular parameters. However, the SL(2,C) invariance of the Schottky
parametrization can be alternatively be used to fix the positions of the vertex operators at
22, 23, 2§, for example *. Denoting the fundamental domain by A, the amplitude becomes

- oz
f(zuzmza)/ d*z, |‘4-‘1| H

oY)
H exp [pls:‘ Re{vm(24) — vm(20)}(Imr) L Re(vafxe) - un(zl)]

zy — Vizl z, Vizy
24— Vizg 20 — Vi2?

{17)

+ (similar factors with 20 — 22,28, py — pa,pa)
where [];; indicates that the product is restricted to one of each pair (V;,V;™') and
f(e0, 28,25} = 125 — 0P~ (e - =?t’-“i"|z2 - P
1-[ = — Viad 2D - V2§ ¥

by — Vi2d 20 — V20

z, ~ V2l 20 — Vizh
23 — Vizd 20 — Vi

‘l»’z.,z:2 Vizd =

- Vizd 23 — V22
I1 e=r ["'8',,”’ Re(vm(23) ~ 0m(=D))(Imr) 2k Re(va(25) — va(25))

(18)

+ P:s;r P Re(vm(2]) = vau(sD)) (Imnr) 2L Re(v,(23) — va(20))

+ BB Re(upn (25) = vm () (Fmr) 2k Re(va(25) — oa(3)

Finiteness of the integral (17) in the neighborhood of 2{, 22, 2 requires that p; - pg, pa-
Pas P3-Ps < 4. Momentum conservation then impliea that p, - p4 + p3-pg > 4. In terms of
the Mandelstam variables, the allowed range is —16 < 8, ¢, < -8,8+t, 8+ u, i +% > —18.
The existence of some range of momenta for which the integral is finite is necessary for
analytic continuation of the amplitude to physical values of », t, u. Since the Green function
Ggs(P, R} only has singularities at zg, 25 the integral {17} is similarly well-behaved and
can be written as

129,23, 22) [A Pry 2y — 2075 o — 22T 2 - 287N 0z, 2) (19)

where ®(z,,%,) is regular throughout the fundamental region . Dividing A into three
disks of radius A about 20, 23, 23 and the remainder of the fundamental domain, the
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integral (19) is
an .
f / d8dzg — 23leg ~ 271~ 7%

.l.—."(l

Z E {zd - '1} (-’4 " 5™ (Jzg - o2 7H™ 2¢ — 23" 0(2,, 1Y) Jo;

=0 m=0
+ (similar terms with 5 — 22,23, p1 — pa,ps} + finite

SRR pantd
= 2'E-A 3
= -—M+2n+2(n!)

+ (a:rmlar terms with £f — 20,23, py <+ pa,p3) + finite
(20)
From (20), we see that poles in the amplitude occur at s, t, u=8(n-1) , n=0,1,2,... corre-
sponding to the tachyon and the excited states.

As mentioned earlier, the full scattering amplitude also involves an integration over
moduli space. Although a precise characterization of the moduli space at infinite genus
has not yet been obtained, it is useful to note that the Polyakov measure can be expressed
completely in terms of the Schottky parametrization. The N-tachyon g-loop amplitude is

x Ky N+3g-3
(4:‘(813)1’)0 (_) )

/ [T @imdamd® Kol K (E1m = o) |11~ Kol
m=1
I * - &2~ [T 1 - 2| ~*%(det Imr)~*2

N o, i s w2l
IEWI';[ ¢ G*™(2,,2.)
(21)

where [[! is the product aver all primitive elements of the Schottky group and x is the
string coupling constant 2°. Equation (21) leads to a natural generalization of the Polyakov
measure for surfaces that can be uniformized by infinitely generated groups of Schottky
type. The moduli space integral would then be infinite-dimensional, of course, and a
regularization procedure would have to be developed so that it can be properly defined.
One of the most obvious features of the formula for the amplitude given in (21) is the
singularity in the coupling constant factor as ¢ — o. The elimination of this singularity
should constrain the type of regularization that can be used. The regularization is also
intimately connected with the divergence found by Gross and Periwal. The cut-off near
the boundary of moduli space that they introduce excludes very emall handles. However,
the size of the handles musat decrease sufficiently fast to zero to place an infinite number on
the sphere. It follows that their cut-off leads to a large-genus cut-off in the perturbation
aeries, which is significant since the bosonic string partition function is expected to grow

AQ, ... N) =

u

(@8)™ (|20 — B1™H™ |24 — 517 B(24,24)}sy=at

as g!. This analysis is based, of course, on the construction of infinite-genun surfaces by the
placement of an infinite number of handles, accumulating at a point, on & sphere of finite
size. By Theoremn 2 these manifolds are in the class Oq, which has also been defined in this
paper as the set of effectively closed surfaces. Conversely, all effectively closed surfaces can
probably be obtained by placing handles on spheres, although this remains to be proven.
The point that is being emphasized here, however, is that the restriction of the domain
of perturbation theory to the effectively closed surfaces may be of crucial importance in
making the perturbative expansion of the S-matrix well-defined.

To conclude, the path integral approach to calculating string scattering amplitudes
involves summing over all possible histories between initial and final states, with the join-
ing and splitting of strings in the interaction region describing handles on a Riemann
surface. Since the interactions take place in a region of finite size, one is interested in
spumming over those surfaces which can be placed in a finite box. It is clear that certain
types of infinite-genus surfaces, such as spheres with an infinite number of handles may
be put in such a bax, and they can be naturally included in the perturbative expanaion
of the S-matrix. This intuitive picture has been confirmed here by the explicit calculation
of & bosonic string scattering amplitude, which has revealed no new types of divergences
arising from the integration of the positions of the vertex operators over these surfaces.
On the other hand, there are other surfaces which do not appear to be part of the pertur-
bation series, because they have an ideal boundary with positive linear measure. If Lhis
boundary is not confined within the finite interaction region, then it will be observed as
an extra string. Thus, although we may begin by describing the acattering of n; strings
into ng atrings, the diagrams containing surfaces with a boundaries of positive linear mea-
sure would correspond to the scattering of n, strings into ng + 1 strings. Whether these
diagrams should be associsted with non-perturbative effects, along the lines suggested by
Friedan and Shenker, has yet to be demonstrated, but they cannot be included in the
perturbative expansion of the S-matrix which mapa n; initial states into ng final states.
The discussion above motivates the problem of precisely defining string perturbation the-
ory. From the computations done in this paper and general physical considerations, one
is led to conjecture that non-compact infinite-genus surfaces, as well as closed finite-genus
surfaces, should be included in the series, but the domain of stting perturbation theory
must be restricted to surfaces that are effectively closed, identified here as belonging to the
class Oc. Not only does this definition have impact on the the behavior of the series, hoth
for bosonic strings and superstrings, but it also provides a starting point for going beyond
the perturbation expansion to obtain a more complete formulation of these theories.
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Figure Captions

Fig. 1: Sources of opposite strength at R and 5 on a closed surface of finite genus.

Fig. 2: A sphere with an infinite number of handles with size decreasing to zero. The
accumulation point of the handles is removed from the sphere.

Fig. 3: Fundamenta] region for a Schottky group is the exterior of the isometric
circles.

Fig. 4: Fundamental regions of Fuchsian groups of the first and second kinds have
border arcs of zero measure and positive measure on the unit disk respectively.

Fig. 5: When the integral of a function around the contour C vanishes, it has no
singularities in the shaded domain bounded by C.

Fig. 6: There cannot be any limit points of the Schottky group lying on the isometric
circles,
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