KEK Report 88-12

o x January 1989
) n

Proceedings of
the Summer Workshop on Superstrings

KEK, Tsukuba, Japan
August 29 - September 3, 1988

Edited by
M. KOBAYASHI AND K. HIGASHIJIMA

o . NATIONAL LABORATORY FOR’
- HIGH ENERGY PHYSICS -



© National Laboratory for High Energy Physics, 1989
KEK Reports are availablé from:

Technical Information & Library

National Laboratory for High Energy Physics
1-1 Oho, Tsukuba-shi ' )
Ibaraki-ken, 305

JAPAN

Phone: 0298-64-1171

Telex: 3652-534 (Domestic)
(0)3652-534 (International)

Fax: 0298-64-4604 .

Cable: KEKOHO



FOREWORD

The summer workshop on Superstring theory was held at KEK on August 29-
September 3, 1988. This workshop was devoted to various recent developments
in conformal field theories and string theories. Special emphasis was laid on the
algebraic approach to string compactification. More than 100 people partici-
pated in the workshop including young graduate students, and over 40 speakers
announced their latest results. Several introductory lectures were also delivered
for newcomers in the field. We hope this workshop serves as an oppotunity to

stimulate future progress by these young physicists.

This workshop was supported by the Grant-in Aid for scientific research on
Priority Arears from the Ministry of Education, Science and Culture. We wish

to thank the speakers and participants for their successful efforts to provide a
stimulating and friendly atmosphere.

Makoto Kobayashi

Kiyoshi Higashijima



CONTENTS

Introduction to conformal field theories

7 W €. 1
Representation theory of current algebra and conformal field theory on Riemann
surfaces

Y. Yamada ...oovuvveniieiinererentiiiriricirariencsanrorssiianns 18
Application of superconformal symmetry to string compactification

T. Eguchi, H. Ooguri, A. Teormina and S. K. Yang ..........:.... 32
Introduction to W-algebras

M. Takao ..ocovinrieeirniiiirieeiieeiriececcaaassrsaoscssnnnnssns 55
Realistic superstring models - An Introduction -

T. Matsuokn «coovvreereeneririinssesnssoiissnsosossosseecsonsesons 72
Quantum gravity and cosmological constant

A HoOSOYA ..ooviviiienieearirineratseiiesisassossraearonneannanes 94
A four dimensional open string model

N. Ishibashi and T. Onogi ...cccevvvviiiriirnninnineennenennann, 110
Boundary and crosscap states in conformal field theories

N. Ishibashi and T. Onogl ....cccovvtiiieniuriinriienaenenanaiaas 119
Renormalization group flow and string dynamics

R T 7 132
Interacting models on the torus

K. Kimura .....cceveeeeeniiiinmenincresassrasesascssasssaconssnas 142



E; type modular invariant Wess-Zumino theory and Gepner’s string compactifi-

cation

Parametrization of super light-cone diagrams with g-loops
K. Hamada ...ovveviiineierirnensereesesesesssseserencssnsnonaee 183

Path integral and operator formalism on bordered Riemann surfaces

W OgUIA ..oiiiitiiiininenranreeeseacasrueansessencesnnsnnens 193
BRS {formulation on bosonic string theory and the properties of nun-critical
strings ‘

H. Suzuki iovievieniiiiiiiiiiiiiiiiriieiiiiiieiiiireeiitanannan. 210
BC #o bosonization jcoWT

M. Takama ....coviririiiiiriieeieriicreceneinrareecancneones 223
One-particle-irreducible effective lagrangian of string modes

Y. Watabikd ...ocvininiiiiiiiiiiiiiiiiiiiiiiiiiei i 233
Evaluation of one-loop mass shifts in open superstring theory

A, Tsuchiya ...ocvriiiniiiiiiiiiriiiinniscetnneenensnssanscnnens 244
Two dimensional conformal gauge theories

S. IChiNOSE ...vuvevrevaenesnrneessaensssnsorssnceassssassonsencnss 252
Pre-geometrical field theory of open string

N T £« P 263
Off-shell amplitude in Witten’s bosonic string field theory

K. Sakai c.coviuriiiniiiniiiiiiiiiiieiiiiirecciieeiiieiiseniaenns 274



Lorentz symmetry in the light-cone field theory of open and closed strings
Y. Saitoh and Y. TaME cvvvvevniveeerneneeiinesenaserirececnannns 284
One-loop dynamics of four-dimensional string field theory

BT 1 YR 293

Classification of Zy orbifold models

T. Kobayashi ....ccoviiiiiiiiiienniiarenriteescissecassssasecnns 313
Superpotential in Calabi-Yau compactification

D. Suematsn ....cuvevininnriniaierieoritteietietasetaninionennns 323

Zero mode and modular invariance in string on non-Abelian orbifold



Introduction to conformal field theories

Akishi Kato
Department of Physics, University of Tokyo
Bunkyo-ku, Tokyo 113, Japan

1 Motivation

Conformal field theories in two dimensions have been receiving much at-
tention recently [1] (See [2] for excellent review). These theories are relevant
to the two dimensional critical phenomena. In string theory, conformal field
theories are building blocks of the perturbative vacuum.

Our motivation for considering conformal field theori«s here is as follows:
How can we construct a “complete” field theory in which any NV point corre-

lation functions
{(d1(z1)d2(x2) - .. én(zn)) (1.1)

can be calculated exactly? It would be very nice if we had an explicit la-
grangian for such theories, but let us content ourselves with the knowledge of
all correlation functions.

To construct such field theories, we have to present a systematic way
of calculating correlation functions anyhow. Let A be the set of local field
operators. We postulate that A is closed under the multiplicative structure
known as “operator product algebra (OPA)” or simply “operator algebra”.
That means the operator product expansion (OPE)

¢i(2)¢;(0) = Xk: Cfi(z)#4(0) (1.2)

holds as an exact relation. Then any N point function can be expressed in

terms of N — 1 point functions:

($:(2)83(0)¢u (21) - - - dun(2w))
= §C!°,~<x><¢k<0)¢x,<xl>...m(w» (1.3)



Using this relation recursively, one can calculate, in principle, any N point
functions if we know 1 point functions (4;(z)) and structure functions {Cf(z)}.
But it must be guaranteed that the result does not depend on the way we
applied the OPA eq. (1.2). This is nothing but the requirement of associativ-
ity of the OPA, which is indispensable to construct consistent field theories.
Bootstrap hypothesis is the hypothesis which says that the structure of OPA
is determined solely by this consistency of the theory.

This bootstrap condition puts infinite number of equations on the struc-
ture functions {C%(z)}, because one can think of correlation functions of
arbitrary number of operators with arbitrary configurations. Is it possible
to achieve this bootstrap program without fail? Remarkably, for conformal
field theory = two dimeﬁsional field theory with conformal invariance, the
program is almost completed.

Conformal invariance implies that physical quantities are invariant under
the local scale transformations i.e. the scaling factor being different from
point to point. In two dimensions, this invariance turns out to be infinite
dimensional symmetry, and this “gauge” symmetry is the master key to the

miraculous solution of bootstrap problem.

2 Local conformal invariance

In this section, we discuss the local conformal invariance in two dimensions
and its physical or mathematical implication. Here the term local means
“Infinitesimal”, and we will consider a transformation which is conformal only
within a small region.

Let us first consider d dimensional Euclidean space in general. A map
g, — x, (p=1,2,...,d)is called conformal if angles of any two vectors are
preserved, or dz!,dz'* = p(z)~?dz,dz* holds for some function p(z).

The following transformations are all conformal mappings.



translation T, =z, +a,

rotation T =z,4+e,z, €7 =—¢"
dilatation T, =z, + Az,

special conformal transformation z! =z, + z%a, — 2(a - z)z,

If the dimension d is greater than 2, the table exhausts all the possibility.
In two dimensions, however, it is well known that a map z, = =}, (u=1,2)
is conformal if and only if 2’ = f(z) is holomorphic, where 2 = =y + iz, 2' =
o 4 izh. -

Infinitesimal transformations of the form

z— 2z =24+ 2" (2.1)
- nez

are all holomorphic, so there are infinitely many conformal transformations in
two dimensions. In other words, conformal invariance is infinite dimensional
symmetry. ‘

As we will see later, in conformal field theories, this symmetry is expressed
on the correlation functions in the form of Ward identities.

Let us introduce the generator T'(z) of conformal transformations. Sup-
pose z, — T, + a,(z) be an infinitesimal coordinate transformation, which is
not necessarily conformal. Such a change in coordinates is described by the

stress energy tensor T}, (z):
iH = —o= [T, (2.2)

where the 6§ is the variation of the quantum action.
We can decompose the effect of the coordinate transformation into three
parts:
Oa* = 13- a)s* dilatation
+3{0%a” — 8"a*} rotation (2.3)
+3{0%a” + 8"a* — (0 - a)6*"} shear
By definition of conformal invaﬁance, dilatation and rotation induce no
change to the system, so the stress energy tenser must be symmetric and
traceless:

T, =T, T¢=0. (2.4)



If we switch to the complex notation and use the conservation law 9*T),, = 0,

we have
T::=T:=0
.. =0, TEHYT,
0T:: =0, T(f) i’c'-f T::
As we will see soon, this splitting of T},, into holomorphic and antiholomorphic

part is crucial to derive the conformal Ward identities.
Let ¢(z, Z) be a primary field which transforms, by definition, as a tensor

of type (A, A):
8(2,2)(d2) (d7)2 = $(w, B)(dw)?(dip)> (2.5)

Let us consider the correlation function of IV primary fields, all of which are
sitting inside some closed contour C. Suppose z — w(z) = z + a(z) be the
transformation which is conformal inside C, and a(z) — 0 (z — o0). Then,

from the definition of primary fields,

ow\% (95>
Bt ) =T (52) () ety (0
f 2
holds. The effect of coordinate transformation can also be described by the
energy momentum tensor. Using eq. (2.2) and eq. (2.6), we obtain the

following equation from the terms of order O(a):
1 v
- /R 0*a*(2)(Tu()(21)de(=) - )&

-3 {a'(z,-)A,- + a(z,-)-é?z; +a(z)A; + a(z,-)a—i,_;} (1(z1)ba(z2) .- )

J

(2.7)

where Ry is the region outside C. Using Stokes’ theorem,
lhs of eq. (2.7) = —51; ./c n* o (2)(Tuv(z)h1(21)P2(22) - )
+-21—7r /R? o’ (z)(0" T, (z)p1(z1) p2(z2) - - +)
= -2%Ldza(z)(T(z)¢1(21)¢2(z2)"')
_5% /C dza(Z)(T(2)$1(21)$2(Z2) - - ),



where we used conservation of energy-momentum 8*T,,,(z) = 0 and switched

to complex notations. On the other hand, from the Cauéhy’s formula,

ths of eq. (2.7) = E%Ldza(z)z {(z _Aij)z + 1 } (162 )

—2; 0z;
27rz/d (E)zj:{(f—a‘;j)z-‘-z :

Comparing these expressions and using the freedom to deform the integration

contour C, we obtain conformal Ward identity for single insertion of energy

2 bt

J

momentum tensor:

E@0EE) ) = {2t ).
(2.8)

In a similar way, we can derive Ward identity for double insertion of the

energy momentum tensor:

(T(2)T(u)p1(21) ) = 2 (z e 3 {$1(z1) - - )
2 1 9 A; 1 0
+ {(z_u)2 + z—ua—u+; ((Z _’zj)2 + z—szZ)} (T(u)$1(z1) - -)-
(2.9)
Here c is called conformal anomaly, trace anomaly or central charge. This

comes from the Schwinger term of the commutation relation of energy mo-
mentum tensor, and it means that T'(z) does not transforms as a bona fide
tensor in quantum level.

In the following we shall derive celebrated Virasoro algebra from the view-
point of correlation functions.

In correlation functions, primary fields appear on a equal footing, but let
us concentrate on a particular field, say ¢1(z). Let us put z; = 0 in eq. (2.8),
and multiply by a(z) = z™*!, m > —1. Then integrating along a contour

surrounding z; = 0, we have

(Lad(0):) 2 5 f2HTEH0) )



27r; mﬂz{ e _ZJ)z lz az,} (4(0)---). (2.10)

From (2.10), it is easy to see

(Lmé(0)--) = 0 m=12,3,...,
(Lag(0)---) =. A(4(0)---),

(L-14(0)---) = (84(0)---),
(2:11)

where A = A;. Therefore, the Laurent expansion coefficients L,, act linearly
on the vector space spanned by the correlation functions. In this sense, we
can identify the correlation function of the form ($(0)- - -} with a state vector

-+|¢) in some Hilbert space. From this point of view, eq. (2.11) can be

interpreted as the condition put on the state vector |¢):

i

L,|¢) 0 n= 1,2,‘3,.. ,
Lol¢) = Alg). (2.12)

This is called highest weight condition.
In a similar way, from the conformal Ward identity eq. (2.9) for double in-

sertion of energy momentum tensor, one can see that L,,’s satisfy the Virasoro

algebra commutation relations:

(Lo, Ln] = (m = 1) Lonn + 1—"'2(m3 — M)émimp- (2.13)

In quantum theories, every symmetry of the system is realized as a rep-
resentation over the physical Hilbert space of the system. So representation
theory has been quite helpful to investigate the quantum system.

We learned from above arguments that in conformal field theories the con-
formal symmetry (Virasoro algebra) is realized on the space of the correlation
functions. So it is very natural to examine the representations of Virasoro
algebra. For example, the following is very important question: “For which
values of ¢ and A positive definite representations of Virasoro algebra are

possible ?”



We have come across a similar situation in quantum systems which are
invariant under spatial rotations. In that case, the Hilbert épa.ce of the quan-
. tum system provides the representations of SU(2). “For which values of j
positive definite representation of SU(2) are possible ?” We know very well
the answer for that question. Let us review this case, for the method used
there can be applied to the Virasoro algebra as well.

SU(2) has three genera.toré J1, J; and J3. Usually we choose the represen-
tation where the operator Jj is ciiagona.l. Then it is convenient to introduce
the raising and lowering operator J, = Jy +tJ; and J. = J; — i1J;, which
changes the eigenvalue of J3 by £1. In the representation space, there exist
a state |j7) with the highest spin. That means

Jilij) = o. (219
We obtain new state vectors by applying lowering operator J.. one after an-
other. Their norms can be calculated 'using commutation relations. The
absence of negative norm state quantizes the value 5, 7 = 0,1/2,1,.... In this
way, we can obtain all irreducible unitary representations.

In the case of Virasoro algebra, the representation can be constructed in
quite similar fashion. The central charge ¢ can be considered to be just a c-
number because it commutes with all the other generators (Schur’s lemmal).
We want to construct the representation in which L, is diagonal. The com-
mutation relation

(Lo, Lo] = nL, (2.15)
means that L, (n < 0) are raising operators and L, (n > 0) are lowering

operators. We assume that there exists a state vector |c, A) which has the

lowest eigenvalue of Lo' in the representation space:
L.|lc,A) = 0 n=123,...
Lole,d) = Ale,d). (2.16)

This is the analogue of eq. (2.14) and nothing but the highest weight condition
eq. (2.12). ‘



Starting from the highest weight vector |c, A), we repeatedly apply the
raising operators on states to obtain new omes. In contrast to the SU(2)
case, we have infinitely many raising operators, so there are many linearly
independent state vectors for each eigenvalue of Ly. We list the first several

levels of representation space:

eigenvalue of Ly eigenvectors
A e, A)
A+1 L_y|c,A)
A+2 L_sje,A)y, L2, |c, A)
A+3 L_slc,A), L_;L_4lc,A), L2%,|c,A)

In general we have p, linearly independent vectors corresponding to the
eigenvalue A + n, where p, is the number of possible ways of partitioning n
into the sum of positive integers.

In the second step, we have to calculate the norms of the vectors and see
whether the positive definite representation space can be constructed. By

definition, we have

(¢, Ale,A) =1. (2.17)
The next level,
(¢, A|LyL_q|c,A) = (c, A|]2Lg|c, A) = 2A (2.18)
So we need ‘
A>0 (2.19)

to insure the positivity of the representation space. Going to the next level, we
have two vectors L_;|c, A) and L2, |c, A). The positivity requires the norm of
any linear combination of these two, ALZ,|c, A) + pL_;|c, A) is non negative.

Accordingly,

(¢, AI(A"L2, + p*Lp)(ALZ, + pL-g)|c, A)
= 4 {(A + AP+ 3AReN + A(2A + 1)1,42} >0 (2.20)



must hold for any u,v. Therefore, we have the following constraint on ¢ and
A: '

8A? — (5—c)A + % > 0. (2.21)
In this way, we have infinite number of inequalities from the requirement of
positivity. It appears quite difficult to list up all the conditions as well as to
find the possible values of ¢ and A. But the answer is known [3].

The representation V. a of Virasoro algebra obtained in this way is unitary
if and only if

c>1 and A>0 (2.22)
or
= ( +1)1 = L9y Eye.s
((m+1)p—mq)?—1
A = = g<p< - 1. .
Apq am( 1) , 1€¢g<p<m—-1. (2.23)

In thelatter case (usually called minimal unitary sciies), the central charge
¢ and conformal dimension A is quantized just as spin j is quantized in SU (2.
In fact, it is known that this series is pertinent to the multicritical phenomena
of some two dimensional lattice systems [6].

The structure of the representation space has been well studied. For ex-

ample, the explicit form of the character formulas are known:

def —t T
Xea(T) = Ter,AqLo 21 (¢g= 2 )
_ e(m+1)p-mwn(m+1) (1) — O(m+1)zr>+mq.m(m+1)("') (2.24)
n(7)
where -
Ou(r)= 3 ¢, n(r)=q¢% [[(1—¢"). (225)
j€Z+5; n=1

In the representation space corresponding to the minimal unitary series,
there exist special kind of vectors |x) which satisfy the “pseudo” highest
weight condition '

Lix) = 0 n=123,...
Lolx) = (A+K)lx)- (2-26)



They are called null vectors because their norm is zero. So they must be put
to be zero to obtain a positive definite irreducible representation space.

For example, if we choose ¢ and A = A, from the list (2.23), then one
can easily check that the vector
3 .

R

Lz—l} le, Bz,1) (2.27)

is a null vector. The physical implication of this fact is as follows. As stated
before, the state |¢, A) corresponds to some primary field ¢, .. “Null” means

“decouple from the theory”, so the correlation function

#0) {5-1- grarpth s Waeo) (229

must identically vanish. Then using Ward identity, we can show that the

correlation function

G(2) = (¢:(0)21(2)$;(1)dx(c0))

is the solution to the following differential equation:

{_. 3 4 _ € L) d_A A _A.-+A,~—Ak}G(z)=0
22A4+1)dz?2 \z  z2—-1/dz 22 (z-—1)* 2(z—-1)
(For details, please see the original paper [1])

In conclusion, ir minimal theories, correlation functions are the solution
to some differential equations which originate from the existence of the null
states. But in general, we have many linearly independent solutions although
the physical correlation function is unique. So something is missing to com-

plete our program. Let us discuss this point in the next section.

3 Global conformal invariance

In this section, we shall consider the global conformal invariance. Global
means “cannot be achieved by the integration of infinitesimal transforma-
tions”. Before going into details of global conformal invariance, let us stop

for a while and see how far we have come to realize bootstrap program.



e In two dimensional conformal field theories, we have the conserved,
symmetric traceless stress energy tensor, which generates. infinitesimal

conformal transformations. From this we can construct Virasoro gener-

ators {Ly,}.

e Among the local fields, there exist a special set of operators called
“primary fields” which are characterized by the transformation law eq.

(2.28). Each primary field corresponds to an irreducible representation
of Virasoro algebra.

e The space of local field operators A can be decomposed into the direct
sum of conformal families, where each conformal family consists of a

primary field and its descendants:
A= @[‘ﬁn]’ [¢n] = {L—m oo L_p l n; > 0}'

o We have Ward identities for insertion of the energy momentum tensors,
so any correlation functions of the descendant fields can be obtained
from those of primary fields. Therefore it is enough to calculate the

correlators of primary fields.

o Using local conformal invariance, the OPA structure “functions” {C¥(z)}
can be uniquely determined if we know the operator product expansion
“coefficients” {Cf;}, which are defined as the coefficients of the leading

terms of operator product expansion:

k,
B(2)05(0) = B it () + O = )}

o In the special class of conformal field theories called “minimal theories™.
the number of primary fields are finite. Moreover, the correlation func-
tions are the solution to the differential equations which come from the

null states.

Hence as far as minimal unitary conformal field theories are concerned.
the bootstrap program will be completed if we can somehow determine the
OPE coefficients {C};}. How shall we attack this problem?



Let us consider the N point functions of primary fields on the Riemann
sphere. Invariance under the SL(2, C) transformations (which is the integra-
tion of infinitesimal conformal transformations) completely fixes the form of
correlation functions up to N = 3:

lpoint (1(2)) =1, (#(2))=0 (¢#1)

2 point  (i(2)¢j(w)) = 6i;(z — w) ™

3point  ($i(21)¢i(22)8k(23)) = Cija(z1 — 22)"4"2i*+4% ( cyclic perm. )
(3.1)

where 1 denotes the identity operator. One can also show that a four point

functions has a following form:

($i(21)¢3(22)bx(23)d1(24)) = [1(2i — 2)"9U(2),

i<j

U(2) = (¢:(0)¢;(2)¢e(1)¢1(0)),  z= (21 — 22)(23 — 24)

B (21 — 23)(22 — zy)’
where 7;; are some constants determined by A’s.

The form of U(z) cannat be determined from SL(2, C) invariance, but as
we will see below, the associativity of OPA constrains the pole structure of
U(z). If we use the OPA for the field ¢;(2;) and ¢;(22), then we have following

expansion of U(z):

(GO DA ~ T S0 +0E). (2)

On the other hand, if we use the OPA for the field ¢;(2;) and ¢x(23), then we

get another expansion

(O8N ~ T s (100 -2). (33)

We imposed the associativity of the operator product algebra, so the two

expression must coincide. This is nothing but the requirement of crossing



symmetry. Schematically

(di- i) o = &i-(d;- i)
I I

Clidp - x Chidi - &g
I I
CLCL C}Ci:di
=> CC,, = C4Cy; forany i, j,k,1 (3.4)

Hence bootstrap conditions become important for four point functions, putting
nontrivial constraints on the OPE coefficients. Note that the bootstrap con-
dition comes from the two different configuration of primary fields, namely
z ~ 0 and 2z ~ 1, which can never be continuously connected by confor-
mal transformations. Therefore, associativity of OPA would be one of the
important aspects of global conformal invariance.

Anyway, if we know the exact form of all four point functions, we can
calculate Cf’s through factorization like eq. (3.2) and check the associativity
of OPA.

As explained in section 2, from the local conformal invariance of the the-
ory, we learned that every correlation function must be among the solutions
of some differential equations, but we do not know which solution is the cor-
relation fur.ction of physical interest.

Likewise, we have enough information about the allowed values of ¢ and
A in conformal field theories, but we do not yet know which primary fields
are necessary to have consistent conformal field theories.

These two questions are intimately related with each other and can be
solved by quite similar methods. We have to obtain monodromy invariant
correlation functions for the first problem [5], and modular invariant partitions
for the second problem [4].

Let us first consider modular invariance of the partition function. Let
{#i}ier be the set of possible primary fields, and {A;}.er be that of possi-
ble conforprzl dimensions. The total Hilbert space can be decomposed with


http://conforrr.il

respect to the two copies (left and right) of Virasoro algebra:
H= P NiVeai QVepa; (3.5)
ijel
The coefficients Vj; count the number of primary fields with dimension (A;, A;).
By definition, M;; are non-negative integers. The decomposition eq. (3.5)
leads to the following expression of the partition function of the system:
Z(r) = 3 NijXeai(T)Xe,05(T) (3.6)
i€l
The partition function is nothing but the zero point function or free energy
of the system on the torus whose moduli parameter is 7. Torus is usually de-
fined by identifying the points on the flat plane which are different by a lattice
vector. A change of fundamental region of the lattice leads to a change of
parametef 7, which is known as modular transformation. But physical quan-
tities should not depend on the choice of fundamental region. Accordingly,
in particular, the partition function Z(7) must be invariant under modular
transformations. In other words, the substitutions
T:7-717+1 S:T—r—7—1_-

should leave Z(7) invariant. In general, the characters reshuffile among them-

selves under the modular transformations:
xi(r+1) = 3 Tixs(r),
2
1
xi(-7) = 2 Siixs(r)- (3.7)
2

From eq. (3.6), it is easy to see that the necessary and sufficient condition for
Z(7) to be modular invariant is that the coefficients A;; satisfy the following
equations:
SNST =N,

{ TNTI = N.
Thus modular invariance puts stringent constraints on the operator content
N;;. In fact, the minimal unitary conformal field theories are completely
classified along this line [7,8].



Now let us consider the monodromy invariance of the four point correlation
functions. As explained in section 2, every correlation function is a solution
to some differential equation. In general, the differential equation has several
linearly independent solutions (conformal blocks). Let us denote by {I,(2)}er
the set of solutions. Then the physical correlation function must be some

sesquilinear combination of conformal blocks:

U(2) (6:(0)#;(2)r(1)Bi(c0))

= Z XPqu(Z)m’ (3.8)

pgel

I

where X, are some numerical constants. The correlation function should be
uniquely determined by the positions of the primary fields, so if we move z
along some closed contour and return to the original position, the correlation
function should be equal to the original one. But the functions {I,(2)},er
have z = 0,1 and oo as singular points and each of them are not invariant
under such transformation. In general, if the conformal blocks are analytically
continued along closed paths surrounding z = 0 or z = 1, they undergo the

following monodromy transformations:

L) - T o0I)

g€l .
I(z) — > oWI(2) (3.9)
q€l .

So the necessary and sufficient condition for U(z) to be modular invariant is

{ QO xOt = x

3.1
o xomt = x (3.10)

The monodromy matrices Q@ and Q) can be calculated by inspecting the
differential equation for the correlation function. Solving eq. (3.10), one can
completely determine the form of physical correlation function.

Once the monodromy invariant correlation function is obtained, we can
compute the OPE coefficients Cf; by factorizing the correlation function and
separating the pole residues (cf (3.2),(3.3)). ‘



In this way, we have accomplished our original program of constructing

“complete” field theory in the form of minimal unitary conformal field theo-
ries.

4 Concluding remarks

In this review, we have discussed the conformal fields theories from the
viewpoint of bootstrap program, and we have been principally concerned with
how correlation functions are calculated. In the course of investigating those
theories, local and global conformal symmetry has played crucial role in every
stages.

There still remain a variety of important aspects of conformal field the-
ories, which we have not been able to discuss in detail. In order to apply
conformal field theories to string theories, it is inevitable to study conformal
field theory on general Riemann surfaces. In that case, the deformations of
the complex structure of Riemann surfaces also come to play their role [10]. If
we want to understand compactification of superstrings in terms of conformal
field theories, we have to explore the ¢ > 1 region, which is not minimal in
the usual sense. Hence Virasoro algebra must be extended to some larger
algebra, W algebra [9] for example, if we want to apply the same technique
which has been developed in the minimal theories. Also, to study deforma-
tion of conformal field theories themselves is a very interesting problem. Such
insight would shed light on our understanding of the configuration space of
superstring vacua and the dynamics of string compactification. Much remains

to be done in this area.
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Representation Theory of Current Algebra and
Conformal Field Theory on Riemann Surfaces
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ABSTRACT

We study conformal field theories with current algebra (WZW-model) on
general Riemann surfaces based on the integrable representation theory of current
algebra. The space of chiral conformal blocks defined as solutions of current and
conformal Ward identities is shown to be finite dimensional and satisfies the

factorization properties.



1. Introduction

First let us recall general aspects of operator formulation of CFT’s on Rie-
mann surfaces. (We treat only the chiral half of the CFT.) Let H be a repre-
sentation space of some chiral algebra A (e.g. Virasoro, current, W-algebras),
and let X = (R,Q4,-++,QN, 21, ++,25) be a N—punctured Riemann surface of
genus g with local coordinates z;; z(@Q;) = 0. For each set of N external states

$1>Q - QgN>EHR - @H = HOY, (1)
the correlation function on the surface R is given by
<¢1+ - ¢N>=<Y|1>Q®---® |$n >, (2)

where the linear functional < ¥| : H®¥ — C is the vacuum state of type (g,N)
depending on the geometrical data X.

/ ﬁ)\ 1> Ve e }
/’—A\
_—
q & “a,
L @Y
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R

Fig.1 correlation function on Riemann surface

The conformal Ward identity describes the moduli dependence of the vacuum
< ¥ in terms of energy-momentum tensor insertion[5]. The problem we discuss
here is how can we characterize the vacuum state < ¥| in terms of representation

of current algebra.



2. Representation Theory of Current Algebra.

We take the current (X Virasoro) algebra g associated with some simple Lie
algebra g as the chiral algebra A. In terms of operator products expansion(i],
the algebra takes the following form[2],

wab fabc
=y e

T(2)7%(w) = {( e w)d“’}l“<w>+---, @

J¥(2) T (w) = Jo(w) + -

T(z)T(w) = = )4 + {(z w)2 o w) Ju }T(w) + -

where T'(z) is the energy-momentum tensor of the Sugawara form;

dimg

T6) = grp dm{ X 107w - T}, @

where J?,(a = 1,---,dimg) are orthonormal basis of g, we also use the Cartan-
Killing basis H', E*, (¢ = 1,---,rankg, « € roots of g). The Virasoro central
charge ¢ and the current central charge ! (level) is related by

ldxmg
- ®)

where g* is the dual Coxeter number of g (e.g. ¢* = n for g = su(n)).

The highest weight representation of g is generated by the primary field ¢(z),
which takes values in representation V) of g with highest weight ), satisfies the
following highest weight condition;

TH(E)(0) = gy bl) +

(6)
T(2)¢p(w) = { G _Aw)2 + G i w)-j—w}¢(w) oo,

where 7¢ is the representation of J® on V). The conformal weight A of ¢(z) is



given by

_ (A2 +2p)
- 2(g‘+l) (7)

where p is the half sum of positive roots of g and ( , ) is the Cartan-Killing form
normalized by (8, §) = 2 for highest root 6.

The integrable highest weight representations of g (which correspond to the
¢ < 1 minimal discrete series of Virasoro algebra) exist if the level [ is non-negative

integer, and they are characterized by the following null field constraint{12],
(E2,)-AA+H |\ >= 0. (8)

Such arepresentation exists for only finite number of A’s such that 0 < (},6) < L.
The importance of this integrability condition in CFT was first noted by [8] and
[13], and which also plays a crucial role in the followings.

3. Gauge Condition and Correlation Functions

Let us consider the correlation functions of N primary fields ¢; € V; with

arbitrary numbers of current insertions,
<JUN(Py) - JM(Py)h1(Q1) - on(QN)> . 9)
In operator formulation, it is equivalent to consider the linear functional
<¥|:Hy @ - @Hyy — C, (10)

because any correlations of descendants are given from (9) by contour integrations

of currents.



For each variable P;, we demand that the correlation function behaves as
(single valued) meromorphic 1—form with poles at most only at P; = Pj(j # 1)
or P; =Q(k =1,---,N) as indicated by the OPE(3)(6). In operator languages,

it is equivalent to the following condition;

N
3" <¥[Resq, (£(2)7%(2)dz) =, (11)

k=1

for any meromorphic function with poles at most at Q’s. This is nothing but the
special case of the Ward identity for current insertion, and it can be interpreted
as the residue theorem for operator valued 1-forms[9]. We call this condition as

the gauge condition.

Note that the solution of the gauge condition is not unique, and ther may
be infinite solutions. For example, in abelian current theory[10][11], the charge

operators

J[C] = / dzJ(z), C € Hy(R,Z), (12)
C

preserve the gauge condition. These charges satisfy the following canonical com-

mutation relations;

[J[C], J[C’]] = 2mi <C,C'>, (13)
with symplectic form of intersections < C, C'>. Thus the solution space of gauge
condition is infinite dimensional.

In non-abelian case, we have an additional constraint from integrability(8),
and we can prove that the solution space is of finite dimension. Here we give the

sketch of the proof.

First let us discuss the case of ¢ = 0. For given point Q; and positive integer

n, we have a meromorphic function f which has a pole of order n only at Q);.



With this f, we get

Resq, (f(2)7%(=)dz) = (V24 o
Resq, ( £()7%(2)dz) = [annihilators]k, (k # 1).

Then, from the gauge condition, any creation operators are expressed as linear
combinations of annihilation operators. Using this relation recursively the cor-

relation of the descendants reduces to that of primaries, so the following linear
function v (the initial term of <¥|)

Yp:W®: -8V = C, (15)

determines < ¥|, and the solution space is of finite dimension. Moreover from
the gauge condition for the constant function f =const., the initial term must to

be g-invariant, that is

N
Y B(d1se- 2™ k-, 1) =0 (16)

k=1

This condition gives us the usual Clebcsh-Gordan condition for N = 3 case. But,
from the integrability condition(8), the real selection rule is more restricted than
C-G condition. For example, for g = su(2), level = [ case, the selection rule is

expressed by the following fusion rule[8][13];

min {i4-j,l—i—j}
gidi= . i (17)
k=|i—j|
where 7, j and k run over the integrable spins {0, %, 1,--, %}

In g > 1 cases, we have finite numbers (= g) of gaps for meromorphic func-

tions, and the creation operators corresponding to these gaps can not be expressed
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Fig.3 double point singularity and its normalization
Let us consider a double point singularity and its 1-parameter resolution

zw = t.(Fig.3)

For any integer n € Z define a holomorphic function f on D = D; N D; as

follows;

fi(z)=2" on Dy,

t 20
@)=Ly, o Dy 0
w
From Cauchy’s theorem we get;
dz e dw ary
S AT+ § 5 fw) T (w) =0 (21)
Cy Cs

In t — 0 limit, cycles C; shrink to small cycles around normalized points P; and
we get,
[Jah = [JRl2 =0,

8T + e =o. )

This means that the highest weight states @1, #2 with conjugate representation
appear at the double points. The above fact shows that the currents J*(z)dz
may have poles of order 1 at double points, where the sum of residues vanish.
Thus the currents J%(z)dz are sections of the dualizing sheaf [7]. Furthermore,
using the decoupling theorem of the non-integrable fields on sphere[8], we can

conclude that integrable primary fields are pair created at each double point.



ot o

Fig.4 factorization property

From this factorization properties, we can take a canonical basis of conformal
blocks in the limit of most degenerated surfaces. The most degenerated surfaces
of type (g, V) consist of 29—2+ N vertices (sphere with 3-punctures) connected by
3g — 3+ N edges (double point nodes), and they correspond:to some ¢3-diagrams

as follows,

oo Y-

Fig.5 degenerate surface and corresponding ¢®—diagram

Bases corresponding to this diagram are labeled first assigning intermediate
state to each edge and then assigning admissible 3-point function to each vertex.

Then the dimension of conformal blocks are given by

dim. = Z H NA,u,u, (23)

n:edges (A, p,v):vertices

where N 4, counts the number of independent 3-point functions at the vertex
(X pyv).



Correlation functions corresponding to these bases can be constructed by the
sewing procedure[19]. They are formal solution of the Ward identity (as formal
power series in the blowing up parameters), but as the solution of differential

equation of regular holonomic type, they converge.

5. Global Properties

First let us study rather trivial monodromy operations corresponding to the
twisting around the vanishing cycles. In this case the ¢*-diagram is not changed
and the monodromy matrices are simultaneously diagonalized. Fore example
the monodromy for the twist in Fig.6 is diagonal matrix with diagonal phase

exp{2ni(Ar — > A)}, where A’s are conformal weights of intermediate (I) and
n—external (k =1, ..., n) states.

Second monodromy matrices connect two basis corresponding to different ¢3-
diagrams. They are generated by the following simple operations; 1) blowing up
of one node, and 2) pinching another cycle.(Fig.7)

n n-1 3 2

.RJE
i (s S ———E— . ————— A
CI

Fig.6 twisting around a vanishing cycle

H_’; ;:é_,:(

Fig.7 fundamental base change



Corresponding monodromy matrices satisfy some consistency condition of
topological nature. Typical examples of these conditions are the fusion and the

braid relation depicted as follows:

—

Fig.8 the pentagon (fusion) and the hexagon (braid) identities

Recently Moore and Seiberg have written down the generators and fundamen-
tal relations of these monodromy matricc 18]. The most fundamental relation
is the fusion relation (or the Pentagon identity), which is used to prove the re-
markable formulae conjectured by Verlinde[15][18][17]. These formulations will
give us the starting point for the extensive study of the modular geometry and

classification of CFT (or its good sub-category such as rational CFT)[16].

In [21], Witten proposed 3-dimensional Chern-Simons YM theory as exact
solvable QFT whose correlations are the knot invariants. The essential point

‘s that its Hilbert space in canonical quantization is nothing but the space of



conformal blocks described here. It will be interesting to see this relation more

precisely.
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Abstract

We discuss string compactifications on manifolds with SU(n)
holonomy by making use of representation theories of extended su-
perconformal algebras. In particular string compactification on Kj
surfaces is discussed in detail. We calculate loop space indices and
show that all ¢ = 6 superconformal field theories describe stzing prop-
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supercorformal field theories and their relation to Calabi-Yau mani-
folds.
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1 Introduction

The study of low-energy supergravity theory has shown that the compacti-
fying spaces of the string theory must be Ricci flat and Kahler manifolds [1,2].
In fact, n-dimensional complex manifold with SU(n) holonomy possesses a
unique covariantly constant spinor field which generates N = 1 space-time
supersymmetry transformation. These desirable properties of string com-
pactifications may be formulated as a constraints on superconformal field
theories on the two-dimensional world-sheet. First important observation is
that the N = 2 extended superconformal symmetry on the world-sheet is
necessary and sufficient in order to realize N = 1 space-time supersymmetry
(3,4,5,6,7,8,9]. In this context the covariantly constant spinors correspond
to the Ramond ground state. The everywhere non-zero (anti-)holomorphic
tensors, which are characteristic to the manifolds with SU(N) holonomy,
generate the chiral currents. These currents combined with the U(1) cur-
rent in the N = 2 superconformal algebra enhance the internal Kac-Moody
symmetry.

The N = 2 superconformal algebra has the inner automorphism due to
the U(1) Kac-Moody subalgebra [9,10]. Consequently Neveu-Schwarz (NS)
and Ramond (R) sectors are isomorphic and mapped onto each other by the
spectral flow which is equivalent to the space-time supersymmetry transfor-
mation [9,10]. In order to have a well-defined space-time supersymmetric
theory, the world-sheet superconformal field theory should be local. Tradi-
tionally this has been achieved by the celebrated GSO projection. In the
formulation based on the N = 2 superconformal theory, this projection is
generalized to the U(1) charge integrality condition. This is seen by notic-
ing that the spin fields of the R ground state play the role of the mapping
operator, and hence enter into the construction of the space-time supercur-
rent. Remember again that geometrically this R ground states represent the
covariantly constant spinor fields. ‘

Recently Gepner [6,7] has constructed a mew class of compactification
models which are based on the tensoring of N = 2 minimal discrete theo-
ries, where he invented a nice way of imposing the both conditions of charge
integrality and modular invariance. These models are not manifestly geomet-
rical, however, he has reproduced some known topological numbers of ¢; = 0

(vanishing first Chern class) manifolds by calculating the massless spectra of
his models.



In this report we make an extensive study of string compactification on
c1 = 0 manifolds by using the representation theory of N = 2 and N =4
superconformal algebras. In particular we will concentrate on the case of
the K5 surface where we can use the results of N = 4 representation theory
which has recently been worked out [13,14]. We shall calculate the loop
space index [15,16,17] and show that all ¢ = 6 superconformal field theories
describe string propagation on K3 manifolds.

In section 2 we make use of Gepner’s models and describe how to con-
struct modular invariant partition functions of non-linear o-model on K3
surface. We calculate loop space indices in section 3 and show how the the-
ory reproduces known topological invariants of K3 manifolds. In section 4
we discuss heterotic string compactification and its massless particle spectra.
In section 5 we discuss ¢ = 9 superconformal field theories and discuss their
relation to Calabi-Yau manifolds.

For the details of the present report, see the original article {27]. Other
approach to construct N = 2 superconformal field theories is found in ref.
[28].

2 Non-linear oc-model on K3 surface

Let us disciiss string propagation on ¢; = 0 manifolds using the repre-
sentation theory of N = 2 and N = 4 algebras. We will concentrate on the
case of the K surface. In this section we motivate our discussions making
use of Gepner’s models based on the tensoring of N = 2 minimal theories.
Results described below, however, do not depend on the details of the N =2
models but holds for generic K3 surfaces. Specific examples of the tensoring
of N =2 minimal series will be discussed in detail in section 5.

In Gepner’s method, one considers a tensor product k" k3% - - - K™ (k;, m; €
N) of N = 2 discrete series with levels k;, ..., k; in such a way that the cen-

tral charge adds up to 3n (n is the complex dimensionality of the ¢; = 0
manifold)

c=Em,~;%—=3n ) (2.1)

n = 2 for K surface and 3 for Calabi-Yau manifolds. In ref.[7] sixteen
possibilities of (2.1) with ¢ = 6 are listed which describes string propagation



on K3 surfaces with a variety of complex structures. For a catalogue of
Calabi-Yau cases, c = 9, see ref.[18].

A special feature of the N = 2 algebra is the isomorphism of the algebra
under a continuous shift of the moding of the supercharge operators {10].
One can check that tha algebra remains invariant under the transformation,

L, — L,.+r]J,,+-§-r]2 bup s

Jn - Jn+'§' 77611,0,
G,- b 4 G,-+,’ ’

G, — G._,. (2.2)

Here L,, J,,, G, and G, are the Virasoro, U (1) current and supercharge gener-
ators, respectively, and 7 is an arbitrary real parameter. Thus, in particular,
the R and NS sectors are isomorphic to each other (n = 1/2 and r € Z or
Z + 1/2). The shift  — n 3 1/2 corresponds to the space-time supersym-
metry transformation [9]. In fact, when ¢ = 3n, the ground state h=Q =0
(h and @ are the eigenvalues of Ly and Jg) of the NS sector is mapped onto
the states with h = ¢/24 = n/8,Q = *c/6 = £n/2 in the R sector which
correspond to the covariantly constant spinor fields on the Calabi-Yau or K,
manifold.

On the other hand, under a shift  —+ n % 1, the theory comes back to
its original sector. The highest weight states of the algebra are, however,
transformed onto different highest weight states. The ground state of the NS
sector is now mapped onto the states with h = ¢/6 = n/2, Q = *c/3 = +n
in the NS sector which correspond to the holomorphic or anti-holomorphic n-
form of the Calabi-Yau or K3 manifold. The generators of the transformation
An = £1 are conformal fields with A = n/2 and Q = *n, and in the case
of n =2, i.e. Kj surface, they are nothing but the SU(2) currents J* (note
the factor 2 difference in the U(1) charge and the 3rd component of the
isospin Jo = 2J3). When the N = 2 algebra is extended by the addition
of the flow generators J*, one obtains the N = 4 superconformal algebra.
Thus the string compactifications on the K3 surface are described by the
representation theory of N = 4 algebra. On the other hand, when n = 3, i.e.
the case of Calabi-Yau manifolds, the flow generators are fermionic (h = 3/2

and Q = #£3) and their addition to N 2 gives a new algebra which will be
discussed in section 5. .



The Witten index Tr(—1)7 is defined in the R sector with the identifica-
tion F = Q +@Q, where @ and @ are holomorphic and anti holomorphic U (1)
charges, respectively. This gives us the Euler characteristic of the o-model
target manifold.

Partition functions of Gepner’s models are expressed in terms of the char-
acter functions of N = 2 algebra [24,6]. The N = 2 characters are defined
by tr glo—</?4¢¥#% and the angle 8 keeps track of the U(1) charge of the rep-
resentation contents. The isomorphism of the N = 2 algebra (2.2) manifests
itself in the quasi-periodicity of 8 in the character formulas. In fact the shift
n— n+ 1/2 corresponds to § — 6 + 77 and we have

ch{:",f”‘(r; 8+ n77) = q“’z“e‘i‘olschf',:(T; 6), (2.3)

where [, m label the representations of the level-k minimal theories (0 <! <
k, -l<m<{,l—m=0 (mod2)). Under a "full” shift n = n+1 or
0 — 0+ 27T

chf'm('r; 8 + 277) = g8~ 3chf‘,m_2(7'; 6), (2.4)

which holds in both NS and R sectors.

Let us now concentrate on the case of K5 surface and describe a method
of constructing of modular invariant partition functions. For the sake of
illustration we consider the 1® model defined by taking 6 copies of k = 1
minimal theories. There exist three representations | =m =0, l=m =
1, I = —m = 1in the k = 1 theory and we denote their characters (in the NS
sector) as A(h=Q =0),B(h =1/6,Q = 1/3) and C(h =1/6,Q = —1/3),
respectively. Under the specral flow (2.4) A, B and C are cyclically permuted
among each other.

Now we introduce a flow-invariant combination

NSy = A® + B® + C°, (2.5)

which we call as the "graviton” orbit. (2.5) contains the identity operator
(h = @ = 0) which generates the graviton multiplet in the heterotic string
compactification.

SU(2) symmetry acts on the flow-invariant orbit (2.5) and hence the
N = 2 symmetry is enhanced to N = 4. Therefore NS; can be decomposed
into the representations of N = 4 algebra.



Highest weight states of the N = 4 algebra are parametrized by the
conformal dimension h and isospin l. Unitarity puts a restriction A > [ in
the NS sector and h > 1/4 in the R sector (when ¢ = 6). There exist two
distinct classes of representations of N = 4 algebra [13]; massless and massive
representations. The massless representations exist at the unitarity bound

h=1=0,
{ h=1=1/2, in NS sector, (2.6)
h= 1/4, l= 0,
{ h=1/4, l=1/2, in R sector, (2.7)

Ground states of the R sector carry non-zero Witten index in these repre-
sentations and they possess unbroken N = 4 world-sheet supersymmetry.
The massless representations keep track of the non-trivial topology of the K73
surface. On the other hand the massive representations exist in the range

h>0, [=0, in NS sector

(2.8)

h>1/4, 1=1/2, in R sector

and have ground states with the equal number of bosons-and fermions, and
thus have vanishing Witten index. They describe the degrees of freedom of
deformation of the K; surface. Under the spectral flow, a NS representation
with isospin [ is mapped onto a R representation with isospin % -1

The graviton orbit (2.5) contains the ! = 0 massless character and an
infinite sum of massive characters

NSi(r;z) = ch{S(1=0;752)+ Y fVch¥S(h = n;T;2)

n=1

= ch)5( =0;7;2) + Fy(1)ch"5(h=0;7;2),  (2.9)

Fi(r) = if,(."q"- (2.10)

n=1

(For the explicit form of N = 4 characters, see refs)
Under the modular transformation S : 7 — —1/7, NS, transforms into
a family of new orbits,

NS; = A’B®+ B%C®+C°A°,



NS; = A’B*C?,

NS, = A'BC+B'CA+C'AB. (2.11)
The matrix S;; of the S-transfon;lation,
NSi(r;0) = E Si; NSj(—;—l_-; g) e“i% (2.12)

can be computed from the S-transformation of the N = 2 sub-theories (see
Appendix A). In the case of 1° theory S;; is given by

3 60 270 90
1{3 21 27 o .
Si=l1 2 9 -6 | (2.13)
3 6 —54 9

There are.in general three types of NS orbits in K3 compactification.
They all possess integral values of the U(1) charge.

(1) graviton orbit: :
N S; is the only trajectory containing the ground state h = @ = 0.

(2) massless matter orbits: :
NS; (i=2,...,d) contain states h = 1/2, @ = +1 and are rewritten as

NSi(1;2) = chg's(l = 1/2; T;2) + F.-(’r)ch”s(h = 0;1; 2),

o0

Fi(r) = Y O (2.14)

n=1

(In some cases, states h = 1/2, Q@ = =1 appear more than once in one orbit.
Then ch)¥(! = 1/2) in (2.14) must be multiplied by the multiplicity. We
ignore this complication in the following).

(3) ‘massive orbits:
NS; (j=d+1,...,d+d) contain massive characters only

NSj(r;z) = Fy(r)eh"S(h=0;7;2),

Fi(r) = ¢9), f9", 0<reqQ (2.15)

n=0
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In (2.10), (2.14), (2.15) the expansion coefficients f{™ are non-negative in-
tegers. Number of orbits, d and d’, and the functions F,, depend on the
tensoring of sub-theories.

Inthecaseof 18, d=12, d' =2 a.nd
Fi(r) = 5q+29¢° +80¢>+---,

Fy(r) = 5q+26¢>+85¢°+---,
Fy(r) = ¢*P(1+5g+20¢" +59¢° +--2),
Fy(r) = ¢*(1+16¢+38¢> +127¢° +---). (2.16)

These d + d' trajectories enter into modular invariant partition functions.
Using the symmetry property of the S-matrix of sub-theories, it is easy

to show that the S-matrix of orbits (2.12) is symmetrizable by a diagonal
matrix D with integral elements D;

DiS;; = D;S;; (no sum on %,3j) (2.17)
with
S . t
D=2 i=1,..,d+d (2.18)
Sa

(D is normalized as D; = 1). In the case of 1° theory D; = (1,20, 270, 30).
D;’s are essentially the combinatorial factors in the tensoring of representa-
tions

D= (combinatorial factor of orbit 7 ) x (standard length of orblts)
' (length of orbit 1)

(2.19)
The standard length of orbits of k™ -- - k™ is the least common multiple of
ki +2,..., 5 +2.

The ma.tnx D is the key ingredient in the construction of modular in-

variant partition functions. Indeed it is easy to check that, using (2.17) and
S =1,

d+d’

Y Di(NS)*(NS)) (2:20)
i=1
is S-invariant. The sum of D; for massless matter orbits always adds up to
20,
d

3 D;=20 ‘ (2.21)

=2



in K3 compactification. This is the Hodge number k! and it gives the multi-
plicity of massless spinors in the 56 of E; in heterotic string compactification.
We will derive (2.21) in the next section.

The structure of the trajectories in the other sectors is determined by the
spectral flow. By shifting by =7 and w7+ 7 in (2.12), we find

Ri(ri0) = 85 NS(—;2) =iom, (2.22)
R.‘(T;a) = —ZS;J' R](_%,g—_) 6—1'93[21:'1-, (223)

where N5 and R are NS and R sectors with (—1)F insertion and R;(8) gives
the Witten index I; at # = 0. Since ) = =2, I; =1 (i = 2,...,d),I, =
0(j=d+1,...,d+d'), S-matrix has an eigenvector (—2,1,...,1,0,...,0)
with eigenvalue —1

>8I =—1I. (2.24)

The modular invariant partition function of the non-linear o- model on K;
surface is then given by (in the case of A-type invariant)

1 d+d' — -
52 D: {INS:P + INSI* + | R + | R} (2.25)

=1

Z, =

Euler number is equal to

d+d’ d
x=3 Dif=4+) D;=24. (2-26)
=1 =2

3 Loop space index

Functions Fi(r) (i = 1,...,d + d') depend on the tensoring of N = 2
sub-theories and thus are dependent on the complex structure of the K
surface. In order to characterize general aspects of K3 compactifications, it
is convenient to introduce topological invariants which are independent of
the complex structure or the moduli of the K3 surface. In this section we
consider the loop space indices [15,16,17] (or elliptic genera) which are string
theoretic generalizations of classical topological invariants.



We introduce
B(A) = trysxp g A (—1)eglo (3.1)

where the trace is taken by imposing the NS and R (with (—1)¥ insertion)
boundary conditions in the right- and left-moving sector of the theory, re-
spectively. ®(A) is the elliptic genus generalizing the Dirac index A [16].
(3.1) may be easily evaluated making use of the non-linear o- model. We
can explicitly compute (3.1) by using any of the tensorings of N = 2 models
and find that they all give the same result. Thus ®(A) is in fact common to
all K3 compactifications. Calculation is easy in the 2%-theory and we obtain

o(d) = ZD'(NS.-)(I'E),
("94 4)(193)2
= — —114(2 40q1’2 — 1240+ ---), (3.2)

(3.2) may also be derived directly from (3.1); we note that the boundary
condition of ®(A) is invariant under the transformations S and T? (T : 7 —
7+ 1) and thus ®(A4) is a modular form invariant under T, the level-2
principal congruence subgroup . This fact uniquely determines <I)(A) up to
an overall constant (this constant is fixed by comparing the first terms in the
g-expansion). (3.2) agrees with the calculation of the elliptic genus for K3
by using the theory of characteristic classes.

I we compare g-expansions in (3.2), we find that ¥; D;I? = 24 (eq.(2.26))
and the theory reproduces the Euler number of Kj surface. Thus the ¢ =6
superconformal field theory describes the string propagation on K3 manifolds.
Our only assumption in section 2 is the absence of the mixture of [ = 0
and | = 1/2 massless representations. If there is a contribution of | =
1/2 representation in the graviton orbit, then the interference term chy(l =
0)*cho(! = 1/2) gives primary fields with conformal dimension h = 0, A =
1/2. These are nothing but free (complex) spinor fields and in this case
the theory describes string propagation on the product of complex tori T' %
T. This is actually what happens in Gepner’s models 1322, 1221(10')! and
1}(10)? (10’ means the use of Eg -type invariant for k = 10 sub-theory).

In this context we shall note that the function Fy(r) in the graviton orbit
generates (anti-) holomorphic fields of type (h,k) = (n,0) or (0,n), n =



1,2,.... In particular if ffl) # 0, it generates extra U(1) gauge fields in the
heterotic string compactification (see section 4).

Instead of (3.1) we may impose the R boundary condition in the right-
moving sector and define

(3.3) can also be evaluated using the non-linear o-model,

&(0) = ZD.(R-)(R)

= {5——( 24 32 DLR() + x har) } (2L

194(7-) i =1
(19 (T)) ¢ (3’4)
We obtain P
3(0) = 2% 1) 4)( 2)? = 16(1+ g+ ). (3.5)

(o) is the elliptic genus correspondmg to the Hirzebruch signature o.
Finally, if we insert (—1)¥® to (3.3), we obtain the Euler characteristic

@(x) = traxg (_I)FR+FLqLo-1I4q-Lo-—1/4
= > D} =24 (3.6)

Actually these three genera may be combined into a single function
@(0) — trNSxR qLo—1/4eiGJo (_l)FLq‘L‘)‘I/“_ (37)

®(A), ®(c) and &(x) are given by ®(8) at 6 = 0, w7 and =r + , respec-
tively. Thus the classical topological invariants are nicely ”unified” in the
superconformal field theory.

The elliptic genus is quite useful to check if some ¢ = 6 superconformal
field theory describes compactification on K3 surface. This characterization
has enabled us to show in a proper way that the Z; (I = 2,3, 4 and 6) orbifold
models in tef. [20] are in fact the orbifold limits of K3 surface.
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4 Heterotic string compactification

Let us now turn to the discussion on the heterotic string compactification
on-K3 surface. In this case we must take into account the degrees of freedom
of the uncompactified 6-d1men510nal MlnkOWSkl space and the internal space
in the left-moving sector.

In the right sector of the theory, N = 4 characters are multiplied by
the characters of the S0(4) Kac-Moody algebra which is generated by the
four (transverse) spinor fields of the uncompactified Minkowski space (four
uncompactified bosons generate an additional n(7)~*). The orbits are given
by . . . X
Xniz) = x°D(2) NSHz)+ x5 (2) NST(2)

—X24(2) B () = x$O0(2) R¥(2). (4.1

Here NS* = (NS N3), R* = J(R£ R) and b,v,s,care the conjugacy
classes of the level-1representations. (4.1) is written as _

- 1 9322y an (Fa2) az (2] 9
Xai(e) = 1{ BDpwsi(0) - s ) - Hyr + 2z 0},

. (4 2)
where we have used

S n n 19.71 ) n 19 n
xo(2)+xso(2) (;)’ Xfo(2) x00(2)_( 4)

o ) s, . n 219 n
x50@m) 4\ So@m) _ (Y2yn  ,50(m) _ 4 So(2n) (__1.7_1) . (43)

On the other hand, in the left sector the N = 4 characters are multiplied by
those of Eg and SO(12) Kac-Moody algebra which describe the degrees of
freedom of the internal space. Note that the standard F; x E gauge symme-
try of the heterotic string is broken down to FEj x E; in K3 compactification.
SU(2)' gauge symmetry in

Ey D SU(2) x E; D SU(2) x SU(2) x SO(12) (4.4)

is lost due to the holonomy of the K surface while the SU(2) symmetry of
N = 4 algebra is combined with SO(12) and generates the E; gauge group.



The orbits in the left sector are given by

Xi(z) = (6G°"2) NS#(z) + x3°00(z) NS (2)
+x2°0(2) R (2) + x7°0P(2) By (2)xi*(2),  (45)

_ L 3@y FiDere
= NS+ (EErFE()
Sa(Dyop 1+ (167 ) Ly Bil2)
HEDPRG) + (LEPRE) 3 D @9)

Xp; and X ; are constructed in such a way that they transform under S
as in equation (2.12) with the same S-matrix. GSO projections in (4.1) and

(4.5) ensure the correct spin-statistics connection. Modular invariants are

formed as
const

= UmrynE 4 2 DiXra)(Xr3)- (4.7)

It is easy to see that the right-moving orbits (4.2) actually vanish and
hence the theory has zero cosmological constant. We first note that the

N = 4 massive characters are proportlona.l to the squares of elliptic theta
functions ,

ch¥o(a) o« S, () o 22y,
ch®(z) oc = (192(2) )%, chﬁ(z) o %(%z-)-)z (4.8)

Thus the contributions of the massive representations vanish in each orbit
(4.2) due to the Jacobi identity. It is easy to see that also the contributions
of the massless representations cancel in the right sector.

On the other hand, in the left-moving sector of the theory, the massive
representations in X(z) are combined into Eg characters

3 92 (2) o (xF* ()2 (49)
Thus the massive sector of the theory does not feel the holonomy of the

K3 surface and retains the original Fg x Eg symmetry. On the other hand
massless components of each orbit are expressed as a sum of E7 characters,



and we have

Xzi = {An(fr)xﬁ’(z)+An(fr)xﬁ(z)+ Fl(fr)xE-(z)} B (2),

(4.10)
-(z)} B (2)
@11

X1 = {Az.z("‘) 56 (2) + A2 (7)x3

Here A241,2041(7) are the branching functions of N = 4 massless characters
into those of SU(2) and we have used

Fi(2) = %20 @d" D) + x50 (=), (4.12)
B(z) = x3°0(@)xs Pe) + X2 P (2).  (4.13)

(Indices of the characters represent the multiplicity of the highest ‘weight
state.

Tﬁe massless spectra of the theory are easily read off from (4. 10) and
(4.11). Besides the standard grav1ty, E7 gauge multiplets and 20 spinors of
56 of Ey, there emst Z,_z (24 f1 ) gauge singlets commg from the massless
matter orbits. If £ # 0, there also appear additional £ U(1) gauge fields
from the gra.v1ton orbit. At generic points in the moduli space of K3 surface,
Y Di(2+ f1 ) 130, f = 0, while in N = 2 and orbifold models there
always exist extra U(1) symmetry (f* ) > 0) and an excess of gauge singlets
L D:(2+ fi )) > 130. The elliptic genus ®(A) predicts, however, that thelr
difference 3~ D;(2 + f(')) (1) must be always equal to 130.

5 ¢ =9 superconformal field theories

In this section we discuss ¢ = 9 superconformal field theories and their
relation to Calabi-Yau manifolds. As we have mentioned in section 2, for a
systematic treatment of ¢ = 9 theories we need to study an enlarged version
of N = 2 algebra extended by the addition of the flow generators. The flow
generators, denoted as X, X, have h = 3/2 and @ = %3 and their commu-
tators with G, G generate additional operators Y, Y with h = 2, Q = +2.
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These generators, together with L, J, generate an algebra which contains
bilinear terms in the right-hand side of commutation relations. This is a
non-Lie algebra of the type introduced by Zamolodchikov [19] and we call it
as the ¢ =9 algebra. - )

Commutation relations of the ¢ = 9 algebra have recently been worked
out [21]. Among its commutators, important ones are given by

{Xn‘X‘} = (r’— "11)6r+s,0 +(r—8)Jrys + (T%)rs1 (5.1)
'[X,.,?m] = (r+ %)Gr+m + (JG)r4m, LT T . (5:2)
[XnYm] = (7‘ + %)érwn - (Jé)'r-f-m)‘ ' (5'3)
[ %] = 30" = Dbrimo + §'<n<n’+ 1)+ m(m + 1)) Jnsm
+3 (0= )Pt = (1 + Dl + (D)t
~2(GG)nsm - (5.4)
We also record . .
[(02, %] =3(n — 2r) X, 4. (5.5)

Here the bilinear forms of operators are defined with the normal ordering;
(AB)n = Tpgny ApBn-p + Tpoon,(—1)48B,_p A, (ha is the conformal
dimension of A). Inside the c = 9 algebra, L, J, G, G form the standard
N = 2 algebra with ¢ = 9 and }J?, 3J, 2=X and JzX form an additional
N = 2 algebra with ¢ = 1. We note that the latter is isomorphic to the
algebra of Waterson [25].

c = 9 algebra is again invariant under a transfomation which shifts the
moding of the operators G, G, X and X, and thus the NS and R sectors of
the algebra are isomorphic to each other.

It follows from (5.1),(5.5) that the allowed values of h and Q of the

highest-weight states are given by (in the NS sector),
massless representations;

h =0,
h=1/2,
h=1/2,

= O

-

(5.6)

QOO
o



massive representations;

h>0, Q@ =0, w
{ h>1/2, Q==1. (&.7)

Under the spectral flow, representations (5.6),(5.7) are mapped onto the R
representations;
massless representations;

h=13/8, Q‘=i3/2, :
h=3/8, Q=1/2, T (58)
h=3/8, Q=-1/2.

massive representations;

h>3/8 Q=+3/2,
h>3/8, Q=%1/2.

Although precise character fomulas of the ¢ = 9 algebra have not yet been
worked out, their dependence on the U(1) anglé @ can be described by the
functions

(5.9)

fal6) = %Zq%‘“?)' gimt e, (5.10)
n

In fact these are the only functions whose H-déﬁehdence is consistent with
the spectral flow,

fQ(G :l: 1!'7') = q—3/86¥i39/2féi3l.2(6). (5.11)

fo with @ = 0, %1 (+3/2, £1/2) give characters of the NS(R) representa-

tions (5.6), (5.7) ((5-8), (5.9)) up.to factors depending only on 7. We note
that’

fo=0(@ =7+ 7 = 0,
fem@=mr+7) = —foea(f=nr+7)
-3

= ¢77. (5.13)

Let us now repeat our analysis of section 2 and construct modular invari-
ant partition functions of ¢ = 9 superconformal theories. If we consider, for
instance, 19 theory, the graviton orbit is given by

NSi(2) = A(2)° + B(2)® + C(2)°. (5.14)

(5.12)



An essential difference from the case of K3 surface is that the Witten index
of (5.14) now vanishes,

Ri(# =0) x NS,(f = 77 +7) = 0. (5.15)

This is due to the cancellation of contributions from h = 3/8, Q = +3/2
states in the R sector. (This is related to the fact that the charge-conjugation
operator (anti-) commutes with the helicity operator in 4m(+2) dimensions.
Covariantly constant spinors h = n/8, @ = £n/2 on n-dimensional complex
manifold with SU(n) holonomy have the same (opposite) helicities when »
= even (odd)).

N S is then expandel: as,

NSi(r;2) = Gi(r)(fi(2) + f-1(2)) + Hi(7) fo(2), (5.16)
Hy(r) = ¢Pa+ 30", Gi(r) =2 Mg (5.17)

Other orbits are again generated by the S transformation of the graviton
trajectory. In the ¢ = 9 case, there are four types of NS orbits;

(1) graviton orbit;
N G, is the only trajectory containing the ground state h = @ = 0.

(2) massless matter orbits;
NS; (i=2,...,d) contains a state h = 1/2, @ = 1 and is rewritten as

NSi(ri2) = fil2) + Gir)(fale) + fa(a)) + Hir)fole),  (5.18)
Gi(r) = g, Hi(r)=3 hPq. (5.19)
n=1 n=1
Orbit i is paired with its conjugate orbit i* =i+ d— 1. NS;.(7; ) is given
by N .S;(7;0) with 6 replaced by —4,

NSi(r52) = f-1(2) + G(r)(f1(2) + f-1(2)) + Hi(7) fo(z), (5.20)

NS;. contains astate h=1/2, @ =-1.

(In some cases, a state h = 1,Q = 1 or —1 appears more than once in
each orbit. Then, the first terms in the right-hand-side of (5.18),(5.20) must
be multiplied by the multiplicity).



(3) self-conjugate massless orbits;
NS; (j = 2d,...,2d + d' — 1) contains both states h = 1 and Q = +*1
and is self-conjugate. It is rewritten as

NS;(7; 2) = Gi(T)(f1(2) + f<1(2)) + H;(7) fo(2) , (5.21)
COGi(r) = 1+ Y g¥", Hi(r)= Y h@gn15, (5.22)

n=1 n=1

(4) massive orbits;
NS, (m=2d+d,...,2d + d' + d") does not contain any of the states
h=Q =0,h=1,Q=+1. It is written as

NSu(1;2) = Gu(7)(f1(2) + f-1(2)) + Han(7) fo(2) , (5.23)
Gm(r) = g™ E_:Og,(,’")q", Ho(r) =g Z_johf:")q" . (5.24)

Ty T €Q, 0< 1y, =1/3< 7).
These 2d + d' + d" trajectories enter into the modular invariant partition
functions. In the 1° case, d = 2,d' = 0,d" = 3.
As in the case of ¢ = 6 theories, modular invariants are formed using the
D-coeflicients which symmetrize the matrix of S-transformation,

1 2d+d'+d" _ _
Zo=5 ). DINSiP+[NSP+|RI+]|R[} (5.25)

i=1

Note that D;« = D;. Euler number is given by

d
x=-2%D; (5.26)
i=2

(There exists a sign ambiguity in deriving Euler number using the Witten
index. In (2.26), (5.26), we have defined the states h=n/8, @ = +n/2in R
sector to be bosonic (fermionic) when n = even (0dd)). In the case of ¢ =9
theories, however, a set of new modular invariants can be constructed from
each ” A-type” invariant (5.25). These new invariants have Euler numbers

which differ from (5.26) by 4 x integers as we shall see later.
Let us now consider partition functions of the heterotic string theory in
the ¢ = 9 case. They are constructed by multiplying SO(2), and SO(10) and
Ejy characters to the orbits in the right and left-moving sectors, respectively.



Cosmological constant again vanishes in heterotic string compactification.
Orbits in the right sector are proportional to .

93 fq —9sJo = Vafquaia =0, Q=01 (5.27)

where fa = fo(8 = ). (5.27) can be shown by using the product formula of
theta functions.

On the other hand, orbits in the left sector are reexpressed in terms of
Eg characters,

N 1 A T T
od = o (2 )sf-1+( Zpfp}; (529)
o = -;-{(1’;-;-)5f1 +(2 )"’f1+( 2o} (5:30)

Partition functions are again formed as

- TS DX . (3D

(5.31) contains the graviton and Eg gauge multlplets There also exist mass-
less sca.la.r multiplets of 27 and 27°* of Eg which come from the combinations
h=1,Q=+1>Qh=4,Q=+1>and [h=L,@=+1>Qk=1,Q=
-1 >, respectively. Their multiplicities are

2d+4d'—1

ngr = » Di+ >, Dj (5.32)
=2 j=2d
2d+d'~1

No7e = E DJ ’ (5.33)
3=2d .

'In Calabi-Yau compactifications they are identified with the Hodge numbers,
Nyy = h?! and ngp. = AM!, and are related to the Euler characteristic as
= 2(na7. — nar).
We now go back to the ” A-type” modular invariant of the non-linear
o-model (5.25) and construct a new set of modular invariants which are



the analogue of the D-type invariants of the A-D-E classification [26]). We
consider a contribution of-a pair of massless matter orbits 7 and 2*,

zNs(A) = 15.-{| NS;?+| NS P} (5.34)
We then introduce o A '
Z{¥°(D) = m{| NS; |+ | NS [}
+n{(NS))(N ;)™ + (NS )(NS:)'} (5.35)

where m;, n; are non-negative integers and m; + n; = D;. Difference between
(5.34) and (5.35) is given by

ZVS(4) — Z¥(D) = ni | £a(8) — Fa(O) [ - (5.36)

Here the crucial fact is that fi1(6)—f—1(8) is invariant under S-transformation.

After summing over spin structures, the right-hand-side of (5.36) becomes a
constant

Zi(A) — Zy(D) = 4n; (5.37)
at § = 0. Thus the D-type combination '

1
2(D) = NS

] :
+E{m;(| NS; P+ | NSi [2) + n((NS;)(NSia)* + (NS:)(NS:)M)}
=2
2d+d'+d"
+ Y. | NS;|* + other spin structures ] (5.38)

1=2d
~ yields a modular invariant partition function. Its Euler number is given by
d
X=-23 (mi—n). (5.39)
i=2

Thus, given an A-type invariant (5.25) with Euler index y, we can construct
a new set of invariants with Euler numbers by varying m;, n;

Ixh Ixl=4,---,—Ix| +4, —Ix| - (5.40)



In forming D-type invariants (5.35), the left-right pairing of states h = 1,Q =
#+1 is reshuffied and this corresponds to interchanging the roles of h%! and
R, Such a procedure does not have a well-defined geometrical significance
and the modular invariants (5.38) could not all describe string propagation
on Calabi-Yau manifolds. Thus ¢ = 9 superconformal field theories seem
to come in a larger varieties than those of Calabi-Yau manifolds. This is in
contrast to the case of K3 surfaces and may have some profound implications
in the phenomenology of supersiring compactification.
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Introduction f;o“W—algebras

Masaru TAKAO

National Laboratory for High Energy Physics (KEK)
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ABSTRACT

We review W-algebras which are generated by stress tensor and primary
fields. Associativity plays an important role in determining the extended algebra
and further implies the algebras to exist for special values of central charges.
Explicitly constructing the algebras including primary fields of spin less than

4, we investigate the closure structure of the Jacobi identity of the extended

algebras.



1. Introduction

Conformal field theories (CFTs)[I] in two dimensions are indispensable for
recent progress in string theories and two dimensional critical phenomena. Al-
though we have many varieties of examples, we are far from possessing the com-
plete classification of CFTs. It is one of such approaches to find all possible

extension of the Virasoro algebra.

Recently Zamolodchikovm has constructed the extensions of the Virasoro
algebra containing primary field $©) of higher conformal spin & (o0 £3). We
call the extended algebra formed by primary field of spin n Wy-algebra. This is
a new trend of generalizing the Virasoro algebra, since the commutator includes

products of the operators. So it is not a Lie algebra.

The extended algebras are determined by the associativity of operator prod-
uct expansion (OPE) algebras. It is made clear by Bouwknegt B that the associa-
tivity not only fixes the algebras but also puts severe restrictions on the central
charges. By investigating the crossing symmetry of the four point correlation
functions of the primary fields, he has concludes that in general the extended
algebras of higher spin could be associative for generic values of central charges.

Our strategy for W-algebras is to study the Jacobi identities of the a.lgebram.
The Jacobi identity including a stress tensor T'(z) and two of primary field $(?)(z),
i.e.(T, 9, ¢(")) fixes the commutator of the primary field. This implies that the
commutation relation is compatible with the conformal invariance. The crucial
Jacobi identity is the (¢("),¢(”), ¢(‘)) one[s]. The crossing symmetry of the four
point correlation function of the primary fields is nothing but the Jacobi identity,
so that the pioneers of Wy-algebra have checked the crossing symmetry instead
of the identity. It is shown that the identity is violated by some descendant
operator. For special values of central charge, we can show that the operator
becomes primary and so a null operator, hence we can remove the operator from
the theory. Here practically calculating the (¢(%), (%), (%)) identity, we reveal
the importance of the null states constructed of the primary field d)(")(z).



2. Formulation of Wn-a.lgebras”

In this section, we briefly reviews the conformal field theory i to introduce

necessary notations and tools for later arguments.

In scale invariant system, stress-energy tensor is traceless symmetric and so
has the component T, and T:: in complex coordinate. Here complex variables z
and Z are two dimensional coordinates defined by z = 2! 4+iz? and the conjugate
respectively. Energy-momentum conservation law implies that T, (T%z) is (anti-
)holomolphic function. Hence we denote the stress tensors as T'(z) and T(Z).

Conformal transformation of the field ¢(z, Z) is generated by stress tensor T'(z):

(b)) = 5 f dwe(w)(T(w)d(z 7)) , Xy
C:

where e(w) is an infinitesimal parameter and C; the path enclosing 2. Field with

particular transformation law under conformal transformation 2’ = f(z)

v, = (%) (Z ) é=.9) (22)

is called primary field. The infinitesimal version of Eq.(2.2) becomes

b(27) = (212 (2, 2) + A ed(5,2)
; ; (2.3)
5?¢(z7 ;‘) = -(E)-£¢(z’ E) + A'a_i'g¢(z7 E) .

Combining Eqs.(2.1) and (2.3), we find the following OPE of the stress tensor
and the primary field

T(z)¢(w,w) = = A )2¢(w , D) + - 6¢(w W) + regular terms,
A (2.4)

T(2)9(w,) = _)2¢(w 8) + 5=—0(w, D) +



It is already known that the stress tensor has the following OPE

c/2

2
T(z)T(w) = Goof T G

T(w)+ ;—;l—t—v-aT(w) A+ (2.5)

Among primary fields the field #(?) of dimension (A,A) = (o,0) plays an im-
portant role in CFTs. Here spin o is integer or half-integer on account of the

boundary condition. It can be easily shown that ¢(°) satisfies the conservation

law
3}
_32¢(d)(z) =0, (2.8)

so that it generates an additional symmetry in CFTs. Examples are Kac-Moody
a.lgebra[5] for o = 1 and superconformal algebra.[6] for 0 = 3/2.

In the following, we investigate the possibilities of the higher spin extensions
of Vi;asoro algebra. Zamolodchikov[zl has studied models for o < 3. It is a
remarkable fact that the extended a.lgebré.l with the primary field of o = 5/2
possesses the associativity only when it has a specific central charge ¢ = —-13/14.
This is a general property of Wy-algebra for large n. Bouwknegt B as derived
the complete table of the allowed values of central charges for Wy-algebra for n
< 5.

Table 1
The allowed values of central charges for associative Wy-algebras.

Spin Central charge ¢
5/2 ~13/14

3 arbitrary
7/2 21/22, —19/6, —161/8,

4 86 + 602
9/2 25/26, —7/20, —125/22, —279/10, —35

5 6/7, —350/11, —7, 134 £ 60/5
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He has obtained the table by studying the'crossing symmetry of the four point
correlation function of the primary fields.- One of our aim of the present paper is

to make clear what happens in the algebra at the central charge.

Our strategy to Wy-algebra is to investigate the closure of the Jacobi iden-

tities of the algebra. To this end, we introduce the Fourier expansions of the

operators as

1
T(Z)= Z zn+2Ln ‘1

neZ

) 1 ' o
¢(0')(z) = Z zr+a' S' ) .

reZ (+112)

(2.7)

Here if 0 = half-integer r is summed over half-integer for Neveu-Schwarz sector
and over integer for Ramond sector. Of course for o = integer the summation is

carried over integer. Inverse Fourier transformations are given by
' (A f b . T

"L =“f dzz"T(2) ,

. Lo : (2.8)
£a),= fdzzﬂajl¢(a)(z) . ]
OPE (2.5) leads L, to satisfy the following commutation relation
[ Zmy Ln )= (m = n)Lmn + T3m(m® — 1)fmtn0 , (2.9)

i.e.Virasoro algebra. The defining relation (2.4) of the primary field ¢(°) becomes
[Lm, 61 = {(o — )m—r}{), . (2.10)

For the purpose of determining the extended algebra, it is necessary to specify
the singular terms of OPE of the primary fields

20-1
$( ) (w) = Y G—_-%:R(’)(wnm . (2.11)
8=0

Here R(®)(w)’s are local operators which consist of the identity operator I, the



primary field ¢(°) and their descendant fields, i.e.their derivatives and products.
Note that R(® is the identity operator. Using the normalization ambiguity of
the primary field, we can always choose ag = c/o. Following Belavin, et a.l.m, we
write Eq.(2.11) symbolically as

#4) = (D)1 +316) (212)

where the symbol [I] ([¢(?)]) stands for the conformal family of the operator
I (¢(")). The symmetry requirement under exchanging the order of OPE leads
b to be zero except for ¢ = even integer. So the spin 4 algebra.m is the first
non-trivial example including the conformal family of the primary field in OPE.

In the next section, we show how the Jacobi identities derive the W,-algebras.
The (L, ¢(@), #(®)) Jacobi identity represents the compatibility of the OPE
algebra of the primary field with conformal invariance. From the identity, we
can completely fix the commutator of the primary field. On the other hand, the
(69, 40, $(9)) Jacobi identity plays a crucial role in determining the central
charge allowed by the associativity of the algebra.

—60—



3. Structures of Wy-algebras

Since we have already known Wy-algebras for n < 2, we begin with n = 5/2.
Models of lower n are listed in the following table.

Table 2
The models including the primary field of spin lower than 2.
Spin models
1/2 free fermion theory
1 Kac-Moody algebra
3/2 superconformal algebra
2 direct product of Virasoro algebras
3.1 sPIN 5/2

From the dimensional requirement and the symmetry under z « w, we find
that OPE (2.11) for o = 5/2 should be

-

2c/ 5

612 (2)¢5/2) (1) = ooFt 1{ = P AR e = aT(w)}

(3.1)

*3 = - {azazT(w) +BAw)} + -

Here the Greek letters are some numerical constani determined by the closure of

the Jacobi identity. The operator A(z) is regularized square of the stress tensor:
A(z) = (TTX2) - 62T(*!) . (3.2)-

where the parentheses indicate the normal product of operators. We adopt the

—6]1—



following definition” for the normal product for operators A(z) and B(z)

L AGBE) . D

(4B)e) = §
C:

i we write the OPE of A(z) and B(z) as

A(z)B(w) = Z

s—-l

((AB))"’(w) + ((AB))‘“’(w) + O(z “w), (34)

w)"

we find

(4B)z) = (ABY(z) .- - (35)

e v eee

The comparison of Eq.(3.4) with the one exchanging A and B leads

(=t
(4, B =), —g—0(4B)(z).. . - (36)

r=1

Lte

If both A a.nd B have fermJomc nature, the commuta.tor should be replaced with
the anti-commutator. Converting Eq.(3. 3) mto ‘the mode expa.nsmn, we have the

equivalent expression

’ Ua_l
. (AB)pm = Z A_tBrye+ Y BmytA_e. (3.7)
l—-da =00

The commuta.\i:or of An vs;ipli Ly can bgi easilir c%.léulatéki'

Sc+ 22

[ Ly, Ap] = (3m —n)Amin + TLm+n . (3.8)

It is emphasized that A(z) becomes.a primary field at ¢ = —22/5.



From the OPE (3 1), we-find that the antl-commuta.tor of ¢(5/ 2) is
(5/2)  4(5/2) 2 _1
{ ', ¢s } ( 4) (7' )5r+a 0

+ {—al (r + %) (s + g) +aa(r+s+2)(r+s+ 3)}L,+,

+ BArys -
(3.9)
The (L, $(5/2), $(5/2)) Jacobi identity fixes the unknown constants oy, sz, f:
27/2
=1, 00=3/20, f= 1. (3.10)

These are of course agree with Zamolodchikov’s result? derived by using the

conformal Ward identity of the correlation functions."

Now we show that the (¢(5/2), ¢(5/2) 4(5/2)) Jacobi identity is satisfied only
if ¢ = ~13/14. Using Eq.(3.9) with Eq.(3.10), we can easily derive

[,¢£5/2), { ¢_.£5/2), ¢f$5/ 2) } 1+ cyclic permutation

27 ' 14c.+13{k

9 g . 9
=Sor ittt oo 28(”’3“) +2_8('"7L3+t)

+ (r +ott)(rs+st+tr)— 3 rst}¢,(.i/_,2_),_, ,
(3.11)
where ®(z) is a descendant field of $(5/2)(z):

B(z) = ATOHD)(z) - (T (=) — 56°¢/0(s) . (312)
It is a remarkable fact that if c = —13/14 &(z) becomes a primary field. This
can be most easily confirmed by the OPE with the stress tensor:
11/2
w)?

146'-7}-13[ (z w)5¢5/2( )+(

The first two terms in r.h.s. of Eq.(3.13) is what would be required for &(z) to be

T(2)2(w) = = oo o2 (w) + ——0%(w)

(3.13)

—708/0(w)] .



a primary field of dimension 11/2. The field ®(z) is descendant and primary and
hence a null state, so that it decouples from the theory. In this way the Jacobi
identities of W/5-algebra closes.

3.2 SsPIN3

Now we can assume the OPE of ¢®) to be
c/3
3 (2)¢®(w) = ~G—wy

+ar{ T T W) + g ?Tw) - 2050 Tw) )

+ az{( > ——0?T(w) + ———33T(w)}

+ ,3{ G- )ZA(w) +— 6A(w)}
(3.14)
It is notable that each 6f the curly brackets in OPE (3.14) is symmetric under the
substitution z < w and that it corresponds to linearly independent operators.
Completely similar fashion to the case of spin 5/2, we obtain

16

a =1, a2=3/20, ,3= 5c+ 22 .

(3.15)

Comparing Eqs.(3.10) and (3.15), one is aware of the universality of the coefhi-
cients of the OPEs of the primary fields. Zamolodchikov’s method™ is applicable
to determine the first few terms of OPEs for arbitrary spin o and gives the fol-
lowing result

#()¢)w) = o’ +(z_j)2,_zT(w)+(7_%)z:_—33T(w)

w)2o’

1
(z - .w)2a—4

1
(z — w)26—5

[ i% BT (w) + 28() A(w)] (3.16)

4 [—113631’(10) + B0Aw)] +



where

50 41
5c+22°

The universality of the coefficient of the OPE is the manifestation of the confor-

mal invariance.

B = (3.17)

To study the (¢, ¢03), $(3) Jacobi identity, we write down the commutator
of ¢(3)

[ 4% ¢‘3’1 Em(m? — 1)(m? — 4)8min0

. 1 16
+ (m — 71){ﬁ)'(17?.2 —mn + n2 — 8)Lm+n + ml\nﬂ.u} .
(3.18)
Then it can be easily made sure that the identity is satisfied for any value of
central charge. We can say that this is rather exceptional example of Wp-algebra

for large n as shown in Table 1. This critical property is clearly explained in
Ref.[3].

3.3 SPIN 7/2

In the OPE of ¢("/2), we should introduce the descendant operators of dimen-
sion 6 in addition to the one of dimension 4 A(z). There are two independent
operators
31/7

=(=) =(9TOT)(z) — 5=

ST ez - ohT()
(3.19)
A(z) =(TA)(z) -1%621\(2) .

We have two more operators of dimension 6, (8?TT)(z) and (T9%T)(z). The

relation
(TO*T)() = (B*TT)(2) + %6"‘T(z) , (3.20)

which is derived from Eq.(3.6), implies that these operators are not independent

of Z(z) and 82A(z). It is unnecessary to take care of (9?TT)(z) and (T9°T)(z)



in constructing the extended algebras. In mode expansion, the commutation

relations of the dimension 6 operators with the Virasoro operator L,, are
[Lm, En] =:(5m"l_ n)Em+n

1
— eggm(m +1) [———(m 1)+(10c + )(m +n+4)| Ansn

__6( +29)m(m —1D)(m—-2)m+n+2)Lpgn ,

[Lm, An] =(Bm — n)Aptn

bmm e+ D[(§ 4 5) 05 = D 4 gm0 A

+ 110 (c—l— ——)m(m — 1)(m 2)(m +n+ 2)Lipgn -
. (3.21)
'Now we hz;,{re -t:,l‘lel trial form of OPE of 37/2)(2) '
$/D(2) (2 (w)
e e (e S e e =)
2 0*T(w w) p+a
+a2{(z )aT( )+( )BT( )}+ 3 aT(w)
+}ﬂ1{(z 2 o)’ (w)+( o) 3A(w)}+ﬂ2 62A(w)
P w) + 62— A (w)
(3.22)

As well as the previous examples, we transform the OPE (3.21) into commu-
tator. Then we can determine the unknown constants in the OPE of ¢{7/2) from
the (L, 772, 7/ 2)) Jacobi .identity with the aid of the commutation relations
(3.21). To compare other Wy-algebra, we.explicitly write down the OPE of spin



7/2 field:

¢(7/2)( z)¢(7/2)(w)
%/7 2
(2.~ w)d

éZ:r( )+ G Ly

T(w)+( 1 o) aT(w)

3/ 10 a3T( )+

(= w)?

1 37 37/2 155/28
+5¢+22{(2 )3A( I =y )zaA( RARFETAAS )}

1/15
(z—w)?"

1/34 1% i

1 . Bc—118.. ; . 5(270c+ ay .
Tz { (2c ~1)(Te+ 68) =) + 5o = - 1)(7e + 68)(5e + 22) A(";;}zé)

This is clearly agree with OPE (3.16) with Eq.(3.17). ° ‘

The (¢(7/D), ¢(7/2), $(1/2)) Jacobi identity is also, violated by the.following
descendant field

¥(2) =15(A0¢("D)(z) — 78(A4U/D)(2)

N 10c+ 100491 3 gw/2dy 1y — M#(Tazﬁw”)(z)
(3.24)
4+ 130c ;— 357 { % a(Taz /D) (2) - %(Ta3¢(7/2))(z)}
2c+21 5 (7/2)
 TTRAAMOR

which is again primary if ¢ = 21/22 or ¢ = —19/6. As for the case of o = 5/2,
the primarity of ¥(w) can be shown by the OPE of T'(2) and ¥(w):



T(2)¥(w)

=(71;7%qu(w) + :%;aq:(w)
1

+ (21c — 22) [ oo {7a(T¢(7/2)) —11(T3g\"/?) + §a3¢(7/2)}(w)

5/11

+ 5(6¢c + 19){ o) =/ (w )+( 3/77) 3612 (w)
+ (3/616) 84112 (w) + (1/554‘)1 8471w )}]
(3.25)

The descendant field ¥(z) is apparently primary for ¢ = 22/21. For ¢ = —19/6
the excess operator ¥'(2) = {7(T¢("/D) — 11(T3¢("/D) + 4834(7/2)}(w) is pri-
mary at the central charge, so that it can be removed by the same reason of the
decoupling of the null state in the spin 5/2 algebra. In other words, ¥(2) has the

double structure as primary field. This is the reason why ¥(z) becomes primary
for two values of central charges.

3.4 SPIN4

This is the first example of including the conformal family of the primary field

in the OPE (2.12). Using this advantage, we can make W;-algebra associative
for any value of central charge.

The (L, ¢4, $(4)) Jacobi identity derives the commutator of spin 4 current
algebra:



4.
+(m —n) [1680(3m —2m3n + 4m?n? — 2mnd - 3nt
— 39m? 4 20mn — 39n? + 108) iy 1n
+ 2—8(%_*_25(39"12 — 20mn + 39n% + 57m + 5Tn — 102)Amtn
1 —_
+ B 1)(7c+ 68) {- 20(19" 524)Emn
12(72c +13) 13) }]

T B5c+22 Amin

14 1 2 .
+bm(m - n) [3_36{ —_ 3(6 + 24)(m +4mn 4+ n* + lsm + 157 + 38)

+ (5c+ 64)(m + n + 4)(m + n + 5) 42k,

+(T$ ) min)] -
(3.26)
Here we emphasize that b is left as free parameter just after requiring the (L, ¢4,

™) Jacobi identity.
First let us consider the case of b = 0. The direct calculation leads to
[ ¢$§) o | ¢$,4) (4) ] ]+ cyclic permutation

c? —172¢ + 196 (m —
(2c — 1)(7c+ 68)(5c + 22)

n)(n —p)(p — m)
(3.27)
[21{26(T¢®) — 3(704) + %0 54®)

m-+n+p

+ ( some totally symmetric polynomial in m, n, p ) ¢(,:?*_n +p] .

Although the descendant field {28(T¢)) — 3(T04™) + L83¢W}(2) is primary



for ¢ = —22/5, we can not take the value since the coefficient of the commutator
(3.26) has the pole in ¢ at the value. Hence we conclude that the (¢(), (1), (%))
Jacobi identity is satisfied if ¢ = 86 & 60v/2. It is a surprising accident that the

r.h.s. is exactly canceled out if we choose the undetermined parameter b as

2 _ 54(c+24)(c* — 1726+ 196)

"= (2c—1)(Tc+ 68)(5c+22) (3.28)

Thus s’i)iﬁ 4 a.lge;bra. is always associative on account of the freedom of the de-
scendent field of ¢{*) in OPE aalgebra.

4.. Concluding Remarks

We have discussed the general structure of Wy-algebra, in particular the
Jacobi identities, which completely fix the algebra as expected. It has been an
interesting fact-that the identities are not operator identities, i.e.they contain
null fields. ’ -

So far we have considered the extended algebra- generated by a single pri-
mary field. We think of algebras including more primary fields. N = 1 super-
symmetrization -of Wn—a.lgebra-[sl is an example of such algebras. In superstring
theories, space-time supersymmetry demands N = 2 superconformal syrhmetry on
world sheet. Some models of superstring theo.s are constructed by assembling
several superconformal minimal models in order to equate the central charges to
that of super-CFT describing a compactifying internal nia.nifold, i.e.9. In hopes
of unifying the minimal models into a single representation of an extended al-
gebra, it is intended to generalize Wp-algebra to possess N = 2 superconformal
symmetry. )

Although various kinds of work related to Wy-algebra, e.g.Goddard-Kent-
Olive coset construction,m Feigen-Fuch’s 'construction,[gl etc.are done, a lot of

task still reminds.
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Realistic Superstring Models

— An Introduction —

Takeo MATSUOKA
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Abstract

Realistic models from the heterotic superstring theory are reviewed briefly.
Special attention is paid to the discrete symmetries linked to the topological
and geometrical structure of the Calabi-Yau compacificd manifold. The relation

between the geometrical approach and the algebraic approach is also discussed.

§1. Introduction

It is expected that the superstring theory is the most promising unified thcory. The
‘superstring theory may provide a unified framework not only for all known interactions
but also for matter and space-time.!)"?) To ascertain this, it is an important problem for us
to explore the low-energy effective theory which follows from the superstring theory and to
clarify relations'between the characteristic structure of the low-energy effective theory and

the superstring theory. And also we would like to make a step towards the confrontation



H

of supersting theory with experimental physics. We have already known some properties
of the standard model which are required for the low- energy effective theory as “a realistic
model”. Now we list such properties of the standard model:

- gauge group G D G5t = SU(3)c x SU(2)w x U(Q)y
- chiral fermions

- N=1 supersymnetry in four-dimension

- standard matter contents (quarks, leptons, Higgs doublets)
- generations

- proton stability

- quark-lepton mass hierarchies

- no flavor-changing neutral currents

- weak CP violation

- no strong CP violation

- supersymunetry breaking

- SU(2) x U(1) breaking

A model with these characteristics could be called a “realistic superstring model”.
At present it is far from clear that one can find a superstring model fulfilling all the
requirements mentioned above. The superstring theory and low-energy effective theory
arc connected with cach other through compactification. The topological and geornetrical
properties of the compactified manifold have an essential influence upon the low-energy

cffective theory.

The first attempt to look for a realistic superstring model was made through field
theory limit of the Eg x E} heterotic superstring.?) Then we have ten-dimensional super-
gravity theory coupled with super Yang-Mills fields. This theory is expected to reduce to
a four-dimensional theory near the Planck scale by virtue of some comactification mecha-

nism. Although the dynamics of this compactification is not yet understood, Calabi-Yau

—~73—



- compactification is-thought as most attractive candidate. In fact, Calabi-Yau compactifi-
-cation leads to N = 1 supersymmetric GUT-with:-gauge symmetry of Eg or its-subgroup.
Since the compactification scale has to be of the order of the string size, the field theory
limit does not secem to be a good approxuna.tlon Rather the compa.ctlﬁcatxon should be
considered on the string itself. The orbifold compdctnﬁca.txon is one of the approaches to
stringy construction.!) The orbifold is an essentially flat manifold except for finité number
of singularitics on which topological and gcom(.tnca.l structurcs are concentratcd In this
talk we confine ourselves to the Calabi-Yau compd.ctnhca.tlon d.nd md.mly discuss the con-
nection between the topological and geometrical properties of the compactified manifold

and the low- cuergy cffective theory.

In scction 2, we study the relation between realistic gauge hi(;;arc_hics. and. Wilson
loop breaking. The topological structure of the compactified manifold determines the gauge
symmetry, the generation nunber and available matter fields at the éompaéfiﬁéatioﬁ scale.
In scction 3, phenomenological constraints for models are discussed and phenomenology
is presented bricfly. In section 4 it is shown how discrete syminetries on the compactlﬁed
manifold give strong constraints on Yukawa couplings by taking the four-generatxon model
as an example. The final section is devoted to the discussion about the.relation.between
the algebraic approach and the geometrical approach. To seek a fully consistent “realistic
model”, it is useful to combine two approaches. T

§2. Wilson loop breaking and realistic gauge hierarchies

After the Calabi-Yau compactification near the Planck scﬂe the theory brings about
the I == 1 sipersymmetric GUTs at lower encrgy.?) The available gauge group G in this
theory is Eg for simply connected K = Kp but becomes a subgroup of Eg for multiply
connected K = Ko /Ga, where G4 is some discrete symmetry. The available fields are
restricted to zero modes on the compactified manifold K. In addition to vector superfields
we have Np27 + §(27 + 27") chiral superfields as the zero mode spectra, where 27 is the
fundamental representation of Eg and Ny is the generation number of quarks and leptons.
N;+68 = h?' and 6§ = h'! are the Hodge numbers of the compactified manifold K.3):5):6) I
the Calabi-Yau conipactified superstring theory four-dimensional massless fields are given

by the cocfficient functions of the six-dimensional harmonic form expansion of the ten-
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dimensional fields.- Thus we must consider the gauge hierarchy and also the low energy
effective theory only within these ingredients which are determined by the topology of the
compactified manifold K. This is in sharp contrast to the ordinary GUTs, in which the
generatiou numbers and Higgs ‘fields are introduced arbitzarily.

In the Calabi-Yau compactification the effective Higgs xnet:hamam can be described in
terms of the Wilson loop on the manifold K )

U(T) = Pexp ('i f A"""T“dyn.), | 2.1)

LAl
4

where T® are generators ef Es aud A% ave o:t.a-dimeisional components of the ten-
dimcusional vector field.” .7 If tie sunnifold € i wuilipdy conuected, there exists the
non-trivial U(T') # 1. Only in this case realistic g. auge lilecarcliics are possibly realized. 5):6),8),9)
The non-trivial U composes of the discrete symmetry Gd, which is a homormorphic em-
bedding of G4 into Eg. Then the available gauge group G is dﬁ;terxmned asG={g|Ue€
G4, [g,U]=0}.19 U can be rewritten as'?)

= exp 1 (Z zH; + Z a:,,EQ)’, ‘ (2.2)

where H; and E, are generators of Eg and
[Hi, Ea] = ; Eq, [H;, H;}] =0. (2.3)

The cocfficients z; and x4, represent real parameters corresponding to the zero root breaking
and the non-zero root breaking, respectively. The case Z = {2;} 20 and N = {z,} =0
means the multiply connected manifold K = Kg¢/G4 with the abelian G4, while {za} # 0
implics the non-abelian Gy. ’

In order to get phenomenologically acceptable models, it is required that the group G
contains the standard gauge group G5 = SU(3)c x SU(2)w X U(1)y. In the case of the
zero root breaking in which the rank of G is six, we have

<p|U|p>=expi(Z,p) (2.4)

with Z = a©, + O, + 703, where | p > stands for the state with the weight p in Eg and

Z represents the breaking direction in the six-dimensional root space. ©;’s (i=1,2,3) are



Table 1. The 78 vector multiplet decomposition under Gpin = SU(3)c x
SU(2)w x U(1)®. The roots are represenied in terms of the Dynkin label.
T'hree types of the hypercharge assignment are taken as U(1)3. The last
colutnn stands for the representation in the case Y with respect to SU(2)
which breaks down in the rank five G.

Roots Gmin Numberof  (Z,¢) Su(2)
(3 Fields
a (000001) (8,1)0,0'0 8 0 (1)
(10001-1)  (1,3)000 3 o (1)
(000000)  (1.1)ys0 a 0 (1), (3)

d (01-1109) (3,2)_5'1'; 12 44 (1)
e (00100—1) (3,2)1,—5,1 12 B (2)
f (010-110) (3,2)1.1,_5 12 v (2)
g (10-11-11) (3,1)-2,44 6 -B+7) @)
h (1-110-10) (3,1)4,_2,4 6 —(v + a) (2)
i (100—101) (3,1)4,4,_2 6 —(a + ﬂ) (2)
i (2-10000) (1,2)33,3 4 —(a+p4+9) ()
k (01-1-111) (1,1)0,6,_5 2 —(ﬂ - ")') (3)
1 (00-12-10) {1,1)_6,06 2 —(y - a) (2)
m (0-12-10-1) (1,1)6,—6,0 2 —(a-p) (2)

perpendicular to the non-zero roots of G,¢ and coincide with three independent weight in
27* which are neutral under SU(3)¢ x SU(2)w. Parameters (a,,) are treated up to
modulus of the discrete symmetry Gq.

In order to see the relation between the gauge group G and the breaking direction
Z, in Table 1 we show the decomposition of 78 vector superfields of Eg under Gumin =

SU3)c x SU2)w x U(1)*. For a given Z, the mass of 78 vector bosons is proportional
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‘Table 2. The 27 chiral multiplet decomposition under G;inand quark/lepton

assignments for the case Y. Non-trivial (N,p) in the non-zero root breaking
is also given for the case Y.

Weights Gpiin (Z,p) (N,p) Ficld assignment
p (Yia) (Yis) (Yie) (Yia)

A (100000) (3,211, —€ 0 Q. QL Q. Qo
B (00-1101) (3%,1)_422 a—€¢ O @ up  @r iR
C (0-11000) (3%,1)2,42 PB-€¢ -z dp dr g g
D (000-111) (3%,1)22-4 7v—€¢ +z § g g g
E (-110000) (3,1)-2,—2,—2 2 0 g g g g
F (001-11-1) (1,2)s,3-3 2—a O h h Rk
G (01-1010) (1,2)_33-3 2—PB +z I Kl R
H (00010-1) (1,2)-a—as 2~ -z K I, K I
I (1-11-100) (1, 1)6,0,0 —a—¢ 0 €R én €éR €R
J (10-1001) (1,1)0,6,0 —f—ec +=z Sy S S Sy
K (1-101-10) (1, 1)0,0,6 —Y—E€ —T Sz Sz Sz Sz

to (Z,¢£), where £ is the root of the corresponding vector boson. The explicit form of (Z, £)
is also shown in Table 1 for each root.

Furthermore, in Table 2 we show the decomposition of the 27 chiral multiplet under
Guin. Here it is noted that we have three hypercharge assignments;  3Y; = —50, +
O, +0;, 3Y; ;=0 —-5024+0; 3Y =6 +02-50; ©O;'s(i=1,2,3) coincide
with the weights —I, —J, —K in Table 2, respectively and (0;,0;) = -:1; + 6;j. In Table
1 three types of the hypercharge assignnent are taken as U(1)®. As seen from Table 1, if
a = f=v=0(modGq) G becomes Eg. While, in the case that all of a, 8, v, a £ g, B L1,

v+ a and a + 8 + v are non-zero under mod G4 and that G4 is an abelian discrete group,



G amounts to Gmin. Thus the group G can be casily determined depending on a, 8 and
4 under mod G4. The assignments of ordinary quarks and leptons are also presented in

Table 2 for the case Y. The other cases are obtained by the cyclic permutation.

In the case of the nonabelian G4, Gy ¢-preserving non-zero roots are restricted to +k,
41 and Fm in Table 1 for Y7, Y;; and Yy, respectively. Since they compose non-zero
roots of an SU(2) for cach case, SU(2)' in Eg breaks down. Therefore, in the non-zero
root breaking the rank of G is five and we get at most G = SU(6). Among the 78 vector
multiplet remnant massless fields are confined only to SU(2)' singlet components, which
arc shown in the last column in Table 1 for the case Y;. In the rank five case Z should be
normal to the roots of SU(2)" and we have § = v (mod G4) for Y7 and so on.

Now let us consider important constraints arising from the longevity of the proton.
The 78 vector multiplet contains (3,2)-sand (3,2), leptoquarks which cause the proton
to disintegra*~, where (3, 2)-5,; means SU(3)¢ triplet, SU(2)w doublet and 3Y = —-5,1.
Since there a.¢ no (3,2)—5 leptoquarks in the 27 chiral superfield, ‘(3, 2)_s leptoquark
vector bosons can not become massive by the Higgs mechanism with the chiral superfield.
Therefore, unless (3, 2)—s leptoquark vector bosons get masses at the compacification scale
M., the proton life-time becomes too short.®) As for (3,2); leptoquarks in the 78 vector
multiplet, they may become mnassive by the Higgs mechanism at the intermediate scale
M. However, even if it were the case, the proton will decay too fast because the scale
M, is rather small compared with the unification scale of the standard GUTs. Then,
(3,2); leptogquarks in the 78 vector multiplet also should be massive at the scale M,.
Conscquently we have the constraints a, 8,7 # 0 (inod G4) for the rank six groups and
@ #0 and B =+, for Y] in the rank five groups. All the groups with SO(10), SU(6) and
SU(5) in which SU(3)¢ and SU(2)w arc embedded together are ruled out. That is to say,
the unification of SU(3)¢ and SU(2)w cannot occur at the energy scale below M.

In order to find the low encrgy effective theory, it is necessary to study zero modes
in the 6(27 + 27*) chiral multiplets. Generally, §(27 + 27*) chiral multiplets can get the
masses of order M, through the Yukawa coupling 27-27*-78. If and only if (Z, p) = 0 and
(N, p) = 0 (modGy) for the components of 27 with the weight p, the corresponding chiral
superficlds remain massless. On the other hand, Ny27 chiral superfields are all massless.
We can casily find the relations between the discrete symmetry Gy and massless chiral

superficlds at M. If the symmetry breaking G — G' occurs at the intermediate scale My,



more stringent constraints should be satisfied, that is, the standard gauge group G, and
the supersymmetry should be preserved at M;. If the supersymmetry breaks down at M,
the naturalness problem cannot be solved. These contraints are satisfied if and only if
G,i-ncutral ficlds in §(27+427%) (51 in Table 2 and ) in 27*) appear as zero modes and if
< 815 >=< 815 >= O(M). Otherwise, we have only the grand desert scenario. Only the
grand desert scenario is allowed for the rank five G. In the rank six case, considering the
zero mode conditions we can find the all(;wcd syminetry breaking G — G’ at M and the
discrete symmetry Gg4. In the superpotential there is no trilinear couplings of Sy and S) in
(27+27*) because of U(1) charge. The quartic terms of S and 5y appear effetively by the
exchange of the Eg superheavy gauge bosons. The superpotential leads to the intermediate
scale My ~ O(M,M.)!/? ~ 10'°GeV, where M, stands for the supersymmetry breaking
scale.'oH11)

§3. Phenomenology

In §2 we discussed the phenomenological constraints on the gauge group G coming
fromn the proton stability. However, the proton decay potentially occurs also through the
Yukawa interactions. Here, let us consider the rank six case. In this case the most general

Yukawa couplings which are invariant under Gin are

W =M\ AAE + \ABF + MACG + MADH + A\s BCD + A6 EBI

(3.1)
+AECJ + A EDK + M FGK + \\(HFJ + /\uGHI,

where superfields A to K are given in Table 2 for the case Y;. For each assignment of

quarks and leptons, we write down each term of Eq.(3.1) in Table 3.

In the group G larger than G pnin we have somne relations among A, to Aj;. From Table
3 we find that there are ordinary quark/lepton mass terms and at the same time some phe-
nomenologically dangerous terms. The coexistence of QQg and QIg or §iid and giié leads
to the g-quark exchange proton decay processes O(AA/M2)(QQQ!) and O(z\z\/Mj)(ﬁﬁJé)
with M, < AM|. These processes make th e proton unstable because of M; ~ 10'° GeV.
Thus we must prohibit at least the coexistence of these terms in the superpotential W.1Y)
Furthermore, as seen in Table 3 in the cases Y7, and Y. the quark/lepton mass terms

exist, provided that < A > and < h' > have non-zero vacuumn expectation values as in



Table 3. The contents of the Yukawa couplings for the case Y.

Term (Yra) (Yn) (Yoc)  (Yra)
M AAE QQy QQg QQg QQg
) ABF Qih Quh  Quh  Qih
A3 ACG Qdl Qdr'  Qgl Qgh'
M ADH Qgh' Qdl Qdn Qdl
\s BCD idg adg idg iidd
d¢ BEI uge igé iige iige
M CEJ dgSy dgS) 495 g951
ds DEK ggS:  §9S: dgS»  dgS:
X FGK 1hS, hh'Sy  1hS, hh'S,
Ao FHJ hk'S; 1hS; hh'S, RS,
An GHI lh'e lh'e Ih'e lh'e

the standard model. While, in the cases Y;, and Y;4 there is no direct d-quark mass term
although the g-quark can be massive. Although the d-quark can be massive through the
g — d mixing, it is inpossible to give the appropriate mass by the diagonalization without
unnatural assumption for the Yukawa coupling. Consequently, the Yukawa couplings in

the case Y7 must satisfy the following conditions;

Yis: A=A =0 or Ar=X=0,

(3.2)
A2,A3,A11 #0

Y],,:/\l =/\5=0 or /\3 =/\5 =0,
A45A2a’\ll #07

The conditions in the cases Y;; and Yy, are also obtained by the cyclic permutation of
(A2)’\37’\4)1 (A61’\7 1’\8) &“d (/\11,/\10,/\9)-

(3.3)

Next we discuss the neutrino mass. For the cases Yjpand Y. we have neutrino Dirac-

mass terms AjplhS) and A\glhS,, respectively. To keep neutrinos massless or light, it is



necessary for us to have A9 = 0 for the case Y;, and A\g = 0 for the case Y;.. The
above conditions severely constrain the group G. To explain the constraints it is necessary
to introduce some discrete symmetries which might be related to the topological and

geometrical structure of the compactificd manifold.
The realistic models are classificd into four types of G as follows,!9)-11)
SU(4)e x SU(2)w x U(1)?2,
SU(3)c x SU(2)w x SU(2) x U(1)?,
SU@3)¢ x SU(2)w x U(1)?,
SU(3)¢: x SU(2)w x U(1)%.

In the intermediate scale scenario G is G,;,, = SU(3)ex SU(2)w xU(1)? or SU(3)¢ %
SU(2)w x SU(2)' x U(1), provided that we take the conditions coming from the proton
stability and the quark/lepton mass gencration. The discrete symmetry G4 is also found

for cach case. Thercfore, we can constrain the topological structure of the compactified

manifold phenomenologically.

Although superstring theory is the theory at Planck scale, in the effective theory at
TeV region there arc remnants of the compactification at Planck scale. If these effects are
found in the experimental discrepancy from the standard model, it may be considered as

an indirect evidence that nature sclects the higher dimensional superstring scenario.

In all the realistic cases we have at least an extra U(1) gauge symmetry above the
weak scale. But it should be noted that the extra U(l)y: in G);, for the intermediate
scale scenario differs from the extra U(1)y» in G = SU(3)¢ x SU(2)w x U(1)? for the
grand descrt scenario with rank five. An extra U(1) phenomenology at low cnergies is
important to check the reality of the Eg x Ej superstring theory. The low energy effects of
an extra U(1) vector boson have been investigated.!? The renornalization group analysis
was made for U(1) gauge coupling constants, taking account of the abelian kinetic term
mixing.!3)') In the E x E} superstring theory there cmerges the mixing in the abelian
kinctic terms which arise from the anomaly cancellation term HppynHPMYN in the ten-
dimensional Lagrangian and from possible existence of the extra heavy fields g, g, b and

k'. Phenomenologically aceeptable solutions have been found.



§ 4. Discrete symmetries and Yukawa couplings!®

In the Calabi-Yau compactified Eg x Ej} superstring theory, the compactified six-
dimensional manifold K is considered to be multiply connected i.e. II;}(K) = Gy(K =
Ko/Gq and Ky is a simply connected manifold) so that we obtain a realistic gauge group
and a relatively small generation number. If this is the case, due to the Wilson-loop
breaking mechanism the unbroken gauge group G(C Eg) can be determined such that
G={g| U € Gy |g,U] =0}, where G4 is the cmbedding of G4 into Eg by a
homomorphic mapping. Phenomenologically viable gauge groups G were systematically

studied together with the Gy for cach G and with the G4 charge assignments for the
fields®).

In general on the manifold K there can exist some discrete symmetries other than
Gg4. Such a symmetry H, which is also the symmetry of Ky, is given by H = { h | Yg €
Ga, 3¢ € G4 st. hgh™ = g'} ®. If such an H exists, it may naturally forbid
the unfavorable Yukawa couplings 27 ® 27 ® 27. To see this it is necessary to remind
how Yukawa couplings are introduced in the theory. In the Calabi- Yau compactification
10-dimensional fields ¥(w) and Ap(w) (248 in Eg) can be expanded in terms of the 6-
dimensional harmonic forms ¢;(y), ¢i(y) and Ani(y) as

$w) = 3 ¥,

, . 4.1
AM(“") = Z A;l(z)¢i(y)6Mll + Z ¢J($)Amj(y)5Mmr ( )

where z and y are 4-dimensional and 6-dimensional coordinates, respectively.6)16) From

10-dimensional interaction terms

Li=3§ j do/—g O (w)r™ Ang (w0)(w), (4.2)

we derive the Yukawa interaction
Ly = /\.'J'k [(ldzl:\/ —-g4 -)i(:l:)tﬁj(x)ll)k(.’t). (43)
Using the property of Calabi-Yau manifold, Yukawa coupling constant is expressed as!®!?)
Aijk =§ / Vo (2)2 7™ A(2)5, 1(2)5 €abe,
K (4.4)
_—.g/ wA A7 A AL A Afease,
K



where we use complex coordiante z instead of real coordinate y, and A? = A2 .dz™ is
the z-th one form with its value on the anti-lhiolomorphic ta.ugcﬁt bundle T. An index a
labels the 3 of SU(3) so that A; corresponds to 27 of Eg. w is the holomorphic three
form constructed by using the covariantly constant spinor such that wWinnp = 77V YaYp1-
The knowledge how A; transforms under H can tell us how the Yukawa couplings are
restricted due to the requircinent of H invariance. As a mathematical theorem it is known
that the clements A; of H'(T) are represented by the linearly independent deformation
of the manifold'™'®). From this fact (2,1)-forms $;(z) have one-to-one correspondence to
the polynomials gi(z); ¢i(z) =~ Ai(z) =~ qi(z). This shows that we can readily read off
the transformation property of ¢i(z) under H. Now we consider the manifold K which is
defined as the hypersurface in the complex 4-dimensional space constrained by the defining
polynomial P(z). Using the defining polynomial P(z) of the manifold K, we can deform
the polynomials ¢i(z) without changing the Yukawa couplings

ar(z)

Gi(2) ~qi(z) + Ciza ot

(4.5)

where Cf is the element of GL(5,C). Therefore, we can calculate the Yukawa coupling
constants (4.4) as the H invariant polynoinial integrals and even see relations between
them. Of course in this caiculation the kinetic term normalization must be taken into
account. This calculation can be also made in the same manner. The above arguments
are appropriate only for (2,1)-forms or 27 of Eg but not for (1,1)-forms or 27*. In general

for (1,1)-form we nced more complicated analysis!?).

Now we proceed to the analysis of the realistic models according to the above scenario.
As mentioncd above, the low encrgy group structure can be dctermined only through G4
but not through the manifold. Whereas, to get the generation number we must fix the
manifold. Up to now some three and four generation models are known®''?). In this section
we analyze a four gencration model with A'! =1 listed in ref.3. Comparison between G4
of these manifolds and Gy suggests that Ky = Y(4;5) with Gg = Z5 x 2% is the most
interesting one. Therefore, in the following analysis we confine ourselves to the manifold
K = Ky/Gq = Y(4;5)/Zs x Z}M. Y(4;5) is the manifold defined as the zeros of the
fifth-order polynomials in the CP*Y. The discrete symmetries of the manifold X depend
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on the selection of the defining polynomials P(z). Here we take

13
P(z) = g Z zf —cz122232425 = 0, (4.6)

i=1

where z; (1 = 1 ~ 5) are the local coordinates of CP* and ¢ is a complex parameter. Then
P

P{z) Las the frecly acting discrete symmetrics,
S; zi = zig, (4.7)
T; 2z —a'z; (e®=1) (4.8)

for ¢ £ 1 and obviously §* = T = 1 and T'S = «ST. We use S and T to construct K.

The remaining symnmetries of K are generated by

B; =z — azi’z.-, (4.9)
Y; z;— 2. : (4.10)

These satisfy B5=1 and Y*4=1.

In the manifold Ky cohomology groups H*! and H!! compose of 101 elements and

one, respectively. On the other hand, most generally there are 126 fifth-order monomials

2122232425, 25, ZzZ (i F£7), zAzim(i# j# k),

Zzj(i #7), ZiZa(#i#k), zizizma(i#iAk#1),

but these arc not independent. Using ¢q’s(4.5) and (4.6) 2} z;j and 2} are related to z7z;z2;
and zj 29232425, resyectively. Therefore we have 101 independent monomials which are just
corresponding to h¥!(Ky) = 101. On the manifold K which is constructed as the quotient
space by Zs x ZL, we have to construct the fifth-order polynomials as linear combinations
of the above 101 monomials which arce cigenstates with respect to S and T. We denote
the polynomials as T,(,',?. which have the (S,T')- eigenvalues (a™,a™)and their definitions
are given in Table 4. Five polynomials T(f:;) (i = 0 ~ 4) correspond to the five independent
(2,1)-formns on the manifold K = Ky/Ga.

Transformation propertics of the polynomials TS, under B and Y can be readily

found also in Table 4. It is worthy to note that the polynomials T,(.',z, are classified into



Table 4. Definitions and transformmation properties of the polynomials

polynomials B ‘ Y
Tég ) 2122232425 1 1
Ty Y, e iz ziazis a - Tsf:.),o
Tv(lfl) Z.:; a_"iz;‘z+2z.—2zl o? i Téi{o
Tv(;?)) Z;:l a-"iz?ﬂz-—lzz o® - Tlfi?ﬂ
TS Tia ™z zigizio at — Tink
Tv(l:r)t Z?:l a—"iz?""?ﬂm — amlTv(:}r)m,m - T:gvl:zzm
T Y, 0™z} ziszmziom —a™Td - T,
T3 ZL, a~™2222  Zim — a""T,(,i)m,m — Téﬂzm
T ZL, a~ ™22z mZiramZitam — o™ Tr(:i-)m,m — T:f;',’,zm

four categories according to B and Y transformation property as

Té(())) i (B)Y)- singlet,
T (i =1~ 4); (BY)- doublet,
T (i,n=1~4) ; (BY)- quartet,
T, (=) (BY)- 20-plet.

It will be found that these properties severely restrict the phenomenologically consistent
cmbedding of G4 into Eg as scen later. The Yukawa coupling constants are given by the

integrals over K of the products of three polynomials T,(,';)T(j ) TN After integrating over

mm! “nn’*



K, only (S,T') invariant products give non-vanishing value. (S,T) invariance requires the
conditions

l+m+n=0 (modb), (4.11)
'+m'+n'=0 (mod5). (4.12)

Next we study the relation between the polynomials T,(,i,?, and the 27 fields of Eg. To
do this, we must remind the Wilson-loop breaking mechanism, that is, the homomorphic
embedding of Gy = Z5(S) x Z{(T') into Es,

S — Us € G4 C Eg,
T—-UpreGyCEg.

Here homomorphism requires U,Uy = Uyy for any g,¢' € G4. In Ref. 11, for all the
possible G4 we exhausted gauge group structures coming from the Wilson-loop mechanism
and the G4 charge of the 27 ficlds. Then it is sufficient for us only to select the models
which allow the homomorphic embedding G4 — G4 and we can relate the polynomials to
the 27 ficlds automatically. Naive consideration leads to the three independent embedding
schemes (i) Zs x Z§ — Zs x Z} (i1) Zs x Z; — Zs5 (iii) Zs x Z{ — Z{. Phenomenologically,
however, the cases (i) and (iii) are forbidden At the compactification scale the standard
gauge group SU(3): x SU(2)w x U(1)y is unbroken and under this group 27'is decomposed
into cleven multiplets. On the other hand, ’1',(,';,),(111 # 0) forms (13,Y)-20-plet and then only
the cleven physical multiplets can not compose of (B,Y') invariant Yukawa couplings. For
this rcason only the embedding (ii) is allowed. In this embedding scheme the allowed gauge

structures potentially with the intermediate mass scale are

G = SU(3)c x SU(2)w x SU(2)' x U(1)?,

G = SU(4)c x SU(2)w x U(1)?
at the compactification scale. The relations between the polynomials T,(,';,) and 27 fields
are given in Table § for each case. It is evident from the above construction that in the

expression of T,(,f,) the index z plays a role of the gencration index so that we can calculate

the generation dependent Yukawa coupling constants. In fact, (B,Y’) invariance requires

i+j+k=0 (modbd). (4.13)
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Table 5. Relations of Polynomials and fields

“discrete charge polynomials field assignments
Zs T4 |

G = SUB)c x SU(Z)w x SU(2) x U(1)? i) . II(c)
0 Ty (LS (W R)(S)
1 () (9,8 (d,3)
2 T (9):(52,8)  (9),(52:2)
3 TS dr) @
4 Ty . ) @)

G = SU(4)c x SU2)w x U(1)? I(b) I(c)  II(b)
0 TS @S (@d5) (@5)
1 Ty ME)  (B)E)  (R)(S2)
2 Ty (B,9) (me) (@)
3 T 0 (d,S)H) (35 (d, (k)
4 el @h) (DR (@)

We are now in a position to evaluate Yukawa couplings, which are given by integrals

of the products of three polynomials over the commpactified manifold K
8 ()
J 19 TR T, (414)

As mentioned above, the global symmetry on the manifold K gives strong constraints
on the Yukawa coupling (4.14). In fact, we get a non-zero Yukawa coupling only when
i+j+k =0and n+m+I1= 0 (mod 5) which are consequences of B and G4(S) invariance.
Here we can derive further restrictions on the Yukawa couplings (4.14) which are given

by an integral of a certain fiftcenth-order polynomials over the manifold. A valuable
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proposition at this stage is that at tree amplitude in the string theory the integrals have
" the same value whether the theory is formulated on Ky or K = Ky/ G . By virtue of this
fact, we can replace the integration over K by the one over Ky, and then we can make full

usc of symmetries on K(;, which do not necessarily exist on K. One of such symmetries is
zi = a™z;, with Zn; =0 (mod 5), (4.15)

which retains the defining polynomial invariant. All of the monomials in expansion of the
fiftcenth-order polynomials T,(,? T,(,,Jg T,(uk) arc not invariant under (4.15) except for four types
of monomials. Only fifteenth-order monomials which are invariant under the above trans-
formation contribute to the integral. Non-vanishing terms are restricted to the following
ones,

(2122232425)°,

(2122232425)22?,
. (4.16)
(2122232425)7; 25,

5.5_6
25 ZJ'Zk.

Since we can deform fifth-order polynomials by eq.(4.5), we may replace 2} by ¢(z122232425).

Thus each integral is expressed only by two parameters ¢ and p as listed in the Table 6').

Table 6. Contributions of fiftcenth-order monomials

monornials integrals over K
(Z] 292324 25)3 1
(2122232425)% 2} cp
5 2
(21222324 25)2] 23 ciu
5,5,5 3
Z; ZJ' 2 c'p




Table 7. Values of Yukawa couplings

Types of coupling value (c#1) ~ notation
T, "1, w/5 o

T TP TY pe? P
TOTNTY cu(? q
O T TY (2 +2¢ + *)pg( ro
AT

TOTITY jnomi=1 . {(a”' + o)+ (a2 +aP)c+ Spue2(
T,(.2)T,(n2)fl}(l) |n—m|=2

T,(.s)T,(,?)T,m n-mi=2  {(@ 2+ a?)+ (e +a)c+ FIut T
T,(.Z)T,(,.Z)T,(l) |n—m|=1

I (2 +c+ 2)ug(? *
Tn Tﬂ 11[

T,(,')T,(,,')T,(f’) jn-mj=1  {(a”' 4 a)+c+ (a2 +a®)3P e s
TV |ammi=2
T,(.')T,(..')T,m [n—m|=2 {(u"2 + a2) +c+ (cvz_l + az)c'l};z{(2 59
TOTOT®  (nmmi=1

In order to connect the integrals (4.14) with the physical Yukawa couplings, we must
use orthonormal bases such that

/A $1(2) #4(2) = &; (4.17)

for any two harmonic forms ¢;(z) and ¢;(z) on the manifold K. Fortunately the orthogo-

nality of the bases T s (hereafter T,(li,) is abbreviated to T8 ) with respect to the index n
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and 1 is guarantced by Gq and B symmetry, respectively. Furthermore it is worthy to note
that the normalization constant of T( Vs is independent of n by virtue of the symmetry
(4.15) and the normalizations for the index i = 1,4(2,3) are the same by Y symmetry.

Taking account of these facts only three independent normalization constants are left and

we introduce the paramecters

ny u [4Al — '
"‘l(g )" / "11(:"4)" = C':

, (4.18)
I 1T = &

Using Table 6 and ¢q.(4.18), properly normalized Yukawa couplings are expressed i terms

of only three real parameters p, ¢, € and one complex parameter ¢ as in Table 7.

§5. Algebraic approach and geometrical approach

In the prcccdiug seci’.ions, we discuss the Calabi-Yau compactification based on the
geometrical approach. There arc a vast number of Calabi-Yau manifolds and most of them
are very complicated manifolds with unknown metrics. If we take one of them, the manifold
provides a solution of the classical string equation of motion. However, in order to keep
the theory to be consistent, we have to redcfine the manifid metric order by order in the
world-sheet o-model.2?) This means that the coﬁnpactiﬁcation to an arbitrary Calabi-Yau
manifold does not always lead to a fully consistent string theory. We need son;e further
constraints on the manifold to get a consistent string th: ~:y. Then, {the question arises as

to what constraint is required to obtain a cousistent strii;g theory.

Rccellti;' Gepner proposed the new space-time supc-rsy.mmetric compactiﬁc‘at',ion which
is fully consistent as a string theory.2") This new compactifi-s. . is represented as a tensor
product of N = 2 minimal superconformal models with a tracs anomaly ¢ = 3k/(k+2) (k =
1,2,3,---). Since th(; criical (lilll(!llsi()ll of superstring theories is I = 10, we have the
trace anomaly ¢ = 12. The internal (non-space-time) degrees of freedom are described by

.combining minimal superconformal models so as to make the correct trace anomaly

c—z———k+2=9 (5.1)

In this tensoring of mmlma.l modcls we havc to eliminate all states with U (1) charges which
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arc not odd intcgers (the generalized GSO projection). There are 168 different models
which satisfy the condition (5.1). For two of them Gepner and others gave the geometrical
interpretation of non-geometrical compactifications based on the algebraic approach. The
one is the 3%-model which corresponds to the Y(4;5) manifold with the defining polynomial
(4.6) and ¢ = 0.22) The 3°-model and this Calabi-Yau manifold have the same discrete
symmetry Ss X Z3/Zs. As shown in §4, on the quotient manifold Y (4;5)/25 x Z% we
have a four-generation modecl.!®) The. other is 1! - 16%-model which corresponds to the

hypersurface in the CP?® x CP? counstrained by the defining polynomials

Py =2y + 2} +2; +23 =0,

5.2
Py = zla:? + zzzg + zga:g =0, (5.2)

where {z, z1,22,22} € CP? and {z;,:i:g,z;} € CP2. In this case 1! - 16%- model and
the Calabi-Yau manifold both have the discrete symmetry Sz x (Z5 % 23)/2,. On the
Calabi- Yau manifold devided by Z3 x Z3, we obtain a three;generation modgl.”?

On the Calabi-Yau manifold which has a correspondence with a fully ;:(:;n;;istent al-
gebraic theory, it is not necessary to redefine the manifold metric order by order in the
world- slxcet o- model. In other words, a fully consistent theory sits on a fixed point.on
the renormalization scheme in the parameter space, which represents degrees of freedom
of deforming the manifold. Wlu-u we choose a Calabi-Yau manifold with certain Hodgc
number A%'and h'!, we can contine uoubly deform thiis manifold without cha.ugmg topolog-
ical structure (for instance, gencration number Ny = k2! — h!! remain unchangud). These
manifolds obtained thus are topologically cquivalent and diffeomnorphic to each other but
have different complex structures. The diffcommorphic paramcter space contains the h2?!-
dimensional parameter subspace, in which each point represents the hypersurface given by
the defining polynomial with cach sct o.f paramcter values. If we require the la.rgér discrete
symmetry for the manifold, the smaller subspace in tile h?!:dimensional parameter space
is sclected out. Gepner’s analysis suggests that the Calabi-Yau compactifications are fully
consistent only in a hmited subspace which posses a specific kind of discrete symmétries.
It is important to study some kind of phase diagr-a.m in the pa.fémeter space and to ex-
plore fixed points in conjunction with discrete symmetrics. In order to scck a “realistic”
compactification, it scems to be very efficient to combine the geometrical approach and

the algebraic approach.
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ABSTRACT

Recent development of wormhole instanton physics is reviewed with an empha-

sis on its analogy to string theories.

§1. Introduction

Quantum gravity becomes relevant only in the extremely small scales of the
order of the Planck length £, ~ 10733 cm, or the Planck time ¢, ~ 10™43 sec. So
it has long been thought that the very early universe may be the only (if at all)
application of it. Some people talk about the wave-function of unvierse, which may
give initial conditions to the classical cosmology and hopefully some clues to the

“large scale structure of the universe."

1) Invited talk given at KEK Workshop on Superstring Theory, Aug. 29th - Sept. 3rd, 1988
(to be published in the Proceedings).



Very recently, it seems, the landscape has drastically changed since Colemsn’s
breakthrough paper on the vanishing cosmological constant.” The observed cos-
mological constant A (I define it as the vacuum energy rather than the traditional

one) is vanishingly small,

Planck radius,, 10-120

% A < (Fbbe dis) ™

(L.1)
Evidently, the right-hand side is the square of the ratio of the smallest scale to the
largest scale in physics. In order to explain this number, we obviously need a mech-
anism which intimately relates the ultraviolet and infrared phenomena.”! On the
basis of Hawking’s earlier works on the Euclidean quantum gravity, " wormholes™

and de Sitter instanton,” Coleman argued that wormhole instantons do the job.

As briefly reviewed in §2 the radius of the wormhole instanton is typically T
\/7; with L being the characteristic length scale of the theory (e.g. L ~ 10‘13
for QCD). So its size is microscopic. However, its effect is non-local. The wormhole
can go out of any point in space-time and enter any place in the universe and even

in other universes.

We are going to explain how the wormhole instanton contributes to the Eu-
clidean path-integral with a particular emphasis on the analogy to the Polyakov
integral in the string theories (§3). 84 is a review of Coleman’s explanation of the

vanishing cosmological constant. §5 is devoted to discussions and summary.

§2. Wormbhole Instantons

{7

Giddings and Strominger ~ presented a simple (superstring motivated) model

which has wormhole instanton solutions. The Lagrangian is given by

L= R+ f2HZ,,. (2.1)

_16

The first term is the standard Einstein-Hilbert Lagrangian. le A=0B , +---
is the totally antisymmetric field strength with f being its coupling constant of the

dimension of mass.



The field equa.tioné derived from the Lagrangian (2.1) are the Einstein equation:
1
Gy, = 167G f*(3H, HP — 39w H?), (2.2)
and the “Maxwell equation™:

o“H,, =0. (2.3)
The “Maxwell equation” and the Bianchi identity are trivially satisfied by the

ansatz:

n ..
Hp=p% (G5Hk=123)
H,. =0 (2.4)
The magnetic field Hijk is quantized in the sense that n in Eq. (2.4) takes integer
values only. This quantization is achieved via coupling to matter fields, e.g. strings
in the background of H and guarantees the stability of the solution. As for the

Euclidean space-time, - we make an ansatz:
ds? = dr? + d®(7)d?Q, (2.5)

with a(7) being the scaie factor and d203 the metric of S;. The Einstein equation
(2.2) reduces to

da., _ rﬁ
GEr=1-1, (26)

with rf = 8mGn?/f%. We can easily obtain a solution to Eq. (2.6) by using the
eliptic integral but we do not need its explicit form. For |r| — 0o,a — 7 as can be
seen from (2.6). We choose the time 7 = 0 when the radius of the universe attains its
minimum value, a = r,. We have obtained an instanton solution which describes a
tunneling from a flat 4 dimensional Euclidean space time E* to a (possibly different)

E* via tiny baby universe of the radius Ty



Fig.1

The tunneling amplitude is semiclassically calculated and is given for the half of

the process (from baby to mother unviverses) by

Kem5/M,

3n2 T
S, =— (2, (2.7)
BT 4 g,

where I is an unimportant WKDB prefactor.

Fig.2

As we shall see in the next section, Coleman’s arguments do not depend-on the
details of the model (2.1), which is supposed to describe the sub-Planck physics.
The mere existence of wormhole instantons suffices in the semi-classical approxi-
mation such that r, > £,. Even we do not need any knowledge about sub-Planck

physics.

There are variety of models which admit wormhole solutions. First we can add

scalar fields to (2.1) which turn out to have non-trivial configurations.

The Einstein-Yang-Mills system has a simple wormbole solution in the presence
of a cosmological term." (This may have a relevance at the time of QCD phase
transition in the early universe.). Also we remark that if the space-time dimension
were d (> 3) and the rank of antisymmetric field strength H were d — 1, we would

1°]

also get wormhole solutions.” The simplest case d = 3 is the Einstein-Maxwell

Be

theory in the three dimensional space-time. The magnetic vortex Hij =2

induces the wormhole instanton a(7) = /72 + r2.

ij



§3. Wormhole Dominance Approximation to the Euclidean

Path-integral™

Let us start with the Euclidean path integral over 4-surfaces following Haw-

king:"!

WehsN= 3 [ g s, (1)

topologies

¢()atB

where the 3-geometry g(-) and 3-dimensional configuration of matter fields collec-
tively denoted by ¢(:) are specified at the boundary B. Since it is almost impossible
to exactly carry out such a path integration, we appeal to "wormhole dominance
approximation” which enables us to take account of contributions from nontrivial
topologies (partially at least). For example, a manifold with a handle is replaced
by the one with a wormhole bridge (Fig. 3).

Fig.3

In this approxirnation, Eq. (3.1) becomes an expansion depicted in Fig. 4.

Fig4

In Fig. 4, many closed connected 4-manifolds are Bridged by wormbholes in all
possible ways. As-a warming up, let us consider the first three diagrams in Fig. 4.

The first term may be written in path integral form as

/ [dgle=S =< 1B (3:2)
g(atB

smooth

The path integral has to be carried out cver smooth manifold with no further
wormbholes. (We have omitted matter fields ¢ for notational simplicity.) As for the
second term, for each wormhole (cross mark) we associate a factor [ L./gd*z with
L being some local operator consisting of metric and matter fields. L is calculable if

underlying model of sub-Planck physics is given and a wormhole solution is found.



For our prese;1t problem of cosmological constant, it is sufficient to consider
a single specie of wormhole which carries no particles. In this case L is simply a
constant typically given by an instanton amplitude o e~ with S, being a clas-
sical action of the wormhole solution. However, we keep the generic symbol L for
generality of our diagrammatic method. The integration over space-time is needed,
since the location of wormhole can be everywhere on the manifold. In other words,

the space time position of wormhole is a collective coordinate."” We obtain

[dgle~S U Lygdzy Lgd%y =< Vs

=< 5 p (3.3)

g(-)at B
smooth

Here we have written V, for J L\/ﬁd“m as a short hand. The factor 1/2! is
necessary to avoid double counting of the two wormholes. It is easy to see that for

the third term in Fig. 4 we have
<V >B<v ¢ (3.4)

where

<V 0= / (dgle=S( / L/§d's). (3.5)

closed
connected smooth

We can proceed further to sum up handles (see Fig. 5)

< i(ﬁ)’-—l- >B=« e F >8 (3.6)
27817 7 ) )

3=0

Fig.5

Now that we have gotten enough experience, consider the most general case that
the i-th closed connected manifold is bridged to the manifold with a boundary B
(mother manifold) through n, wormhole corridors and also to the other j-th closed

connected manifold through n‘.j(= "ji) wormhole corridors. See Fig. 6.



Fig.6

Let the number of closed connected manifolds be N.

1
N <ezVB(V )ﬂ1+ ~tnnN > —— —
1' 2. e Nc
S
n,nglon il
< (VN)nn+nN1+...+nN-1,Ne%"ﬁ- N (3.7)
The sums over n, MpyiTyge e My - Ny_y g aTe easily carried out. By summing

over N we obtam for ¥ in Eq. (1) in the approximation explained in Fig. 4,

[o,]

1
U= Z <exp[ Vi .-+ Vy + V)] >, (3.8)
N—o

where <> denotes averages over B, C, ... manifolds. We are very near the goal.

We rewrite Eq. (3.8) as

oo [o « 2%
flﬁ 1 Vi+..+VN+VE)x —1ia?
Z \/_ l <e >e
N=0_ 7!'
T d g
— 44 Vea B Z Va . C\N _—1q?
—/——-—<e > —(< e’ >Y) T, (3.9)
!
J N3 ot N!
Therefore we obtain
o0
da
7= / 2 < Vo 5B 7(a), (3.10)
where
Z(a) =exp(<expVa >C)e—%°’2. (3.11)

The equation (3.10) is nothing but Coleman’s expression for wave function of uni- -

Vverse.
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To some extent, our present approach corresponds to quyakov’sm] in string
theories, while Coleman’s to string field theories."? They are actually equiva-
lent in string theories and that is the case also in our present wormhole problem.
Perhaps most ambitious way will be the third quantization of universe.™ Al-
though there already appeared many interesting approaches, there remain a bulk
of unsolved problems, e.g., physical interpretations, interaction of universe fields
--- . Nevertheless, the third quantization of universe will be the only consistent
way of formulation when we talk about baby universes which can carry off some

particles. 2

§4. Vanishing of Cosmological Constant

Let us evaluate the weight Z(a) given by Eq. (3.11). In the path-integral form

we can write

< expVa >0= / [dg] exp (=S + /d4z\/§I\’e—S”a) (4.1)

closed

where the path-integration is performed over arbitrary closed compacat manifold.

S is the action for the sub-Planck physics, which we do not need to know, However,
we know the low energy effective action relevant at the cosmological scale: the
Einstein-Hilbert action plus possibly the cosmological constant. This is firmly

established by experiments! Therefore the functional integral (4.1) reduces to

<expVa >C= / [dg]'" exp(lG;G /d“:c\/ER — Aa) / d*z/4).  (42)

closed

after integrating out the “high frequency parts”. Here A(a) is the effective cosmo-

logical constant which includes the effect of wormholes,
Ae) =A,—aKe St 4 ..., (4.3)

where ... denotes the renormalization effects which occur when we integrate out

the high frequency modes in the path-integral (4.1).
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We assume that the de Sitter instanton (=~ S*) dominates the path-integral
(4.2). Namely, the scale factor a(r) is determined by

da 8@
(2-1:)2 =1- —3—A(a)a2. (4.4)

The equation (4.4) tells us that the radius of the de Sitter 5% is ap,, =
v/3/87GA(a) and therefore its four volume is given by

87['2 4 3
/ VId'e = =t = 8G?A%(a)’ (4:5)

On the other hand, the Einstein equation implies R/167G = 2A(a). Collecting

them all we obtain the semiclassical evaluation of (4.2) as

43
< exp Va >C =~ I{, exp (m) y (4.6)

with K’ being a WKB prefactor which is in principle calculable but is not important

for our purpose.

We arrive at Coleman’s expression for the wavefunction of universe,

wo = [ BZaw [ el [Rvadts - M) [vad,

~o oot B

smooth
(4.7)
where the weight Z(«) is given by
Z(a) = 5 exp (K' exp —i) . (4.8)
8G2A(a)

To get Eq. (4.7) we have also carried out the integration over the high frequency
part of fields as we did before to evaluate < exp Vo >C. This should be the same
calculation and therefore so should be A(a), except the boundary effect, which is

presumably of order of (4-volume)™!, a very small effect.
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It is now clear that the weight Z(a) has an extremely sharp peak at at A(a) =
+0. This implies that the effective cosmological constant A(a) at low energy i.e.

the real one vanishes.

§5. Discussions and Summary

Several remarks are in order. First, Coleman heavily relies on the Euclidean
path-integral for quantum gravity. There is the notorious problem on the path-
integration over the conformal factor, which makes the path-integral badly diver-
gent in the case of the Einstein-Hilbert action. However, the terms like R? will be
present to ensure the convergence of the path-integral but they are not important
in the far-infrared regime. Second, he also used the dilute gas approximation in the
instanton summation. In order to check the validity of this approximaiton, we have
to consider the interaction of wormhole instantons. But at the moment no one has
done it yet. Third, how can we know abopt the wavefunction of the universe in
the Lorentzian region? The wavefunction of the universe in that regime is presum-
ably obtained from the WKB continuation formula from the wavefunction at the
maximal expansion in the Eﬁclidea.n regime. As we already know from Ha,wkin‘g’s
'vvc;rk, this would give a standing wave solution. So we end up with the notorious
interpretation problem of the wavefunction of universe. Finally, as the audience al-
ready noticed, we deliberately ignored the diagré.ms which contain baby universes
as external lines in the wormhole summations: We have implicitly assumed Hawk-
ing’s boundary condition: No boundary except our preseﬁt universe B. In order to
see to what extent the conclusion of vanishing cosmological constant depends on
Hawking’s boundary condition, we consider the case that n baby universes initially

exist. (Previously we had n = 0.) See Fig. 7.

Fig.7

The n tubes may hang down either from the mother manifold or from the vacuum

blobs. It is easy to see that the wave function of the universe is then given by
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T, = dvn(z-ﬁ;exp[ (Vi Vg + Vel (Vi + .. Vg + V) VD)o / VAL

N=0
(5.1)
The factor 1/v/n! accounts for the Bose statistics of baby universes. In Eq. (5.1)
we have omitted the average <> for notational simplicity. In the same way as the

previous n = 0 case, we introduce the « integration to obtain

ar 7 da _,2 <1
WF(/ Fe /ZNZ—:OYV—!exp[(Vl+...+VN+VB)(V+0:)])IV=O/\/7§

o0
da __02/2

\/_ dan(f_j -exp((V, +...+ Vyy + V)a]/V/nl.

Integrating by parts we obtain

/ docuy(@)u,(2) Y oy expl(V; 4 -4 V)

N=0

where uy(e) = 1/4/TH,(2)e~ /4, H (o) = (—)"fon(e~/2)e®’/? is the n-th
excited state of harmonic oscillator. The rest is the same as before (Eq. (3.10)).

We finally arrive at
= / dauy(a)u,(a) < 2% >8 (< e >9), (5.2)
-0

The meaning of each factor of the integrand will be self-explanatory. If we took an
exact coherent state instead of n baby universes state as an initial state, we would

get

U(a) =< "7 >8 exp (< " >9).

Of course we do not have a vanishing cosmological constant for this choice of initial.

state. However as Coleman explained, this is an extraordinary fine tuning.m



Now let us consider the case of two disconnected boundaries, say, B and B'.
Without further ado, we obtain

U[gat B, ¢’ at B| = / daZ(a) <e’® SBc Yo 5B (53)

where Z(e) is given in Eq. (4.8). In general the three geometries g and ¢' at B and
B’ respectively are correlated, because of the « integration in Eq. (5.3). Physically
speaking, wormholes can communica’e informations between disconnected spaces.
However, thanks to Coleman’s mechanism, the distribution Z(«) is sharply peaked
at some a, such that A(a,) = 0. Then Eq. (5.3) becomes a factorized form. This

makes the correlation vanish with an extreme accuracy.

It is almost trivial to generalize our whole argument to many species of worm-

hole instantons. We will just have many o’s. Presumably, the minimum of the

effective potential fixes all the a’s.

To summarize, it seems that Coleman’s theory of vanishing co-mological con-

stant is very attractive and worth further investigations.u"’]

REFERENCES

1. J.B. Hartle and S.W. Hawking, Phys. Rev. D28 (1983) 2960;
S.W. Hawking, Nucl. Phys. B239 (1984) 25T;
J.J. Halliwell and S.W. Hawking, Phys. Rev. D31 (1985) 1777;
A. Vilenkin, Phys. Rev. D37 (1988) 888.

2. S. Coleman, “Why There is Nothing Rather than Something: A Theory of
the Cosmological Constant”, Harvard preprint HUTP-88/A022 (1988).

3. S. Weinberg, “The Cosmological Constant Problem” University of Texas
preprint UTTG-12-88.

4. J.B. Hartle and S.W. Hawking, Phys. Rev. D28 (1983) 2960.

5. S.W. Hawking, Phys. Lett. 195B (1987) 337;
Phys. Rev. D37 (1988) 907.

—105—



10.

11.
12.
13.
14.

15.

. S.W. Hawking, Phys. Lett. 134B (1984) 403.

S.B. Giddings and A. Strominger, Nucl. Phys. B306 (1988) 890.
A. Hosoya and W. Qgura, in preparation.
R.C. Myers, “New Axiomatic Instantons in Quantum Gravity” ITP-88-54.

This section is based on

A. Hosoya, “Diagrammatic Derivation of Coleman’s Vanishing Cosmological
Constant”, RRK-88-28 (1988).

S. Coleman, “Uses of Instantons”, Erice Lecture, ed. A. Zichichi (1976)

(Plenum Press, New York and London).
AM. Polyakov, Phys. Lett. 103B (1982) 207.
M. Kaku and K. Kikkawa, Phys. Rev. D10 (1974) 1110, 1023.

A. Hosoya and M. Morikawa, “Quantum Field Theory of Universe”, RRK-
88-20 (1988). ‘

V.A. Rubakov, DESY. preprint. ‘

S.B. Giddings and A. Strorni;lger, “Baby Universes, Third Quantization and
the Cosmological Constant”, Harvard preprint HUTP-88/A036 (1988).

T. Banks,“Prolegomena to Nonlocal Solution to the Cosmological Problem,
or Littre Lambda Goes Back to the Future”, Santa Cruz preprint SCIPP
88/09.

However, see also

W. Fishler and L. Susskind, “Wormhole Catastrophe” UTTG-26-88 (1988).

—106—



Figure captions

Fig. 1
Fig. 2
Fig. 3

Fig. 4
Fig. 5

Fig. 6

Fig. 7

A wormbhole instanton: from E* to E* via baby universe of radius Ty
A half of Fig. 1: a baby universe branches off from the mother universe.

A handle is replaced by a wormhole corrider. The cross mark denotes
a wormhole attached to a manifold with a boundary B.

The wormhole dominance expansion of Hawking’s sum over topologies.
Sum over s-pair of wormholes attached to the manifold.

A generic configuration of the mother manifold and IV closed connected

manifolds. They are bridged by wormhole corridors.

n baby universes initially exist.
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A Four Dimensional Open Superstring
Model
PUeR TR R & € OWE

Nobuyuki Ishibashi
Department of Physics, University of Tokyo
Bunkyo-ku, Tokyo 113, Japan
and
Tetsuya Onogi
Institute of Physics, University of Tokyo, Komaba
Meguroku, Tokyo 153, Japan )

The active study of superstring theory in recent years began with the
discovery of the anomaly and infinity cancellation of SO(32) type I superstring
theory [1] [2]. Since then, numerous superstring models are constructed and
the natures of multi-loop amplitudes are investigated. However, all these de-
velopments have been made mainly for the heterotic type string theories which
consist of closed string only. Type I superstring theories, which consists of open
and closed strings, have not been studied so actively. The biggest reason for
this is that it is very difficult to construct four dimensional models with chiral
fermions by compactifying the type I theory. In this note, we will consider four
dimensional superstring models compactified on Z, orbifolds in general. We
will construct such a model explicitly in Z; case and show that it is a model
which contains three generations of chiral fermions.

The open string models we consider here are unoriented ones. The nonori-
entability of the models makes it possible for the divergences of the annulus
and the M&bius strip amplitudes to cancel [2]). The closed string sectors of such
unoriented models are also unoriented. Let us begin our model building by
considering unoriented closed strings on Z, orbifolds.

Z,, orbifolds which are used in string compactifications are the quotients of
a d dimensional torus T by its symmetries S which have fixed points in T¢,
ie.

/5,
T¢ = R?/A(A; lattice), (1)

—110—



where S is 1somorph1c to Z/nZ and generated by a which satisfies o™ = 1. We
will take the complex coordinates 2/, z7 on T¢ so that the actions of a on z/, 27
are diagonalized as

I; integer. ’ (2)

The first quantized Hilbert space H of the oriented closed string propagating
on a Z, orbifold can be constructed easily. H consists of the untwisted sector
(Ho) and the twisted sectors (Hx(k = 1,.--,n—1)). Each sector is characterized
by the boundary conditions of the variables z/(r,0). Namely, the bosonic
variables z/, for example, satisfy

(o +2m)| Yo=2'(r,0)] ), (3)

if | )o1is a state in ‘Hy, and

Axikl

Z(ryo+2m)| Yi=er Z(r,0)] I (4)

if | )i is a state in H,.
The Hilbert space of the unoriented closed string on the Z, orbifold can
be obtained as the subspace of H which is invariant under the orientation

reversing operation (flip) 0 — 2w — 0. To be more explicit, we should define
the flip operator 2, which satisfies

Q-1 (r,0)Q = Z(1, 27 — o). (5)

Then 1£2% is what we want.
The action of Q on the states in the untwisted sector is well-known. Tt
corresponds to the interchange of « & of the mode expansion coefficients.

zI(T, a‘) = zI + 2pIT + ZwIO' +1 E %[a’{e—in(r-*a) + &’{e—in(r—a)]. (6)
n#0

On the states in the twisted sectors, 2 acts in a nontrivial way. In general,
2 takes one Hilbert space to another, namely , if | )i € My, Q] )k € Hok-

This fact can be seen, by examining the boundary conditions of z/ acting on
Q| k. From eq. (4) and eq. (5),

d(ro+2mQ W = Q(n,2r— (o +2m)] )

= e n Q(r27r—0a)| W
(1,09 W, (7)

= e
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which means Q| )k € Hn—x-

Therefore, in order to form flip invariant states, we have to consider the
combination of two states in sectors Hy and Hy—x. Unless nis even and k = %,
these two sectors are different.

The partition function of an unoriented closed string theory can be decom-

posed into the torus partition function and the Klein bottle partition function,
as follows.

Trglogin 1L QP = l:r g7 P+ ';‘Trq“‘“ﬂP (8)

where P is the projection operator into the twist invariant states. In the case
of the closed string on Z,, orbifolds, the traces in eq. (8) are given as the sums
of traces over sectors. The Klein bottle partition function can be written as

- n-—1
-;-Tqu"iL“QP -1 Z Try, qL°qL°QP (9)
1—0
If n is odd, only the trace over untwisted sector (H,) contributes to the above
sum, because 2 takes one sector to another. If n is even, only the traces over
Ho and H 2 are nonzero.

‘The vanishing of the Klein bottle partition functions for twisted sectors can
be explained from the path integral point of view. When we compute the Klein
bottle amplitudes in the path integral formalism, we have to assign a Z,, twist to
each homology cycle of the Klein bottle. Unless the twist in the space direction
is of order 2, the assignment of twists is not compatible with the first homology
group of the Klein bottle. Therefore, such kinds of amplitudes should vanish.
The situation is somewhat similar to that of the non-abelian orbifolds [3].

Since we know the action of Q2 on each sectors, we can now compute parti-
tion functions. From these partition functions, it is easy to see what kinds of
crosscap states are present in the theory. Constructing the crosscap states is
very important in open string model building.

Here, we will consider the two simple examples. One is bosonic strings on
Z, orbifolds. This case is elaborated in [4]. The Klein bottle partition function
consists of the following four types.

Try, g7 Q,

Try, g7 Qe

Try, g7 Q,

Try, g™ 7> Qa, (10)

each of which is characterized by the boundary conditions. In order to ex-
press these four as tree amplitudes with two crosscap insertions [4], two kinds
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of crosscap states |Cy), which satisfy the following boundary conditions, are
necessary.

{ [#/(c) = 27 (o + m) + 27r.uI]IC+) =0

[6.21(c) + 8,21 (c + m)]|Cy) = O, (11)
[#¥(0) + 27 (0 + 7) — 2mul]|C-) =0 1
[6.2(c) - 8,2/ (0 + MO} =0, TEA. (12)

Eqs.(11) for |C,) are the same as the conditions for the crosscap states of the
strings in the flat background. In these, z/(c) and 2'(¢ + ) are identified.
Eqgs.(12) are peculiar to Z; orbifolds. In this case z/(¢) and —z/(c + =) are
identified, because z/ ~ —z! on Z, orbifolds. Both of the crosscap states are
included in the untwisted sector, because z/(c + 7) ~ +2/(c) implies z/(s +
2m) ~ 2I(0).

Another example is bosonic strings on Z; orbifolds. In this case, the Klein
bottle amplitudes are

Tr’Ho qL° z]-io Q!
Tru, g7 Qe
Tri, g7 Q0?, (13)

without any contributions from the traces over twisted sectors. Proceeding in

the same way as in the Z, cases, we can easily find that the following three
kinds of crosscap states are necessary.

[zI(a + 7r) _ 21(0) + 27”‘1”00) =0

{ [0:2(c + 1r) + 8,2%(0)]|Co) = 0, (14)
[2/(c + 7) — e~ 2 (a) + 2mu]|C1) = 0

{ [a zI(a + 'ﬂ') + e J a zI(a)]ICI) — 0 (15)
[=( + ) — *¥2/(0) + 2] ) = 0

{ [0:27(c +7) + 5 a Z1(@))|Ca) = 0. (16)

Eqgs.(14) for |C,) are the same as those in the flat background, and egs.(15),(16)
for |Cy), |C,) are peculiar to Z3 orblfolds |C'1) and |C;) are similar to |C_)
in the Z, orbifold case. z/(c + ) and e*%*z/(g) are identified, because z7 ~
%21, The crucial difference between |C_) and |Cy),|Cs) is that while |C_)
is included in the untwisted sector, |C;) and |C;) are included in the twisted
sector. Indeed, for |Cl) and |G,) , 2/(¢ + 7) ~ e**¥2/(0) and this implies
zi(a + 27) ~e:F 52 ().
The two examples above illustrates the general features of the crosscap
states for the string theory on Z,, orbifolds. There exist crossca.p states with
boundary conditions z/(o + 7) ~ e*52/(c)(k = 0,1,++-,n — 1). When n is
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odd, only the crosscap state with & = 0 belongs to the untwisted sector. When
n is even, the crosscap states with k¥ = 0 and k = % belong to the untwisted
sector. This fact corresponds to the statement below eq. (9) . The difference in
nature of the crosscap states for n =even and odd, is very crucial to the open
string model building. .

Next let us consider open strings which are coupled to the unoriented closed
strings on the Z, orbifolds in the above. The procedure for constructing such
models is given in [4]. There exist several types of boundary conditions for the
crosscap. In order to incorporate open strings in the theory, we should consider
the Riemann surfaces with boundaries. The first step to the open string model
building will be taken by deciding what kinds of boundary conditions for the
boundary ( or equivalently, what kinds of boundary states ) are possible.

The boundary state |B) of a consistent theory should satisfy the following
massless tadpole cancellation condition.

|BYo +|C)o =0, (17)

where the subscript 0 indicates the massless part. This condition puts restric-
tions on the possible types of the boundary states.

Here let us consider the two examples, bosonic strings on Z3 and Z; orbifolds
again. In the Z; orbifold case [4], there exist two kinds of crosscap states |Cy),
and |C) is a linear combination,

|C) = NoxlC4) + No-|C-). (18)

The explicit forms of [Cy) can be derived from eq. (11) anda . (12), and the
massless part of [Cy) and |C) becomes [4]

ICt)o = —(=X ot @ = ol &L, + & 1by + co1b_1)(co + &)181(0),
B I .
ICl)o = —(— X a*)a@ + 3 ol &%, + Eyboy + co1boy)(co + Eo)aré1]0),
B I
‘C)o = —[Nc+(— z a’iléﬁl - z 051&{-1 + E_lb.q + C_lz;_l)
m 1

+No-(=> ot & + > ol &, +éaba + Ce1boy M(co + &o)c1é1(0)
I I
(19)

In order to satisfy eq. (17), we should consider two kinds of boundary
conditions for the boundary. One is the ordinary free boundary condition. The
boundary state |B,) for such boundary condition satisfies

8:'(c)|By) = 0, (20)
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and the massless part of |By) becomes

‘B+)o = {‘— Z a’iI&‘.‘.l - Eaf_lal_l + 5...1b..1 + C-lz..l](CO + 60)0161‘0). (21)
I I

Evidently another kind of boundary state is necessary to cancel |C)o in eq.
(19), unless No_ = 0. Therefore we will introduce the boundary with the fixed
boundary condition into the theory. On such a boundary, z! is fixed at the
fixed point of Z, action. The boundary state |B-) for such boundary satisfies

8,2'(c)|B-) =0, (22)
and the massless part of |B_) becomes

|B_Yo=[—Yafya% + 3 ol 6l + Eorboy + coaboi](co + Go)créa[0). (23)
n 7

By making a linear combination of |B) and |B-), it is possible to obtain a
boundary state

|B) = Nc4|Bs) + No-|B-), (24)

which satisfies eq. (17). Having two kinds of boundary conditions, the open
string sector of the theory consists of three kinds. Besides the ordinary open
strings with the both ends free, we have the twisted open strings with one
end free and the other end fixed, and with the both ends fixed. Such twisted
open strings are considered in [5] [6]. The mode expansions of z’(c) and the
Fock space of the oscillators can easily be obtained. The first quantized Hilbert
space for the open string sector of the theory is the « invariant subspace of the
Fock space. Therefore when we compute the annulus partition function, we
should insert the projection operator into the o invariant subspace. Hence the
annulus partition function include the ones with a twist in the time direction.
This fact forces us to consider the free and fixed boundary states which are
included in the twisted closed string sector. The total boundary state of the
theory is a certain linear combination of such boundary states and eq. (24).
The coefficients of such a linear combination can be determined from the open
string consistency conditions proposed in [4].

" On the other hand, in the case of Z3 orbifolds, there exist three kinds of
crosscap states, |Cp), |C1) and |C3). The crosscap state of the theory is given
as a certain linear combination of |Cy), |C1) and |Cy).

|C) = NcolCo) + NCl‘C;[) + ch‘Cg). (25)

The boundary state of the theory should satisfy eq. (17). In this case, |Co),
|C1) and |C;) belong to the different sectors of the closed string Hilbert space.
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Therefore eq. (17) suggests

|BoYo+ ICoYo = 0, (26)
|Bi)o+[|C1)o = 0, (27)
|B2)o + [Ca)o = 0, (28)

where IBo) € 7'“0, |B1) € H], |Bz) € Hg and lB) = NgolBo> + NCIIBI) +
Nga|Bs). From eq. (14), |Co)o can be obtained explicitly ag

|Co)0 = —["‘ Z a'-‘-l&l-{l ~ Z CY{.I&I_I + E—lb—l + C—]E-]](Co + Eo)c151|0). (29)
B 1

Eq.(26) can be satisfied, if we take |Bg) to be the boundary state with the
ordinary free boundary condition. Therefore in this case, eq. (17) does not
require the existence of twisted boundary states and twisted open string sector.

The difference between the Z, and Z, orbifolds in the above arguments
stems from the difference in the nature of the crosscap states . In Z; case, "the
twisted crosscap state” |C.) belongs to the untwisted closed string sector and
this fact requires the existence of boundaries with the new boundary condition
eq. (22). In Z; case, |C;) and |C;) belong to the twisted closed string sectors
and this fact requires the existence of | B;) and | B,}), which satisfy eq. (27) and
eq. (28). However, since |B) and |B;) are included in the twisted closed string
sector, |B;) and |B;) need not be boundary states with new kinds of boundary
conditions. For example, eq. (27) and eq. (28) may be satisfied, if we take |B;)
and |B;) to be the free boundary states in the closed string twisted sectors,
which are necessary as in the Z; case.

Here we will give an example of such open string models on Z3 orbifold. Let
us consider the type I superstring model on

My xT3/S M, ; four-dimensional Minkowski space,
T3 ;= C?/A complex three dimensional torus such that

{(z*, 22, 2%); N~ + r;elf"} (r¢; the radii of the torus ),

S ;2 Z; automorphism group of T°
generated by o; (2, 22, 2%) — €337 (2%, 22, 29).

In this model, we will assume the Chan-Paton factors of the model to be as
follows. On the boundary, the Chan-Paton factors

A A=l my,
y G=ctc, N,

; @=1,.-+,7;, @ isihe complex conjugate of a, (31)

e «
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are assigned, and as in the case of the heterotic string on orbifolds, we assume
o acts on the Chan-Paton factors as -

a = lonA,
axi
a = e3 ona,
1
a = e 3 ond. (32)

In order for this model to be consistent up to one loop order, it should
satisfy the conditions proposed in [4]. Those conditions are satisfied if we take
n = 8, ng = 12. Therefore, if we compactify the ordinary type I superstring
theory on the torus T3, and project the Hilbert space onto S invariant subspace,
(taking the action of a on the Chan-Paton factors into account ), we can obtain
the Hilbert space of open superstring on 7°/S, which is consistent up to one
loop order.

Let us count the massless particles included in this model. The Hilbert
space of the open string sector is nothing but the S invariant subspace of the
ordinary SO(32) type I superstring theory. We should not forget the fact that
a acts also on the Chan-Paton factors.

The massless particles in the type I superstring are in a vector multiplet in
ten dimensional space-time. Compactifying the theory on the torus 73, such
multiplet will be decomposed into supermultiplets in four dimensional space-
time. Ignoring the Chan-Paton factors, we can classify them by the eigenvalues
of o and the helicities as follows.

a=1 (1,-;-) + (—1,—%), (33)
a=e¥ (0, %) x 3, (34)
a=e% (0 —-%) x 3. (35)

In order to make an S invariant states, we should attach appropriate Chan-
Paton factors to them. To the vector multiplets in eq. (33), we should attach
the combinations AB or ab. These Chan-Paton factors make the vector par-
ticles into the gauge bosons of the gauge group SO(8) ® U(12). To the scalar
multiplets in eq. (34), we should attach Ab or ab. These particles give the
matter multiplet which transform as (8,12) and (1,(12 X 12)sntisymm.) under
SO(8) ® U(12). The scalar multiplets in eq. (35) are the antiparticles of these
matter particles.
I U(12) is broken down to SU (5), the representations 12 and (12x12)antisymm.

of U(12) becomes

U@12) > SU(5),

@ = G)+1)x7,
(12 X 12)anti4ymm. (5 X 5)anﬁ.1ymm. + (5) X 7+ (1) x 21. (36)

]
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Therefore, considering this SU(5) to be the gauge group of a grand unified
theory, this model contains three generations of quarks and leptons, which
transform as 5 + (5 X 5)antisymm. under SU(5).

This model is the first example of four dimensional type I superstring models
with chiral fermions. We should somehow deform the model in order to obtain
Phenomenologically more realistic models. This will be a future problem.
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1. Introduction

In the past few years model building in four dimensional string theories has
been extensively done by many authors. All the models in four dimensions with
=1 space-time supersymmetry are constructed by the use of the heterotic string
theory or the type II superstring theory, wflich are close string theories. In
constructing closed string models the "modular invariance condition” played an
essential role. It is one of the criterion of the unitarity, the fineteness and the

anomaly cancelltaion of the theory.

However in open string theory no one has ever constructed four dimensional
models with N=1 space-time supersymmetry* One of the main reason for this
situation would be the technical complicat{ons as well as the lack of a simple
criterion of the consistency in open superstring theories. In order to calculate
the scattering amplitude in the perturbative expansion one needs much more
diagrams in open superstring theory than in closed string theory. In fact the two
dimensional surfaces corresponding to the string diagrams are orientable and non
orientable surfaces with possible boundaries in the former case and orientable
closed surfaces in the latter case. Therefore it is very important to construct a
simple criterion for the consistency of the open string theory and apply it to the

open string model building.

In this we present the consistency condition in open string theory, which is
the open string analogue of the modular invariance condition in closed string the-
ory. This consistency condition is also applicable to the classification of possible
conformal field theories on a bordered surface. We will study the minimal models
and determine the operator contents of the theories. Applictation to the open

string model building will be given in N. Ishibashi’s talk.

% N.I and T.O. have recently constructed a new open string model in four dimensions with
N=1 space-time supersymmetry. This model is quite interesting : it contains the standard
model and has three generations. ( Cf. the talk by N. Ishibashi which is reported in this
proceedings.)
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One loop amplitudes in open string theories are given by sum of the path
integral over the following four two-dimensional surfaces : the torus (T), the
Klein bottle (KB), the annulus (A) and the M&bius strip (MS).The first two
represent the one-loop amplitudes for the closed string states, while the latter
two represent those for the open string states. Here in KB and MS amplitudes
the string states are flipped during the proi)agation so that the surfaces are non-

orientable.

Now the one-loop amplitudes contain another kind of physical processes,
namely KB, A and MS amplitudes also represent the process in which closed
string states appear from the vacuum and propagate for a certain time and then
disappear again. It is most clearly understood by transforming the two dimen-
sional surfaces as shown in fig.1. By cutting out the two dimensional surfaces
and rejoining them again we find that KB, A and MS are respectively equiva-
lent to cylinders with crosscaps for both ends, with boundaries for both ends,
and with a crosscap and a boundary for each end. A crosscap is defined by the
boundary of a disk with the identification of antipodal points. Therefore one can
calculate the one-loop amplitudes either by taking traces in the open and closed
string states or by computing the tree-level transition amplitudes. These two
must give the same result since they correspond to the path integral on the same
two dimensional surfaces. Let us call this duality of the one-loop amplitudes in

open string theory as ”the loop channel - tree channel duality”.

This duality imply that there exits a close relationship in the operator content
( in other words, the spectrum ) of the open string sector and the closed string
sector. In fact given the gauge group and the spectrum of the open string sector
we can completely determine the spectrum of the closed string sector. On the
other hand in order to define a finite amplitudes from the T amplitude the closed
string sector must satisfy the the modular invariance condition just as in closed
string theories. This condition is reflected to the open string sector so that one
cannot take an arbitrary spectrum in the open string sector. This is a strong

restriction in constructing consistent open string models.
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The only missing point in the above argument is how we determine the gauge
group. The answer is the gauge anomaly cancellation condition. In string the-
ory anomalies appearing in the scattering amplitudes are reduced to the surface
integral over the boundary of the moduli space. In the one-loop case,.one can
show that the possible source of the non-vanishing surface term is the tadpoles

of massless fields.
To summarize the one-loop consistency conditions in open string theories are

1. the loop channel - tree channel duality ( plus the modular invariance con-
dition of the T amplitude )

2. tadpole cancellation

Note that in closed string theory only the modular invariance is sufficient to
guarantee the consistency of the models. Moreover the concept of the modular
invariance can be extended to higher loops. In the open string case, however we
do not yet know how to extend the above conditions to higher loop cases. The
consistency of the open string theories in all orders in the perturbation will be

left as a future problem.

2. Boundary and Crosscap States
in Confrmal Field Theories

The consistency conditions in the previous chapter is most effectively de-
scribed by the boundary and the crosscap states | B) and |). The boundary and
the crosscap states are the wave function which represent the boundary condi-

tions the boundary and the crosscap.A

The loop channel - tree channel duality condition.as well as the modular
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invariant condition are

'I‘re"""l’:m =(B I e—?(L;‘"'dﬁ-l.};h"d"B)
II‘rez,rirL;pn —(C I e__(Lclnnd Ltlnnd)lB)’ (2 1)
T‘reztiT(Lgloud_*_izlond)Q =(C | e-i'—:(leond"l'i;gh“d)lc), .

'I‘rezrirLf’h"d'I\'e_zri?i:’lo“d ='I\,'e_’TﬁL§h"d 'I\.'e+3%izsl°"d ,

where f and 2 are the flip operators.

The tadpole cancellation condition is
the massless part of(| B)+ | C)) = 0.

In the rest of this talk we study the loop channel - tree channel duality condition
more closely in simple examples. String theories in four dimensions are, in gen-
eral, desribed by four pairs of free bosons and fermions for the propagation in the
space-time and by general conformal field theories for the internal space. Thus

we concentrate on the loop channel -tree channel duality condition of conformal
field theories.

Apart from the motivation of open string model' building, the duality con-
dition is necessary in conformal field theories. In statistical systems with local
interactions one can define the partition function ( or the one-loop amplitude )
just by the summation of the Boltzman weight. Here the partition function is
also calculated by the Hasiniltonian formulation using the transfer matrix, i.e. one
chooses the time axis and space axis, specify the configuration of the field vari-
ables at a certain time, and calculate the partition function as a time evolution
process. However the choice of the time axis is not unique. One can redefine one
of the space axis as the time axis and set other directions as the space directions.
If the local mteractlons of the system are symmetn@ under spa.ce time ra.otalon,
the transfer matnx 1s lndependent of the choice of the spacetlme axis except as

to the boundary conditions. Thus the duality condition is in this sense is a trivial
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manifestation of the rotational symmetries of the underlying local interactions of

the system.

However in general conformal field theories, since one does not necessarily
know the Lagranians, the duality condition implies something non-trivial. Al-
though one knows what primary fields could in principle exist in the theory,
since one does not know the Lagrangian, oné does not know which primary fields
actuall appear with which multiplicities or what is the three point interaction
terms of three primary fields. All these informations are determined from consis-
tency.The partition function y is a linear combination of the Virasoro characters

x in the Hilbert space of each primary field.
X= Z aiXi,
i

where ¢ runs over aill the primary fields. The duality condition is useful to
determine the multiplicity a; of the primary fields in the partition functions. If
we know the multiplicities a; of various conformal field theories on a bordered
surface, we can use them as building blocks for open string model building.
Now we consider the minimal conformal models found by Belavin, Polyakov, and
Zamolodchikov. In these models Friedan, Qiu, and Shenker showed that the

allowed values of c are quantized as

6

c=l-Tmin ™"

3,4,...,

and there exists only a finite number of primary fields, whose conformal dimen-

sions hp, are,

L (plm+1) ~mg)? ~1
Pqg — 4

1<g<p<m-1

Exploiting the duality of the torus (in other words, modular invariance), Cardy™

decided the operator content of the unitary theory in the periodic boundary

* J. L. Cardy Nucl. Phys. B270 [FS16] (1984) 186
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conditions. He derived the sum rules for the multiplicities of the primary fields
in the partition functions and obtained the solutiongs for the first few models in
the series. These were useful in constructing closed string theories.

Following similar ideas, Cav.rdyJr

also derived the sum rules for the multiplici-
ties of the primary fields of the unitary theories in anti-periodic, free, and fixed
boundary conditions. The latter two theories would be useful in constructing

open sting theories.

However, since for free and fixed boundary conditions the sum rules contain
a number of unknown constants characterizing the boundary conditions, it is not
possible to determine the operator content without further informations of the
theory. In fact Cardy imposed the discrete Z, symmetry on the boundaries for
specific models such as Ising model (m = 3), Tricritical Ising model (m = 4), and
3 state Potts model (m = 5). But he could not determine the operator contents

for general m.

Recently one of us (N.I.)[2] has obtained the explicit form of these states in
the case of current algebras, minimal conformal and minimal superconformal field
theories with N = 1,2 . The boundary and the crosscap states in the minimal

conformal field theories are the solution for the following equations

(Lo — —’:Jo) | B) =0 22)
(Lo — (=)"Lo) | C) =0.

For general conformal field theories the ‘hove conditions are far too weak to
decide | B) and | C). However, for minimal models the solutions to eqs. (2.2)are

unique up to normalization constants in the following way ( See [2] ).
| B) =ZN§"(Z | R)pgx | U | m)pq)
pq n
|C) =2 NE(D_ | deg x V| 7))
rq n

1 J. L. Cardy Nucl. Phys. B270 [FS16] (1984) 186
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where | n)pq, | ﬁ),;q are the complete set of Ly , Lo eigenstates which are
the descendants of the primary fields ( h = hyg = hpy ), N5 and N7 are the
normalization constants of each primary fields. U , V' are anti-unitary operators

with the following properties.

ULnUT =En )
VL V! =(-)"L,
As will become clear later, there are more than one solutions to eqs. (2.2), hence

we the possible values of the constants N§ and N%! are not unique.what does

this mean ? It means that there are more than one types of boundary conditions.

Cardy argued that there are three generic types of boundary conditions :
free, fixed, and Neumann boundary conditions , when the system has a single
order parameter. Our results might suggest that there exist non generic types of
bouhaary conditions or that the system has several order pa.rameteré and each

parameter can independently take one of the three types of boundé,ry conditions

On the other hand, the traces in the left hand side of eqs. (2.1)are calculated
up to the multiplicities eof the prﬁnary fields. We denote those multiplicities for
each primary fields with & = ﬁpq, h= 7zpq in periodic and free (or fixed) boundary
conditions as ayq57 and by, respectively. Now substituting egs. (2.3)into egs.
(2.1)we obtain,

' .- 1., 1
Z ap,g:5,3Xp,q(7)X5,3(T) = Z ap,q;ﬁ,Qqu(—;)Xﬁ(";)

PaPg P.gipd
1
D GpgipaXpa(27) = Z(N,’}q)?qu(—g)
P,q 2.9
2.
= 2. ¢ Ly, (2.4)
D bpaXpa(T) = D _(NE) Xpo(—)
P p.g B
o : 1 ih e 1
Z bpqepqehnﬂ'lqu(q- + 5) = Z N%‘INg{Ie-h”nqu(_Z; + 5)
P,q P9 v

€pq and &g represent the action of 2 and f on the state | p, ¢;p, ¢) as was mentioned
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before. xpq is the partition .function .in the Hilbert space containing the state

| psq) - The explicit form is given as ..

| qu(,r) = H(l ann)—

T n=1

< 3 (explgmreetsl(Bm(in + 4+ (m+ Dp = me)? = 1) = {g = =)

=—00
(2.5)
Using Poisson summation formula and the modular transformation, properties of

Dedekind’s eta function, we obtain the following sets of summation formulas

2 ap g g(—) PHOE '+q.’?"'.(?+ﬁ5)(ﬁ'ﬁ,)

PP
.wpp . wqd . wpp . wqd  m(m+1)
s m sm m+ 1 sin ™ sin m+ 1 = 8 aplqllp‘lql
‘+q') o TPP . Tqq
prqap,q;p,q(‘)(p+q)(p +q.)§%n.,;m: Sll} il
X
e, . Lo e 1 i )
o+ '+ i TP T4
D
‘ (for(m + 1)p' — mq" = odd) .
. ap((m + 1)p' —mg') wg((m +1)p' — mq')
{ Z €pqbpq cos o 5 cpsi . Sm+1).
(m+1)p-mq=odd,pg=o0dd
- . wp((m+1)p' —mq). . mq((m +1)p' — mq’)
+ Z €pgbypq sin o sin 2(m + 1) }
(m+1)p—mg=odd,pg=even . o e
1 e
= 2(2;_6‘*_'_) NEY NP

(for(m +1)p' — mq’ = even) . R
T o' — mad'
>3 Zpabpq Sin ap((m + 1)p' — mq') sin wq((m + 1)p’ — mq')

2m 2(m+1
(m+1)p—mg=even ( + )
. . . .-
. ot vy Lt R -v": O B O e M .
- i e T IR S — MNPQ NPQ
' .t o, TR oo ar i AR T . . -
' * ' ’ V 16

5 (2.6) |
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The first and the third equations have already been obtained by Cardy, while
the other equations are the duality conditions on non-orientable surfaces with

crosscaps.

Solving eqs. (2.6), we can rederive the same results those obtained by Cardy

as well as other new results, without imposing on discrete Z, symmetries.
1. m=3
When ap 45,5 = 6p5647 ( Ising model )
We have only two solutions as listed in Table 1.
1) and 2) are just the solutions in the free and fixed boundary conditions.
2. m=4
When ap,g;5,3 = 8p56qg ( Tri-critical Ising model)
We have eight solutions as listed in Table 2.

3) and 4) are the solutions in the free boundary condition as obtained by

Cardy. He could not obtain the solutions in the fixed boundary condition.
3. m=35
When a1111 = az121 = azg131 = a0 =1,
41,11 = 611,41 = 62131 = G3121 = ],
and az3 ,;;3 = a3 43 = 2, ( J state Potts model )
we have four solutions, which are listed in Table 3.
1) is the solution in fixed boundary condition,

and .

2) and 4) are the solutions in the free boundary conditions in ref 4) when
K =0and K =1. Again K = 1 case was eliminated by Cardy because it has
an additional operator.
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For general m we have so far found 4 solutions in the case of the main se-
quence; i.e. ap,g;57 = 6ppbpp , though there might exist other solutions.
1. €pg = f;q =1

1, if p,q=odd
bpq = .
0 otherwise.
2, g =€ =1

b 1 if (m+1)p-mg=odd
M7 o it (m+1)p-mg=even
3. epg=¢€py =1

1 if p=odd, q=1
bpg = .

0 otherwise
4. qu = f;q = 1

o if p=q= =m- = 2 . -
b,,q={1 if p=q=1 or p=m-1, = m ( mod2 ) These include the solutions

0 otherwise
for m=3,4.

When m=3 (1) and (3) are 1) (fixed) ; (2) and (4) are 9) (free).

When m=4 (1) is 1); (2) is 4) (free K=1); (3) is 3) (free K=0) ;(4) is 2).
From the above results we conjecture that

for m=even

solutions in the free boundary conditions are (2) and (3),

and

solutions in the fixed boundary conditions are (1) and (4),

for m=odd

solutions in the free boundary conditions are (2) and (4),

and

solutions in the fixed boundary conditions are (1) and (3).

—129—



We are not yet clear whether the duality conditions are not only necessary
but also sufficient conditions i.e. every solution to egs. (2.6)corresponds to some
boundary condition of some statistical system. Instead, it might be that some
solutions to egs. (2.6)are not physically acceptable, and we must impose further
restrictions to obtain meaningful solutions. Nevertheless, we believe this work
leads to considerable progress, since in any case the duality conditions seems to

be restrictive enough to reduce the answers to a finite number of choices.

To find solutions for general m, in the case when ap, 55 are not:‘ in the main
sequence or when ¢y, €5y are not all +1, is a future problem. It would also
be possible to classify the operator contents in the unitary superconformal field
theory on surfaces with boundaries and crosscaps. They are of great interest in

constructing open string theories in curved space.
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Table 1. The solutions of the duality conditions for m = 3

11

0 [ Fixed ]

1152102152202,
)
+ 1 0

- [ Free

]

Table 2. The solutléns of the duality éonditions for m = 4

£11%31532%33%21%22%1

1)+ + +
2)+ + 4+
3)+ "+ +
e+
5)+ + +
6)+ + +
T)+ + 4
8)+ + +
Table 3.
qu
1) +(for
2) +(for
é) +(for
4) +(for

+

+

The

all)
all)

all) -

all)

+

.

+

+

+

+

b

| N =~ - o T T

+
TR T SO I o T =

11%31P31532

bj2E33b353
0
0
0
+ .1
0
+ 1
0
- 1

= O O © =B o +» O

[ Free K=0 ]
{ Free K=1 ]

solutions of the duality conditions for m = 5

£1103,8,,Db

+

+

1
1
1
1

0
0
1
1

21 731

€.,b

= =2 O O
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RENORMALIZATION GROUP FLOW and STRING DYNAMICS

JIRO SODA

Research Institute for Theoretical Physics, Hiroshima University, Japan

ABSTRACT

The renormalization group flow in the nonlinear sigma model approach is ex-
plicitly solved up to fourth order in the case of an open string propagating in the
tachyon background. We show that its fixed point solution produces the tree-level

5-point tachyon amplitude. Furthermore this argument is extended to all orders.

1.Introduction.

One of the most mysterious features of a string theory is the connection between
the two dimensional world sheet physics and the space-time physics. For example,
N=2 world §he§t supersymmetry implies N=1 space-time supersymmetry, the world
sheet currents rel;resent the space-time gauge symmetry, and the conformal invari-
ance of the world sﬁeet physics seems to be connected with the dynamics of a string,
etc. Here we investigate the relationship between the renormalization group (RG)
and string dynamics in the context of an open bosonic string theory. We concen-
trate on the tachyon mode for simplicity and complete the argument of Klebanov

and Susskind (K-S). This report is based on the work of N.Nakazawa, K.Sakai and

myself.

Nowadays it is widely believed that the equations resulting from setting all
the B-functions of the two dimensional nonlinear o-model to zero are equivalent
to variational equations for a space-time functional, the effective action of string

theory. That is, the equation

. .. 6T
L U
B =Gl

is expected to be valid where §* is the -function corresponding to the coupling °

g*, which represents a component field of string excitations, and I is the string
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effective action. At this moment, however, there appears to be no reliable proof of
this important issue. K-S showed that the solutions of the renormalization group
fixed-point equations generate open string scattering amplitudes. Their strategy is
the following: First the most general RG equations are assumed to be

dg

B = = A0+ g’ 0 + Vg’ 8" + Gpimg’e g™+ (1)

and RG flow is solved as follows

g'(t) = exp(A\;t)g*(0) + {exp[(}; + A )] — eXP(/\;t)};\.—a;—"-_—,\jg" (0)g*(0) + - -
5 §

+ A,
(2)-
Comparing this solution eq.(2) with the perturbative calculations in the nonlinear
o-model, the coefficients of the B -function in eq.(1) are determined. On the other

hand one finds a perturbative solution to the fixed point equation

B'=Ag' +abrglg* + g’ o o' + Eymgi dFglg™ + - =0, (3)
as follows
. ! 2a’ af .o
9 =g6— :\—a}kyﬂgo 3 -—i\'m—" - ')’J"l.-z)gﬂgggé N aRER (4)
i i m

where /\ig('; = 0. If the coefficients of the solution reproduce the scattering ampli-
tude of a string theory, we can give a strong evidence for the equivalence between
the vanishing B-function and a true equation of motion (which must satisfy the

appropriate properties, the one particle irreducibility, the finiteness and so on ).

K-S showed that the above procedure really reproduces the amplitudes of a
string theory up to third order in the coupling ¢* and conjectured it up to all
orders. In this note, we shall demonstrate the correctness of the procedure up to

all orders.

The construction of this report is as follows: In sect.2 the calculations of K-S are
repeated to explain our regularization. In sect.3 an explicit fourth order calculation
is shown. In sect.d we shall prove our claim. In the last section we conclude by

some discussions.
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2.Regularization.

Let us recall that an open bosonic string propagating in the tachyon background

is represented by the following action

[+]
=Zl7_r / dzdyn®9,X,0,X" + / %/ dRT(k) exp(ikX).

y>0

Here the explicit short distance cut off parameter, a, is introduced. Let us expand
X*# into a classical part X} and a quantum part Y# , X# = X} +Y*. The effective

action is given by

Seff(xo) = —log W(Xo)s

1
W(X,) = expl—5,(X,)] / (DY) exp(—5- / dzdyn™8,Y, 0,
y>0
o

- / Elg-/dkT(k)exp(ikXo)exp(ikY)}-

As a two dimensional field theory, the nonlinear sigma model on a two-sphere is

divergent at short distances. In the leading order we find the contribution to W(X )

- f ‘%‘“ / dkT(k) exp(ikX,) < exp(ikY) >

-0

(o <]
= — / dm/dkakz_lT(k)exp(ikxo),

where we use the cut off a in the self contraction < Y(2)Y(z) >= —2loga.

Therefore,

5,54(Xo) = Sy(X,) + / dz / dka¥ 1T(k) exp(ikX) +--- .

Up to this order, the conformal invariance of the nonlinear sigma model gives-

the linearized equation of motion. In order to obtain the nonlinear terms, let us



calculate the hiéher order contribution to W(X). The second order term in the
expansion of W(X) is

1

75:'_1 / = / dk, (k) / dhyTlky).

-—Q0 -

X ex'p[ileo(:z:l) + 2k, X (z,)] < exp[ile(:cl)] explik,Y(z,)] > .

The necessary integral is
1 d zy
z ) . 2z .
/ ?2- < exp[zle(a:l)] exp[zsz(:cZ)] S = / dzzak1+kg 2(‘"1 - zz)Zk; ka

o0
- f gt =22k ks
a
= glbrtkay-1___ =L
1 2k1 . kz '*'— 1’

where the transformation of variable, ¢ = z, — z,, is performed. We also assume
the condition 2k, -k, +1 < 0. The third order term in W(X) is

o d Z1 dz Zz2 d .
T T -
- / — / —2 / — / dk, T(k,) / dk,T(k,) / dk,T(k,)
—00 -00 —00

x explik, X (z,) + ik, X (z,) + ikon(:cs)]
% < explik, Y (z,)] exp[ik,Y (z,)] exp[ik;Y (z,)] > .

The requisite integral is reduced by using the transformation, ¢ = z, ~'z, and
tv = (z, —z,), to

Z1 z32
k2 k3 k3 — -k ka-k ki
-_ / dzz dzaa 1 -+kg k3 3($1 _ z2)2k1 2(32 _ $3)2 2 a(ml - $3)2 1+ks

-0 -0
o 1
= —akg"'k%"'kg_s/dttzxskjsa 2ki-kj+1 /duvzk"k’(l - V)Zk"ka
a 0

a(k1+k2+k3)2—1‘
2ki . kj +2

= B(1+ 2k, -k, 142k, - ky).
Licici<

In this calculation we use the cut off only in the t-integration. This regularization
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procedure, which is ‘slightly different from K-S, corresponds to picking up the sin-
gularity which originates in shrinking all the vertex operators together. Up to this

order the renormalized coupling is

. - T (k)T (%,)
T(k) = 1w + [ di, [ 200+ =)
- / dk, / dk, / dle, Tk, YT (kYT (k) 5)
B(1+ 2K, - k1 +2k, - k)
x 6(k, + ky+ ky — K)} -
2155<j532ki'kj+2 e

Comparing the above result with RG flow in eq.(2), we can find

af, = —6(k, +k,~ k),

2 (6)
2k, -k, + 2k - ky+1
+ B(1 + 2k, - k,,1 + 2k, - k;)}.

Vhokaks = 6(ky + by + k; — E){

Substituting these results into eq.(4), we find that the coefficient of the solution of
eq-(3) gives the correct 4-point amplitude.

3.Fourth order calculation.
It is not so trivial to see whether this success up to the third order continues

to be valid or not. Here we analyze the fourth order case explicitly for the purpose

of supporting the discussion in the next section. The fourth order term is

ood T3 d T2 d 3 d

T z z z

/ a1 / a2 / a3 / a4 /dkldedksdk4T(kl)T(k2)T(k3)T(k4)
—00 -—00 -—00 -0

x explik, X (z,) + 1k, X (z,) + ik, X (z,) + ik, X (z,)]
x < explik, Y (z,)] explik, Y (z,)] explik,Y (z,)] exp[ik, Y (z,)] > .
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The necessary integral is

/dz /d:D ‘/’d:c ak1+k3+k2-4($ )2k1 h(.’ﬂ )2’:1"53

x (zl - 34)'2’:1 k4 (32 - $3)2L2 k3 (z2 - 34)2’::-1:4 (3:3 - m4)2k3-k4

o0
= gHthithiot / dtt Largiciga 2XioEit2

(M

/dv /dl/ 2k;- kavgkx-kz(l _ vl)st-kq (1 _ V2)2k,.k4 (”1 _ V2)2k7'k3

_ a(k1+k2+k:s)2 -1 V(5)

Zlgkjgi 2k; - kj +3 ’

where V(%) denotes the 5-point amplitude of the tachyon mode. The forth order
coefficient of the solution of RG flow is given by

| 1
Biptm(®) = {300+ Ay + Xy + Am)i] — explA
ikl ;T AT A ']}('\j+’\k+’\l+’\"‘_'\‘)
) n :
x [bagpedimadiy A A+ A = A)O F A = A)
(8)
1 ' L
+2ad,77, + 33k
i kl(,\ iy W W TEp 1 (,\j+/\m-—/\p)
. .
o + Eikm) +

B pnC O, T2 = A A = Ar)

where we suppressed the irrelevant parts when put on shell. As we would like to
show that our off-shell -function can be used to obtain the on-shell amplitudes,
the suppressed terms are indeed irrelevant after all for this purpose. The fourth
order part of the fixed point solution is

1, ;1 1
94 = —/\—{4 ]p/\ afnn/\ 2aJPA mkl
‘ 9)

1 y kI
+ a;k,\ P'n,\ 37JkPA m T 5;'k1m}g3gogog(')n .
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Comparing eq.(7) with eq.(8), we find

. , 1
—VB)S =40t of of
jkim == 3PS MRy X A = Ay + A — Ag)

+ 20t AP 1
i S )

: 1
+ 37%.,af (10)
1kp Im(,\j + ',\m — ,\p)

; 1
P i A
+ajkapnaml (AJ + '\k —Ap)(AI ¥ ’\m — An)

+ Sktm -

Substituting eq.(10) into eq.(9),

.1 o
gi = VN dlesbas
1 a
Thus the fact that our off-shell 8-function can be used to obtain the on-shell am-
plitudes is proved to be valid to the fourth order level. In the next section, the

arguments in this section are generalized to all orders.

4.A proof to all orders.

In this section we show that the solutions of the renormalization group fixed
point equations generate open string scattering amplitudes to all orders. First
the fact that the renormalized couplings are factorized into the amplitude and the
remaining parts is shown in our regularization proce;iure. What we should do is to
solve the RG flow to derive the S-function. Setting § = 0, we recognize that the

B-function produces the correct on-shell amplitudes to all orders.

The n-th order contribution to W (X)) is

1

[oo] Zn-1l
n dz dz dz,
(—1) /—ﬁ- / —a—z— / - /dle(kl)n-/dknT(kn)

-0 -0 -0

x explik, X () + - + ik X (2,)] < explik, Y (z,)]- - explik, Y (z,)] > .




To see the factorization of amplitude the following integral is necessary

I3 zn-l
(""1)“/(13 /d.'l: azu=1 H (zi_zj)Zk‘t.kj
1<i<j<n
' Vn-3
_.( 1) azlal /dtt215‘<1<"2k. k’+ﬂ—2/du /du . / dun—z
2k1-k 2k, -k 2k 0 (11)
X ]:Iz/ 10 .]:I(l ;/) 2° -]:I(u "j) i ky
i<j
’—
=-(_ a(k1+k2+ka) 1 V(n+1)
2k k +n—1

where we used the transformation, ¢t'= T, — - z,, and ty, ;=(z,—z,)for2<i<

n — 1 and we note that the sign factor can be absorbed by the coupling redefinition.

.
st |

Let us turn to the general argument. The most general RG equations are as

follows e i -

Lons=l

-%U—Eah gt =0 (12)

Here the weak field expansion is performed and the anomalous dimension matrix

is diagonalized. To solve the RG flow we set

7= e 005 0) 0 )

n=l1

Substituting eq.(13) into eq.(12), we obtain

&j,.. Jn(t)"\an Jn(t)+A(’\ O‘)Jx Jn 2 S (14)

‘)xa"..f VA

where A includes the lower order coefficients with respect to a. We split aj‘,--- i (t)-.

into relevant parts and irrelevant parts &j-l,__j"(t) in the on shell limit as we did in

—139—



eq.(8), )
Dyonjn(t) = Afpunjy @I + -+ A + & (8).

After inserting this expression into eq.(14), the functional form of A is shown to be

invariant in the leading order. Then eq.(14) can be rewritten as follows
dj'x'--jn (t) = ’\,'aj'x---j,. (t) + A(’\’A);lh eXp[(/\J.l +o-+ ’\j")t] + A(’\: &);"1---]’,, 1

which is easily solved as

AN A,

hoinl) = 3 el 4o 2y o) o (19
This eq.(15) gives the new A.';'x---j.. as a function of the lower order coefficients of A.

On the other hand, the fixed point equation is solved perturbatively

o0
¢ = Al gi (16)
n=1

where g} represents the solution of linearized on shell condition. The result is

: A(Aa'Y)i' wejn
7},...,’,, = —-—_—;\11—1— ) (17)

where A is the same one as in eq.(14). Using the lower order results we can conclude

the equivalence of the two expressions by induction
AL (A A) = AL () (18)

at theonshell,l A. =---=A. =0.
1 In

Comparing eq.(15 ) with eq.(11), we find that A gives rise to the correct am-
plitude.
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5.Discussions.

If we consider a string theory as a unified theory including gravity, we must
resolve the many vacuum problem. For this purpose, the string field theory has
received much interest of physicists. In spite of many efforts, there exists no com-
plete string field theory. In our view point' we must search for other possibilities.
As for such a candidate, the non-linear o-model approach seems to be attractive.
As a modest step we proved the necessa.‘ry condition for the 8- function to be the
equation of motion for a string in the case of the tachyon background. Of course
to prove the equivalence other conditions should be verified. Furthermore the sys-
tematic method to treat all the string modes should be found. At any rate further

investigations are necessary.
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Interacting models on the torus
Kazuhiro KIMURA
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'Octqber 1988

abstract
wWe formulate the U(N)IWZW model constructed vertex operators
on the torus. This formulation _corresponds. to the chiral

bosonization. We give the 2n-point correlation function in this

formulation.
1. Introduction

It has been learnt that the theory of Virasoro algebrasti]
and affine Kac-Moody algebrasf2] provides us an extremely
powerful framework for studying models in two dimensions and
string theories, because these algebras correlate in a uniform
" way diverse results of models.

In the previous paper(3l1, We have given a framework for
studying interacting - models. Restricting ourselves to
representations of 1level one, we formulated the UL(N)®Ur(N)
symmetric Thirring model [4] and the. associated
Wess-Zumino-Witten(WZWw) model[5]1 by the method of the vertex

operator construction[6]l. In this formulation we characterize
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operator construction(6l.  In lhis',formulatlon” we characterize
the fermions of Thirring model and the field of the WZW model in
terms of vertex operators, namely, by using the N-dimensional
vectors of a root space. Further, as we can remove the
singularities derived:from interactions of the U(1) current by
introducing regulators, we can - construct the currents as the
composite operators of the fields of these models. We also
calculated 2n-point correlation functions by using a Fock space
of bosons and Euclidean space-time being taken to be a sphere.
We confirm that these correlation functions. are the solutions of
Knizhnik and Zamolodchikov equations(71, which  should be
satisfied when the Virasoro generator is expressed in quadratic
forms of currents.

It has been studied that the bosonization of chiral fermion
theories(8] and the WZV model[9] can be extended to the theories
on arbitrary compact Riemann surfaces. So it is interesting to
extend our scheme to the formulation on the torus and arbitrary
compact Riemann surfaces, and to compare the results with the
general properties. In this talk we will comment on the WZW
model on the torus in the first place. We can obtain the

2n-point cdrrelation function by the careful treatment of zero

modes.

2. A left-moving boson and vertex operators

A left-moving boson is defined as

B(z) = po(z) + QoscilZ)
- o \ (2.1)

e = 9 - iplogz,
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Dosci = %&0—‘%— Jn Zz-10,
[Jl' Jdnl = m Smen, e, g, pl = i. (2.2)

Here =z 1is the complex number to express space-time. The

conserved u(l) current is given by:

o

i3:QCz) = J(z) =% Jp 2z-""1, (2.3)
n=-o
The vacuum of the current Fock space, |0 >c satisfies the
condition:
da 10 >c =0 n=1,2,c°°+-- . (2.4)

In order to determine the vacuum of the boson, we have to
consider the condition on the’ zero mode. Since we assume
that the boson exists on a circle of a unit radius, the states of

zero mode are invariant under the shift of 2r on the circle:

eizzplstatehuo mode = lSt&tE)zoro mode . (2.5)
This condition restricts the eigenvalues of p as p = 0, =1,
+2,-+-++--, Then the states of zero mode are written as
In >zero node n=20, &1, *2,------- , (2.6)
and )
<n|m>=6n.n. (2.7)

Here we interpret the above eigenvalues as winding numbers around



‘the circle. So we can choose the vacuum of the bosons as

Ivac b = |0 Vzero mods ® ‘0 Yc. (2.8)
elqm is a operator to change the winding number:
e1qm In>=1In+m >, (2.9)
igm iam
where we use the the commutation relation [ p, € l=me .

We define a vertex operator by

o ie-Q(z)
V (z) = e @ :
-02/2 ie-Qc(z) 1i0-Qe(z) ix-Q>(2)
= ra e e e '
(2.10)
- - - s _1 -
Q> = inga n dan 277, Q> = 1n§a n dn Z°0,

and

Qel(z) = q - ip log z.

Here :---: denotes normal ordering with respect to Jn. The ul(l)

charge of Vd(z) is equal to «. One can calculate the vacuum

expectation value of the products of the vertex operator:

v vac | Vu‘(z:)VUZIZa) --------- W za) lvac d»
- n
= T (z) - zad¥' " for 2 a; =0
e i=t (2.11)
0 for L oy #0
J-
and
lzsl >lz2l > lzsl >-evve-- > lzal .
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As usual we choose a radial direction. for time. .Since ‘the vertex
operators are radial ordered, the wvacuum expectation wvalue(ll)

coincides with the correlation function of:the vertex operators.

3. Vertex operatorvconstruction'oi‘thelugN)wzw‘model

We will briefly explain the wzw'mbdél in tééms of the wvertex

operators. The Lagrangian of the U(N)IWZW model is expressed as

= 1 2 A=t
L= —ge | ax rdtuer g w

(3.1)

¢ 3 Ary ‘-~| -1 -1
- IBd x Tree™Y u=1 3 U Ut 3 U U- 3 U)

, . .
. .
T . . o LR -

where U takes values of elements in the Lie group SU(N).
Euclidéaﬁ space-time is taken here“to be a 2-dimensional sphere,
S2. The second term is gxpressed as a 3-dimensional integral
over a ball region B, whose boundary is‘giveﬂ by -the S2 mentioned
above. For the special values of the coupling constant, 22=4x/Kk,
with k=1;2,---, the model remains conformally invariant up to the

quantum corrections. The equations of motion are derived as

1]
o

9= {U-1(z,2)3_U(z,2)}
z z (3.2)

0

n-

35 {U(Z.Z)BZU"(z,Z)}

Here we prepare a éN—plet of left- and righf- handed

bosons, {¢3(Z),¢i (w)] 3=f.5-:-.N} on the torus. we define the

fieldsas
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0(z) = % ¢i1z) e, §@ =% 3@ e, (3.3)

Here {ei}(j=1,----,N) is an orthonormal base of N-dimensional
space. The vacuunm is defiﬂed by the product of the vacuum |vac >}

and lvac >! for ¢i(z) and ¢(2) (Jj=1,--:-,N), respectively:

N
|vac > =’§1Ivac »i ® [vac > (3.4)

The form of the fields U(z,z) and U-'(z,z) are as follows

- [ - le)-5(z
MU;i(2,2) = ai:elt(@'-D))-0(2)+(dé-C)-D (2}, , .

! (3.5)

- - i . -ec)-B (7
MUY =11 (2,2) = 4ite i{ta ~b)) P(z)+(dé-C) mtzl}:lj.

Here ai, b, Cci, d-are

ai = el - hiE b = Kki1E
(3.6)
c = h:E di = el - KzE
where E is a vector defined as
N T (3.7)
E_ JN tlle Y

Ai's (j=1,---,N) are the +twisting operators, called Klein

factor[101, to correct signs. These ére written as

2-i=expli Z—((% - ) (ak-p-b-PI+L(~c- p+d*-p)}]
k31 kel ook (3.8)

S = -y X k. pb- 5 - -C- k. b
A+i=expli-i > { % (ak-p-b p)+'(<2;.J kg)( c-p+d*-p)}1l

J
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where’

N
P =‘§1Pa el -and P =‘§1Pn el (3.9)

M is a regqulator to remove the divergence expressed as

- 2 - - - 2
M=N(z-w@b2%sz _gc-d (3.10)
Using these expressions, one can realize the relations between the

field U(z,Z) and the currents and derive the equations of motion
for the WZW model. In this formulation we also obtain the

equations from the operator product expansions between the f{field

U(z,Z) and the Virasoro algebra:

3,0(z,2) = Nll aJe(z)te (U(z,2)2 + {jyﬁ— + (hi-h2)}21(2)Uz,2)%
(3.11)
3,0(2,2) = —pp 831 (@teaU(z, 208 + (- - (a-ke)2T(B)Uz, 212

Here t®, and t°s are the generators of SUL(N) and SUr(N),
respectively, and 2---4% denotes the normal ordering with respect

to the currents as

ad e (z)t2 U(z,2)2 = J*(Z2)U(z,2Z) + U(z,Z)J2ez-! + U(z,z)Jd2>(2Z),

Ja =n21‘]°" Z-tnr1) J2«¢ =n213°n Z-(n+1)

As discussed in the paper(3], the WZW model corresponds to
the Thirring model, when the UL (1) and Ur(1) charge are equal and

the condition, a2-b2=1 is satisfied.
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4. The correlation function on the torus

In this section we give the two-point function of the
left-moving boson on the torus. Using this function we will
calculate the 2n-point correlation function of the WZW model.

The 2-point correlation function of the left-moving boson is

defined as

Tr q=® &(z)¢ (W)

<P (z)p(w)> = (4.1)
Le

Tr g

where q=exp(2xiz), with Im(z)>0. The expectation value of the
oscillator mode is easily calculated in the standard coordinate

e(z)=exp(2xiz):

81(z-wlz) . loglel/szlz ¢ 2ilz-w)
72(t)

(4.2)

Dosci(e(z))doscilelw))d = - 109

where 81(zlz) is a theta function with characteristic [ }5%

and 7 (z) is Dedekind's function defined as

2ty = /% foa - am. (4.3)

The expectation value of zero modes is well-defined only in the

exponential:

2 i - 2
Tr q° [2e i(felz)-dalw)) _ r qF /2 Plog(z/w) a

2
= E g (z/w) P

To find the two-point function <J(z)Jlw)>, one have to

differentiate both side of (4.2) with respect to z and w:

(e(z)e(w))<I(e(z)d(ew))y = —1— 3 1n 0s(0|2)
r T (4.5)
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1
12

) 5 ezzi(z—w)
2 -
32 In B1(z-wlz) + =T

1)2

where 03(z|T) is the theta function with characteristic [ g l. We

can calculate the 2n-point correlation function of the field

defined by (2.4). The result are

!t (etzi) e(Zid)ecennnn waees ul" cetwn) B (Wa))
Ji Ja
-~ Kn - K1, .. -
x WX (etun) elin))eeneeneenss U *lce(zi),e(z1)>

=1ﬁ1e211(Nd2-d)(Zi‘Wi){(1+q1,g)e‘2zid(2i-Wi)}_l{(1+q,,2)e211d(zi—wi)}

1E1 mﬁo {(l+qm+d-1/2 )e—2xiu(zi—w;)}{(1+qm+a+1/2 ) eZKld(Zi-Wi)) N
X

Foo8 ca+gd™® 172 )30 (14q WHEH1/2,

i=1 m=0 Y

2. Z =W - . _ Com =
xiﬁlehi(NB B)(Zl W|){(l+q1,2)e 27(13(2! w')}'l{(l-}ql’Z)eZ,{lB(z' wl)

}

1@1 i (C1+qMtB1/2 ) m2m 1B (Zimwi)y ( gmtBt1/2 ezx‘s(z‘—w‘)}lN

B B cas@™Pl2 0y a.gmE 2 ]
(4.6)
tr 1 e s
I Etze - zs)® © E(ws - w) € €
X
oir. ol
r?s El{z: - ws)™
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Je. _ds Kr. _Ka

' . Ezr = 2% 7 € E@s - un® T °
X r’,s
_ _ et oXs
rqs E(z:, - ws)
A EZr - zs) Elus = ur) | .rgsE(E, - Zs) E(Ws - W)
X . ’ .
rr'[S(Zr - Ws) rr'fs(Zr - Ws)

where ¢ =(hi-ha//N and B =(ki-k3/JN, and E(z-w) and E(z-w) are

defined as

8i1(z-wlz).

E(z-w) = - log 7(2) .+ logiel/e*ir ) =
and 4.7)
E(z-@) = -.log 21z-wlz) | logiel/8%1iT |
72(T)
Here the calculation of zero mode is done as follow
P2/2 id(do(z)-Dalw))
it @s@-datw), _ _pBAT € . 8)
p2/2 ’ 4"
pEA Y
where A is the lattice spanned by the vectors {aili=1,---,N}

defined by (2.6). The peculiarities of the correlation function
are that not only the oscillator mode but also the zero one are
factorized to the holomorhpic and antiholomorphic parts, and that
there exists the freedom of the U(1) charges which corresponds to

the ambiguity of the lattices.
5. Discussions
In this talk we extend the U(N) WZW model constructed by the

vertex operators on the torus. We calculate the 2n-point
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correlation function of the U(N)WZW model whose Virasoro central
charge is equal to N. Thié scheme corresponds to the chiral
bosonization on the torus because the correlation function Iis
factorized to the holomorphic and antiholomorphic parts.

We should restrict our scheme to the systems which belong to
representations of the Kac-Moody algebras of level one. Gepner
111 has described the vertex operator construction of current
algebras at arbitrary 1level, arbitrary grour. Then it s
interesting to extend our scheme to the case of arbitrary level,
arbitrary level. When one tries to calculate the Thirring model
associated with WZW model, one has to consider the structure of
spins, that is, how to sum the lattice points of the zero modes.
Further it is possible to extend our scheme to arbitrary compact

Riemann surface.
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E; type modular invariant Wess-Zumino theory
and Gepner’s string compactification

Akishi Kato and Yoshihisa Kitazawa
Department of Physics, University of Tokyo
Bunkyo-ku, Tokyo 113,' Japan

1 Introduction

Conformal field theories in two dimensions have been actively investi-
gated recently [2]. These theories are relevant to the two dimensional critical
phenomena and string theory. In string theory, conformal field theories are
building blocks of the perturbative vacuum. .

In order to describe the four dimensional world in terms of string the-
ory, some kind of compactification is necessary. Phenomenologically it has
been argued that the internal six dimensional manifold should be a Calabi-
Yau manifold. Gepner has pointed out that these internal manifolds may be
realized in terms of conformal field theories. His construction makes use of
minimal models of N = 2 superconformal theories {3] which are required to
ensure N = 1 space time éupersymmetry.

The advantage of constructing Calabi-Yau manifolds in terms of conformal
field theories is that the correlation functions are now calculable. Therefore
we can calculate the Yukawa couplings among massless particles of the theory
in this construction.

In order to determine correlation functions of conformal field theories,
it is necessary to patch holomorphic and antiholomorphic sectors together
in a physically sensible way. It is known that the operator contents of the
theory is constrained by the requirement of the modular invariance of the
partition function [12]. The correlation functions are expected to reflect the
operator contents of the theory. In diagonal modular invariant theories, the
correlation functions have been studied in minimal models (6], Wess-Zumino-

Witten models [8,9] and N = 1 superconformal models {11]. In particular



the operator product expansion coefficients ( C’s ) in these models have been
determined from the four point functions. |

However the correlation functions in off-diagonal modular invariant theo-
ries have been studied little up to now. The complete classification of the mod-
ular invariant partition functions in Wess-Zumino-Witten theory is known.
They are A,, D,, Es, E; and Eg type models [13], [14]. Of these only A,
type models are diagqnally Igo,dula.r invariant. However Dy, Es and Eg can
be brought into the diagonal form in terms of super-characters of extended
algebras [10].

In ref. [1] we study physical correlation functions in off-diagonal modular
invariant theories in Wess-Zumino-Witten theories. Although our procedure
works in this class of models in general, we study E, modular invariant theory
in detail. We construct the four point functions in E; modular invariant
theory and determine the C’s of this theory.

Since the E; modular invariance has been used to construct a three gen-
eration model by Gepner [4], our result enables us to calculate the Yukawa
couplings in such a model. Using the knowledge of the Yukawa couplings,
we can study more detailed correspondences between conformal field theories
and geometry. Needless to say that the Yukawa couplings are essential to
discuss the phenomenology of the model. We discuss the phenomenological
prospects of this model which is quite rich reflecting a very nontrivial internal
manifold.

The E; modular invariant theory is also interesting in connection with
the Verlinde’s fusion rule [18]. He has proposed a general theory concerning
the indicators of the C’s. The indicator of C is zero or a positive integer
depending on whether C vanishes or not. Since his idea requires some kind of
factorization of C’s into holomorphic and antiholomorphic parts, off-diagonal
modular invariant theories require some further considerations. In particular
a pair of operators which play a central role in his theory have not been well
understood. Nevertheless we find that our results support his theory also in
off-diagonal modular invariant theories.

This report is the concise version of ref. [1], and is organized as follows.
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In section 2, we explain a general strategy to determine the operator product
algebra in conformal field theories and state our results. In section 3, we
discuss Gepner’s three generation model making use of the results of the
section 2. Section 4 consists of the investigation of Verlinde’s fusion rule in

E, modular invariant theory. We conclude in section 5.

2 The SU(2) x SU(2) Wess-Zumino-Witten theory and
operator product algebra

In this section we briefly review the SU(2) x SU(2) Wess-Zumino-Witten
theory and explain the way how OPE coefficients are calculated. We also
state our results on C’s in the E7 type model.

The primary fields of WZW theory are the invariant tensors of SU(2) x
SU(2)gr. We denote by Q&?ﬁ‘) (m = —j,...,j; m = —7,...,3) the primary
field with isospin j of SU(2), and 7 of SU(2)g. It is well known that the
global SL(2,C) invariance completely fix the form of two- and three-point

functions up to normalizations. We normalize primary fields in such a way
that

( 1’(.111-71) (Z zl)@(‘n”n )(22,22))

(ml ml) (m; m2

= 511,12511,n5m1,mz5m1,m2(z - z2)-2A(J'1)(§1 _ 52)—2A(.71)’ (2.1)

where the conjugate field is defined by @1(”7) = (—l)j“’“(—l)f’ﬁ‘@(j'j)

(m,m) (-m,~m)

SU(2) symmetry fixes the form of the three point function as follows:
(® (11,.11) (zl,zl)q,(n,iz_) (22, Ez)q,(ia.ia_) (23, Z3))

(m1.71) (ma,ma) (ma,m3)

= C((jlfl)(jzfz)(jafs))( o ) ( o )

my My, Mg my o ﬁla

(271)1(252)1(273)!
{(11 +h+R+D+R =0T +5— )G+ 71— R)! }‘/2

(271)1(272)!(27)!
—A(Jl)—A(J:)+A(Js) —A(Jz)—A(Js)+A(.71) —-A(Js) A(Jl)+A(.12))

{(.71 + 72 + 33 + D1 + 2 — 73)l(32 + Jz — 71)1(Js + 71 — 72)! }1/2

X (212
x(El-zA(.n)-A(.n)+A(Ja)Ez—aA(Jz)-A(Ja)'FA(Jl)2;1A(Js) A(J1)+A(J2)), (2.2) )
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where ( Ji a2 s ) is the Wigner’s 35 symbol [15].
m; M2 M3 !

In the case of SU(2) WZW theory, we can show the truncated Clebsch-
Gordan Jaw [6]

C((11.71)(4272)(jaTs)) = O
- { i~ jal € o S min(ia ik —d—in) o
|71 — 72| £ 73 L min(7 + 72,k — 71 — 72),
where £ is the level of representations.

We want to determine all the OPE coefficients C((j171)(j272)(jaa)) of the
WZW theory, especially in the case of off-diagonal E; type modular invariant
model.

The general technique to calculate OPE coefficients is as follows [2,6,8]:
Firstly, we construct so-called “conformal blocks” which are the solutions to
Knizhnik-Zamolodchikov equation [5]. Then the solutions are patched to-
gether so that physical correlation functions are monodfomy invariant. Fi-
nally, by factorizing the correlation function we obtain the operator product
expansion coefficients. In ref. [8], this procedure is explicitly demonstrated
in SU(2) WZW theories of diagonal (A, type) modular invariant.

In off-diagonal theories the procedure to calculate the OPE coefficients are
essentially the same. As for the conformal blocks, nothing is changed because
they are the solutions to Knizhnik-Zamolodchikov equation which regulates
only holomorphic (chiral) behavior.

The difference between the diagonal and off-diagonal case occurs in patch-
ing the conformal blocks together. Let {Ii(z)} be the conformal blocks, each
of which have z = 0,1 and oo as singular points. If they are analytically con-
tinued along a closed contour surrounding the point z = 0 or 1, they undergo
the monodromy transformation, whose matrix we denote by go and g;. In
order for the physical four point function

U(z,2) = 3 X lu(2)Ii(2) (2.4)
kk

to be monodromy invariant, {X;z} must be the solution to the following
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equations:

XE:(QO)HX&(%)H = X, (2.5)
k,
Xg(gl)klxkk(gl)kr = Xr. (2.6)
5

The monodromy matrix can be calculated from the connection matrix oy
which relates two sets of fundamental solutions around z ~ 0 and z ~ 1.

In diagonal theories, one sets X,z = X6z, which reduces the amount
of computation a great deal. One can determine OPE coefficients without
knowing all matrix elements ay. In féct, only one column data of oy is
sufficient to determine the whole OPE coefficients [6].
~ In off-diagonal theories, however, off-diagonal components of X}z can be
non-zero provided corresponding intermediate state is allowed by the operator
content.s of the theory. Accordingly, almost all a;; are needed. And also it
is not so obvious that there is an unique solution to eqé.(2.5) and (2.6) for
this class of models. Howevér, with explicit calculations we checked that it
is indeed the case for the E7 type model and determined the structure of the
OPE. - ‘ '

In table 1, we list all nontrivial OPE coefficients of E; type SU(2) WZW
theory together with their approximate numerical values. The relation to
OPE coeflicients of diagonal (A type) theory with the same central charge is
also shown. We have not included trivial OPE coefficients which contain the
identity operator. The remaining C’s in the theory can be obtained by using
“reflection symmetry”:

C*((51: 51 )2, 72) (3, J)) = C*((J1, A)(8 — G2, 72)(8 — J3, Ja))- (2.7

This symmetry can be seen by comparing the integral representations of con-
formal blocks [8]. ’

3 Yukawa couplings in Gepner’s three generaticon model

Recently Gepner constructed string models with N = 1 space-time super-

symmetry out of N = 2 superconformal theories. Such models may corre-
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TABLE 1. OPE coefficients in Ey type modular invariant SU(2) x SU(2)
WZW theory. The right column shows the relation to OPE coefficients of
diagonal theory.

C?((22)(22)(44)) = 128 = 1C?(224)4
C?((22)(22)(33)) = 125 = C*223)4
C*((22)(22)(22)) = 133 = C*%222),4
C*((22)(22)(14)) = 2356 = 31C*(221)4
C%((33)(83)(22)) = 6.09 = 1C%(332),
C?((33)(33)(26)) = 6.09 = 1C?(332)4
C?((33)(33)(66)) = 0.676 = 1C?(336)4
C*((33)(33)(33)) = 49.8 = C*(333)4
C*((33)(33)(35)) = 0

C*((33)(33)(55)) = 212 = C*335)4
C%((33)(33)(44)) = 247 = 1C%(334)4
C*((33)(33)(14)) = 124 = 1C%(334)4
C*((44)(44)(22)) = 285 = C%*442)4
C*((44)(44)(44)) = 190 = 20%(444),
C*((44)(44)(33)) = 0

C*(44)(44)(14)) = ©

C?((22)(33)(44)) = 832 = 1C%*(234),
C*((22)(33)(41)) = 4.16 = 1C%(234)4
C?((33)(44)(14)) = 878 = 4C?%(341),
C?((14)(14)(14)) = 238 = 1C?%(444),
C3((14)(14)(22)) = 712 = 1C%(442),
C?((14)(41)(33)) = 110 = 1C?%143),
C*((14)(41)(44)) = 649 = C*(144)4
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spond to string compactification on Calabi-Yau manifolds.

Let us recapitulate his model. We consider the heterotic string theory
propagating on some internal compact manifold I times Minkowski space
M,. Propagation on the internal space is described by some tensor product
of N = 2 minimal models. In order to have four dimensional space-time, the
total trace anomaly of the N = 2 minimal models must be ¢ = 9.

The trace anomaly (or central charge) of N = 2 minimal ‘models are
given by ¢ = 3k/(k+2), (k=1,2,3,...). For a fixed k, the primary fields
(or irreducible representations) are labeled by three integers (I,q,s). ! must
be in the range 0 < ! < k. ¢ and s are defined modulo 2(k + 2) and 4
respectively. Two sectors s = 0,2 constitute the Neveu-Schwarz sector and

s = 1,3 the Ramond sector. Hereafter we denote the corresponding primary
field by O, .1

1933, 7,5°
Gepner constructed a three generation model out of one k£ = 1 and three
k =16 N = 2 minimal models. In his model, the E7 type partition function
is used in combining holomorphic and anti-holomorphic parts of the k = 16
minimal model. As it is explained in ref. [4], this model has the discrete
symmetry

G = (Z3 x S3 X Z3)/Z,. (3.1)

We denote an element of Z3 x Z3 by {ro,m1,72,73}. A three generation model
can be obtained by moding this 1 162 theory by the Z3 symmetry generated by
g = {0,3,6,0} and further by the symmetry generated by A& which cyclically
permutes three k = 16 theories. After these operations, we obtain 9 genera-
tions and 6 antigenerations. Threc extra U(1) gauge groups also have been
reduced to single U(1) in this operation. It is also possible to break Fg gauge
group down to SU(3)? using the Hosotani mechanism. We embed g in Fg
when we mod the original theory by ¢. In this case we have 9 generations of
leptons and 6 antigenerations of leptons, 3 generations and no antigenerations
of quarks.

It is known that these generations can be identified with the perturbations

of the complex structure of a Calabi-Yau manifold. Such a manifold is defined
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TABLE 2. List of generations in 1 162 model.
® and O denote k =1 and k = 16 N = 2 primary fields, respectively.

lo

hir
QR
q2L
Q2R
q3L

q3R

®121121 ©12131 12181 ©%11 011

®121121 O471 671 Q011011

P121121 OF5q 451

Po11011 ©12131 12131 O671671 Co11011
Po11011 Go11011 Os71671 O12131 12181
‘I’OII 011 @10111 10111 6351 451

®o11 011 OF71 671

Po11011 O231891 Os91231 Os91 891
Po11011 ©231891 Oss1891 Oso1231
P121121 Os91891 Oas1451 Oo11011
P121121 ©011011 Q451451 Os91891
Po11011 ©o11011 Os91891 Or0111 10111
Po11011 Or0111 10111 Oso1801 Op11011
®011011 O451451 Os71671 Os91891

@011 011 6891 891 6671 671 e451 451

203?:1;62
202122€)
20T1T2T3€2
2'21::1;62
z3T3e,
2121T9T3€9

212223€1

202:%2:262
Zg.’r,ga?zez
23:1:%2:362
21 .’L‘%:L‘lez
Zg.’l,‘g.'b'lez

zz2zT3e0

by the following algebraic equations:

1
P = Hm+z+75+5)=0,

3 3 3
P, = z1z] 4 2375 + 2323 = 0.

(3.2)

In table 2, we list all generations of the conformal field theory with cor-

responding perturbations of the complex structure. In this list, /;, ¢ir and

q:r are lepton, left-handed quark and right-handed quark generations respec-

tively. The quantum numbers in this list correspond to space-time spinor

and 16 of SO(10) gauge group. On the right column, e; (e;) represents a

perturbation to the polynomial Py (P,). We have listed representatives of the

equivalence class under the symmetry h. Therefore the symmetrization of pri-

mary fields under the cyclic permutation h should be implicitly understood
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throughout this p;a,ber.

In Gepner’s model, every massless state corresponds to a product of N = 2
primary fields. Therefore the Yukawa coupling of this model is given by the
product of the OPE coefficients of the N = 2 subtheories.

The N = 2 superconformal theory has close relationship with SU(2) WZW
theory. Let us briefly discuss this point. The N = 2 primary fields ©;, ,7.+

can be rewritten in terms of parafermionic fields gbf;f' ~ and a free boson ¢:

gl = Yol ag-s : exp(iagd + iazd) 1, (3.3)
with
g—s/2(k +2)
V2k(k+2)
On the other hand, the parafermionic fields are related to the primary fields
3D of the SU (2) WZW theory:

Dlmm)

(3.4)

D = xSy BBy
m,m m,m' \/_ \/"

Using these relations, we can study N = 2 superconformal theories through

SU(2) WZW theory.

(3.5)

In table 3, we list all nonzero Yukawa couplings in this model among
generations. In Table 4, we also listed all antigenerations of this model and

nonzero Yukawa couplings among them.

It is well known that the Yukawa couplings can be calculated by an alge-
braic method if we are given an algebraic manifold of the compactified space.
However in the algebraic method the normalization of each generation is not
fixed. In fact we find that by the appropriate rescaling of the fields, the both
results agree. Let us recall that the same situation is also found in a four gen-
eration case [17]. Therefore our investigation provides a further support to
the identification of Gepner’s models with string propagation in Calabi-Yau
manifolds.

It is also interesting to note that our pattern of the Yukawa couplings
differs from the model which has been investigated by Candelas and Kalala
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TABLE 3. Yukawa couplings among generations.
u? = C7((33)(33)(66)), N* = C*((14)(41)(33)) and p? = C*((22)(22)(44)).

lilzly p=0822 lagaLgar  pp* = 1.05
lslgls p3 = 0.556 Laosraer 1/V3 =0.57T7
Ligls 1//3=0.577 lagszgsr  12//3 = 0.390
Lilgls 1/v/3 =0.577 Lagizger  1/V3 =0.577
Llgls n/V/3 = 0.495 Liqirgar  1/V/3 =0.577
Llzls ©//3 = 0.495 lsqizgsn  p*/v3 = 0.938
lolsls p? = 0.676 Isqirgsr  p*/V/3 = 0.938

laliply A%/4/3 = 0.635 iqugsr  p/V/3 =0.495
Grgarar  P/V3=0536  Lqirgar, p/V/3 =0.495
93RTBRAUR PI-‘/\/§ = 0.536 liq2r.93r 1/\/§ = 0.577
irqargsn  p/V3 = 0.652 ligargsr, 1/v/3 = 0.577
@irR@RG3R  p/V3 = 0.652

TABLE 4. Yukawa couplings among antigenerations.

741—472 ﬂa = 0.556
71ET4 AS = 115
Tuiniz H= 0.822

L ®o11011 O231891 O35y 14151

L ®121011 0351 12131

I @121121 ©331801 Oso114151

Is Por1121 9231 10111

li ®o11121 ©01116171.9671 10111 ©O12131 451

112 Q011 121 6011 16171 E")12131 451 (-)671 10111
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[16]. Their model is defined by

. |
Pt M4+ =0,
P? = zoyo+ 191 + Tay2 + Tays = 0,
1
PP = Sy +ui+v;+18) =0, (3.6)

moded by the Z; symmetry:

(z0, T1, T2y T3) — (Eo,az$1,a$g,a$3),
(y01y11 y27y3) — (yO'; ay17a2y21a2y3)' (3~7)

Although this manifold is known to be diffeomorphic to ours, the Yukawa
couplings differ from one another. Therefore the physics of the Calabi-Yau
three generation models does not seem to be unique.

Since the over all scale of our coupling constants is determined by the
dilaton vacuum expectation value in string theory, a sensible thing to do is
to normalize the Yukawa couplings by the gauge coupling. We find that the
gauge coupling of this model to be 1. Therefore all Yukawa coupling are of
the same order as the gauge coupling. This situation is also found in a four
generation model.

Besides three generations of quarks, we still have 9 generations of leptons
and the gauge group SU(3)® plus an extra nonanomalous U(1). Therefore the
phenomenology of this model depends how these higher symmetries and ex-
tra particles are got rid of. In what follows we describe a promising scenario.
If we consider an energy scale considerably lower than the Planck mass, the
physics can be described in terms of a renormalizable field theory. We know
this theory exactly in the sigma model perturbation theory including nonper-
turbative effects. This is because the Yukawa couplings we have calculated
in this paper determine the Lagrangian of it. However we have not calcu-
lated stringy loop effects. We look for a solution of this effective field theory
which is phenomenologically attractive. This procedure can be justified if we
consider physics considerably lower than the Planck mass scale.

We are interested in such solutions which possess the standard gauge group
SUc(3) x SUL(2) x U(1) and preserve SUSY. If such a solution exist, we can



break higher gauge symmetry down to the standard gauge group at very large
energy scale. In this symmetry breaking process, we employ the conventional
Higgs mechanism. Therefore we have to pay attention that the D and F terms
do not destroy SUSY even if we give nonzero vacuum expectation values to
some fields.

The observed particles can be assigned in the following representations of
the gauge group SUg(3) x SUL(2) x SUR(2) C SU(3)®

a = (3,2,1)€(3,3,1),

qr = (3) l’i) € (3’ 173)7

I = (1,2,1)0or(1,2,]) e(1,3,3),

I = (1,:1) €(,3,3),

H (1,2,2) €(1,3,3), (3.8)
where qz(qr) denotes left handed (right handed) quarks, I(Ir) denotes left
handed (right handed) leptons and H denotes two Higgs boson multiplets
which are required in SUSY models. The gauge group SU(3)? can be broken
down to SU¢(3) x SUL(2)x U(1) by giving nonzero vacuum expectation values
to (1,1,1) € Is and (1,1,]) € ly( or li2). At the same time it is necessary
to give nonzero vacuuin expectation values to antigenerations in the same

representation of the gauge group in order to prevent the SUSY breaking due
to the D term.

However we have to use appropriate antigenerations in this process. This
is because the Yukawa couplings among SU(3)? singlets - generations - anti-
generations put constraints on which antigenerations can be given nonzero
vacuum expectation values while preserving SUSY. We recall that there are
61 singlets in this model.

In table 5 we list all combinations of this type which possess nonzero
Yukawa couplings. From this table it is easy to see that if we use suitable
antigenerations such as Iy, we can obtain the standard gauge group while pre-
serving SUSY. The extra U(1) gauge group can also be broken by utilizing two
SU(3)? singlets which possess opposite U(1) charges in order to cancel the D

term contribution. If we consider possibilities to give nonzero vacuum expec-
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TABLE 5. Combinations of singlets, generations and

antigenerations which possess nonzero Yukawa couplings.

lilaére lilada IARE llads lnlid1s lnladis lulad
lnlzds lolibrs liala14 lial3 4, lal3s Ishidao lslra
Isl3d4 lsladss lelags Liés Lladu Liliadio Ll ¢a
Llnds lLlade Lligr 3164

$1  Po11000©011000 Os71600 ©r2131 400

2 Poi11000 Q011000 ©12131 400 ©671 600

¢3 QOII 000@231 81420391 220

¢s  P0110009%51 4300910111 640

5 ®0110000671600 Os71660 ©6716300

$6  P0110000671 600 Q6716300 G671 660

¢7  Po110220351 400 Q10111 660

s P0110220451400 O4514302 10111 6300

do Po110220451 400 ©10111 63000451 4302

10 Po11022©451 462 Q4514302 ©10111 660

$11 Po110220451 462 10111 660 451 4302

é12 Po1104202313812202%45, 500

$13 Po110420451 420 Os5143:. ©r0111 6320

14 Po110420451 420 O10111 63200451 4320

$15 P12100009351 400

16 P1210000451 400 Ots1462 ©Oss1 4302

17 P1210000451 400 Q4514302 O451 462

d18 P1210426011 000 Os71600 ©s716300

19 P1210420011 000 Os716300 ©Os71 600

$20 1210420351 4340
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tation values to singlets, we have to pay attention to the Yukawa couplings
among three singlet fields in addition. This is because such couplings put fur-
ther constraints on the supersymmetric solutions of the effective Lagrangian.
There are 136 combinations of three SU(3) singlets which possess nonzero
Yukawa couplings in this model. We have checked that if we use appropriate
singlet fields in this process, the F terms do not spoil SUSY. We can also
pair up lepton generatlons and a.nt1generat10ns to become massive by giving
nonzero vacuum expectation values to suitable singlet fields. For example if
we use ¢3, ¢16 and ¢y7 in table 5, four pairs of unnecessary generations and
antigenerations become massive. The pa.ttern of the Yukawa couplings among
three singlets has shown that such a solution does not break SUSY.

We assign H € 13 and (%,b) € gqs. Then the top quark mass is predicted
to be equal to the W boson mass to the first approximation. This predic-
tion is an universal one irrespective of a partmula.r scenario as long as it is

phenomenologically sensible. Let us assign the known leptons as follows:
(8,'11, T)L" €’ (172,1)’
(e,p,7) € ly,liz and Is. (3.9)

If we break the gauge group SU(3)3 down to the standard S Uc(3) x SUL(2) x
U(1) at sufficiently high energy scale in 6ur scenario, acceptable proton life

time can also be obtained.
4 Verlinde’s fusion rule and F7 modular invariant theory
‘Verlinde’s fusion algebra. [18,19] is defined by

¢[ﬂ X ¢b] N[;]L,]¢[k], . (4.1)

where ¢;)’s are the irreducible representations of the chiral algebra. The non-
negative 1nteger N is the number of mdependent nonzero couphngs of the
type ([¢], [7], [k]). Since the above fusmn rule is given in the holomorphic sector
only, some kind of factorization of C’s 1nto left and right sectors is necessary.

It is remarkable that N is determined by the modular transformation
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matrix alone:

S: n Sty n Sn o)
N[t'lb'l[k] — Z 3l 1Sb1[ i ][kl‘ (4.)‘)
(n] [0l(n]

Furthermore it is pointed out that the existence of off-diagonal modular in-

variant partition functions imi)ﬁes the existeqée of a nontrivial automorphism
of the fusion elgebra. In ref. [19], the E7 type model has been investigated
and how his fusion rule should work in this model becomes clear. In what
follows we provide further support for his theory using our results.

In order to prove eq. (4.2), it is necessary to construct a set of operators
#i(a) and ¢;(b) which act on the characters [18). In ref. [20], these opera-
tors are explicitly constructed for diagonal modular invariant models. In the
remainder of this section we construct Verlinde’s operators for the E; mod-
ular invariant model. The same procedure should work for the D34 type
theories.

In E; type theory, a naive factorization of operator product expansion
coefficient C is not valid. The prescription is as follows. Let us consider
Pr2) X Ppo) — Pz channel. This channel contains the following SU(2) primary
fields:

822 « 322 _, @2
326 (22 _, $26)
3(26) « 320 _, (2

Q(G,G) X @(6,6) —_ ¢(2,2)' (4.3)

As we have shown, all the coupling constants for those channels are equal,
C?((22)(22)(22)). Therefore it is consistent to define the factorized coupling
C([2][2][2]) as follows:

C*([2][2][2]) = C((22)(22)(22))- (44)
For the couplings like C%((33)(33)(41)) and C?((33)(33)(44)), we can define

the factorized couplings in the following way:

C*((Bl8](1]) = C*([3]3][4"]) = C((33)(33)(41)),
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C*([BJB)l47]) = C((33)(33)(44))- | (4.5)
In the @[y X ¢35 — 4z channel, there are two different couplings
C7((33)(33)(22)) = C*((33)(33)(26) = C*((33)(33)(62)),

and
C?((33)(33)(66))-

Therefore it is not possible to define single factorized coupling for this channel.

So we introduce new labels a and f in order to distinguish different couplings
{Cz} = ©((38)(33)(22)),

{Cz2} = C((33)(33)(26)),
{Cs} = C((33)(38)(62)),

{CEEY = C((33)(33)(66)). . (4.6)
We can maintain the relationship
(T = {CT ;asY (4.7)

in this factorization procedure, since

C*((41, 71)(J2> 72 )(J3: 7)) = C*((41, 1 (8 — Jz, 12)(8 — Ja, Ts))- (4.8)

All the other couplings of the theory can be factorized in an analogous fashion.

In ref. [20], Verlinde’s operators are constructed by starting from the
quantity I';j;(z,¢) which is the normalized combination of holomorphic con-
formal blocks for the two point functions on the torus. We generalize their

construction as follows:

ri[J’](27Q)
8 ' ,
= > 3 2 Yiuw [’?[:ICJ(C?J-Z)ZP-'J'::(Z,Q)], (4.9)
€

viy'=e jeli] (Kl x (4]

where I';;;’s are holomorphic conformal blocks for the two point functions on

the torus. Here ¢ = €™ (r is the modulus of the torus) and z = ™ (w
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is the coordinate difference of the two operators). [{]* = [i] for all ¢ except
[1]* = [4%] and [4*]" = [1]. The coefficient Y} is defined by

' ' i
Yiltg = kEU:](C%I Y X, » (4.10)
e »

where X3’ are the normalized connection matrix [20].

Verlinde’s operators ¢;(b) a.nd'gb.-(a) can be constructed just like in the di-
agonal modular invariant theories [20], if we start from the quantity T;j;(2, q)
defined in eq. (4.9). In particular we have found the following relation

X vemo Yin-10- Yiohta ‘
Yool

In ref. [19], the fusion rule for the E; modular invariant theory is obtained

from the modular transformation matrix using the relation (4.2). Once we

have constructed a pair of operators ¢;(b) and ¢;~(a), eq. (4.2) can be proven

by noticing that the modular transformation diagonalizes the fusion algebra.

In fact we have numerically verified that eq. (4.11) agrees with eq. (4.2)

Nem = (4.11)

using the C’s we have determined in this paper. What is not obvious is
that the N [;),x's are integers which count the number of the independent
couplings of the corresponding channel. The proof of this fact requires the
so-called ‘pentagon’ identity [21]. We have also checked such identities using

our results.

5 Conclusions

We have developed a general procedure to study the structure of operator
algebra in off-diagonal modular invariant theories. In particular we have
carried out this procedure in E7 type modular invariant Wess-Zumino-Witten
theory and explicitly checked the closure of operator product algebra, which
is required for any consistent conformal field theory. In the literature C’s in
diagonally modular invariant tiiyeqries are fairly extensively studied. However
in this respect off-diagonally modular invariant theories have been studied
little. Therefore our work should be useful toward the determinations of the

correlation functions in all conformal field theories.
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The . conformal field theory: has.been . utilized to. construct perturbative
vacuums in strmg theory Apparently qulte nontrivial vacuums can be con-
structed out of minimal models of the N =2 superconforma.l theory We have
studied the Yukawa couplings of such a model which uses.E; type off-diagonal
modular invariance. The Yukawa couplmgs have enabled us to study detaxled
correspondences between conformal field theory constructlons and geometry
We have also discussed phenomenological prospcats of this model. Since our
work should also enable us to calculate the Yulmawa couplings of this class of
models in general, it is streightforwar-i to siudy bcue.a.l model= in a similar
manner. Although off-dingonal modulnr icvasdiant rheorics are rather special,
realistic models s=co. (O 1 quizk very .t ecial meuifolds. Therefore they may
enhance the v1ab1h ty of string t.rrc.or;:r w deseribe ozal wortd. N

We have a.lso studiéd Verlinde’s fusion alwebm in E7 modula.r mva.nant
theory. It is a general theory concerning the md.lca.t ors of C. The rema.rka.ble
fact is that it is determined in the holomorphic sector only. Furthermore the
indicator is glven by the modular tra.nsforma.txor' matnx A pair of operators

which operate on the characters’ play a cruc1a1 role in hJs theory Up to now the
precise nature of these operators in off-diagonal modula.r invariant theories is

not clear. We have explicitly constructed these operators iu this model. Qur

investigations support Verlinde’s theory also in oﬂ" dxagona.l modular invariant

theones
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Covariant Operator Formalism of Bosonic String Theory™
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ABSTRACT

Covariant operator formalism of bosonic string theory based on the the BRST
symmetry is introduced. The duality of the ghost string vertex is explored and
recovered in the N ghost string vertex. Duality guarantees that any amplitudes
are reduced to the combination of a few primitive operators. We demonstrate
this point in the planar case, showing the construction of the multi-loop operator
from a set of one-loop tadpole operators. The result has a correct measure due

to the ghost contribution.

% This talk is based on the works [1,2,3]. The works [1,2] is done in collaboration with
T.Kobayashi and T.Suzuki.
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1. Introduction

In the last few years the quantum properties of string theories are crilified
completely in the one-loop order and partially in the higher order. In that anal-
ysis, the operator formalism is appeared to be a useful tool for the rigorous and
simple calculation of amplltudes except for the pomt that the mtegratxon regxon
should bé restrictéd by hand.” The estension of the formallsnr to the form, by
which the multi-loop amplitudes can be calculated, was already considered in
the eighteen years agoltl. It however is incomplete in the point of the elimina-
tion of unphsical modes. The developement of the BRST formulation of string
theory has a key to settle this problem. Freeman and Olive [5] showed this point
calculating the one-loop vacuum anmplitude. Then the BRST invariant three
dual string vertex was derived by Neveu and Westl®] and was extended to the
N-point case by DiVecchia, Frau, Lerda. a.nd Sc1uto[7] The investigation of the
covarit at .multi-loop calculation-was done by DiVecchia et.al. and:the Napoli
groupl®] and by us231" | The one of the remakable feature in the new formal-
ism is the ghost factor associated with the twisted or untwisted propagatorl?:]
which carries ghost number minus one. This factor, which was determined by
the requirement of the BRST invariance, yields systematically a proper measurer

factor and ghost number to any operator in the formalism.'

In this note, we introduce the mlilti-loep operator calculus in the BRST
invariant opera.tor formahsm of bosonic stnng Our basic idea is in the use
of the prlmltlve operators m the ca.lcula.tlon For this purposz, we w1ll first
glve an 1mprovement of the N-dual strmg vertex so that the oﬁ'—shell duahty is
manifest. Then the uniqueness of the multi-loop operator derived by the iterative
use of the prlmrtlve opera.tor is gua.ra.nteed We next demonstrate the multi-loop
calcula.tlon It turns out that the measure fa.ctor for the moduli integration

is derwed exphcrtely in the Schottky pa.ra.metrlza.tlon It is also shown that

t In Rel[1] another scheme of covariant operator formalism based on the propagator f dz Lo
and the ghost insertion bo-was also proposed. We here however follow the Lovelace scheme
for the convenience of dealing with the duality.
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the bilinear coefficients in the ghost multi-loop operator are identified with the
differential coefficients of a certain automorphic form. Hence the resultant multi-

loop operator is very similar with the one discussed in the operator formalism
based on the KP-hierarchy!® . '

2. BRST Invariant N String Vertex and Duality

Let us begin by introducing our building blocks. The first one is the BRST

invariant three dual string vertex given by

3 o0
1
<Viz| =<0s9=3ezp{ ) [5 ) aiDOUUVo)amal,
r a._l(r;‘:s) n,m=0

—}: Z & DM(U,V,)nmbln]}

n=2m=-1

3 1

x I CC > DO(Vi)mbin), (2.1)

n=0,%1 r=1 m=-1
where D\, = 1/1‘;'-11%':—_':})1'1)(_‘/ 20)and D, = DD are the normalized (—€/2,0)
and the unnormalized (1,0) representation matrix elements of SL(2,R);

A/ (B

The second one is the twisted propagator

D(J.p—J)( j\)nm =

= (b0 - by) / et e =Ran-a",  (@2)

which satisfies {T, @} = 0 with the BRST cherge @g. The untwisted counter-
part of the propagator is given by the change p(z) to Qfp(z), It = e~l1Qt.

The final one is the reflection operator

Ruy= I (bl—b’n)ezp[Za o, +Z(c"b"+c‘:’,’b">noa,q—3>, (2.3)

s n=0,%1 n=1 n=2

which transforms the bra-state to its ket counterpart in the BRST invariant way.
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The N-point extension of (2.1) is constructed by the combination of (2.1)~

(2.3) according to the sewing rule of Lovelace""! . The result is
<Vin|= /H dz6(zr41 = 21) WAL N (2.4)
dVabc(zr+1 - Z,-) ¢

where

<wi = [ 23] [< 0iq = 3] expf 5 2 S aDOU V) mat,

r=1 rs=1(r#s) nm-O
o 00
—z Z c’r.zD(l)(Uer)nmb:n].}
n=2m=-1
N 1

x I1 O Y DWW )nmby,) (2.5)

n=0,%1 r=1 m=-1

N-3 s+l

A= I3 3 WUV - DOUE V). (26)

s=1 r=1n=0+1

The vertex (2.4) is BRST invariant but not dual in the ghost zero modes sector.
As suggested in Ref.[7] ,however it recover the duality when one attaches the
constraints by — by on all the legs. We found that under this constraint the ghost

sector of (2.4) reduces to the following cyclic symmetric form™ :

gh
< Vehl=< VeIl
00— "1

N N o0 00
=Tl[<a=slesrl 3 3.3 DO V:umtil)

r=1 rs=1(rgs) n=2m=-1
« Tt - - DO (U,w-l)ub'-llﬂ(ffﬂ_—;—';—). 2.7)
r=1 r=1 r=

Note that the last factor of (2.7) is just the measure factor which Lovelace intro-

duced by hand to his original N-reggeon vertex to obtain the correct Koba-Nielsen
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amplitude. It should also be noted that the reduced vertex (2.7) is not BRST
invariant but recover the invariance by attaching the propagators fol Rlif:sp(z)

on the legs without los of consistency with the sewing rule above mentioned.

3. The Multi-Loop Calculus

The duality of the vertex encourages us to calculate the primitive operators.
In the planar case, the primitive operator is only a one-loop tadpole. Let us
begin by this calculation. The calculation of the orbital sector was already done
[12)

by Gross and Schwarz' © . The ghost counterpart was considered by us and the

authors of Ref.[8]. The result is given by

1
dw [ dPk A
<T|= | BaD < Tlxl < Tf l, -~ (3.1)
g
<TF| = w ¥ T - w")™2 <Odleap{(alllz) - Ik
n=1
+3(arO@EO - nja), (32)

< T = gy T - 0 < g = leap{- TP - D)

n=1

X (b_1 - (1 - w)bo). (3.3)
Here k is a loop momentum, P() = %2 __ (P (PN, = DY) P),,
P(2)=wz+1, T(z)=1, (ala)=%2, an71;a,,,
(a|Ala) = Z:m___l anAnmtm, [cA]Y] =20 _5cnAnmbm.

n,m=2

We also took w,a, 8 as the multiplier and the two fixed points of P. The
two powers of the partition function in (3.3) is a desired result. In addition, the
factor (1_-135 in (3.3) is remarkable. This cancells the jacobian factor appearing
when one attaches a N-particle state to (3.1) and transforms it to the standard

form™
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Now we go on to consider the multi-loop construction. By glueing the tadpole
operators (3.1) iteratively with the string vertex ( 2.1) through the propagator
(2.2) , we found that the M-loop planar ghost operator is given bym

F)jglane M=t g M1, ,1 3
< T}gt{h [ ] H ( —wi ) ]:[ ( -z y
Ha (1 ;—‘0 wi =1

x < g = 3|12ezp{~[c|]T(P™) - I)|b]}

M-1 -1

<(bea = bo+ 1] wi II(I_z o) ), (3.4)

=0 f=21

where F()[G(M)] is the usual pratition function

FOGUn =TT T (1 -wi+) (55)

a n=0

associated with the Schottky group G(M) generated by M basic projective trans-
formations P,-(M) (i=0,1,..M-1) with fixed points oz(M),,B(M) and multipier w;.
Each P,-( ) corresponds to the one loop tadpole. PM) is the sum of all the el-

ements of G). The product [T, is carried out over all primitive elements of
GM),

The bilinear coefficients in the exponent may be identified with the differential
coefficients of the ghost Green function defined on the closed Riemann surface

i.e. the double of the open Riemann surface corresponding to the dual diagram.

By definition

(P —pm= Y. DOIP)am
P.€GM\{T}

NG }- 2)H(m :— H! (55)“-2 (é_y)"‘“ [gM(z’ y) oz -1- y]==y=0’ (3.6)
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where

 dBy(y) - 1
GM(zxy)= Z ( ;yy) =

P.eG) z— Pa(y)

R a 2
or S {= (d’:‘;f)) —+ 3 i) ()

PeGM) y— Pa(z) m=0,+1

This indicates that the bilinear coefficients (n,m > 2) are simultaneously the

differential coefficients of the automorphic form of weight -1 in y and 2 in x.

In the proof of (3.4), the following recursion formulae among the quantities

asociated with the Schottky group is essential: in the suitable representation,
FOGM+N)] = F(s)[c;(M)]p‘(s) [G(N)]dettl — (PWM) _ 1)(PIM) — 1))% (3.8)

and

PUN) — PN 4 PPN _ [y 2[(7).(191)\_; 1P = P, (3.9)
=0

Now the covariant M-loop tadpole operator is ngen by Jommg our results'
(3.4) and the orbital pa,rl:(“l :

dw; -
< Titl = /H{z(l-z.)y.(l- )}/H 4 pogguoy

i=1
Dezp{ L k;2xImi;}
2 ) 1,1—0
Vva o
- x < Oalea:p{z e 3 =9i(2) z:ij

n=1

+__ Z \/_ ar. 6”‘1 E(z,w)

n!m! 0z" Qw™  z—w li=w=0

a'm}; (310)

nm_

where 75, ¢;(z) and E(z, w) are the period matrix, the first Abelian integrals and

the prime form associated with the Riemann double, respectively..
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The totality satisfies the BRST invariance before neglection of the cross
terms" | if one attaches the twisted propagator j;, z(l z) ~£Z - p(z). It also has a
correct ghost number enough to obtain a non-zero answer when one attaches the

physical external states.

The M-loop amplitude with any number of external particle states is easily
derived by attaching a suitable particle state. For example, the M-loop N tachyon

amplitude is derived as follows

A(M)(php'h oo )pN)

M- — ) 2daM) g5
_ / Tlisir 45 I  dwj(1 - wi)*da; ™ dp] |FOGON}-D FRGAn)?

dVabe i wj(a g,M) _ ﬁJ(M))z
y: PrDs
x(detmr) P12 [] [ B,z )eap(~ f dgi(Imr); / ag)|”™". (3.11)
rds

Here the integration region F for w, a, B is restricted by hand to a fundamental
region of the Modular transformation. This restriction is done due to the expec-
tation of the modular invariance of the integrant. We will discuss this point in

the next section.

4. Summary and Discussions

We show the construction of the covariant multiloop planar operator in the
manifestly factorizable way. We also relate the bilinear coefficients of the ghost
loop operator to the automorphic form of certain weight. It is found that the

ghost part correctly contnbut&s to the measure factor.

The multi-loop amplitude agrees w1th the one obtained by DiVecchia et.al.” ‘
sewing M-pairs of legs of the N+-2M point vertex with setting' N external states

on-shell. The most remarkable feature of the result is the fact that in more than
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two loop order the ghost contribution to the partition function appeares only in
the n > 2 modes, on the contrary to the Mandelstam’s conjééture in the light cone ‘
gauge calculation” -. The reason why this happen is in the absence of the ghost
zero modes on.the Riemann surface of genus more than two. One can find the
analogous feature in the results of the Polyakov approach. The partition function
may be identified with the determinant of the Laplacian and the Fadeev-Popov

determinant. Using the Selberg trace formula, these determinants are expressed

as

(detA;)"3(det' Pl P)3 ~ 2'(1)"32(2)

where in particular Z(2) = [Ig,; ITh=2{1 — ezp(—nl,)} is a ghost contribution.

In addition, as conserns the modular invariance, the equivalence of the three-
loop vacuum amplitude between the results in the method of the complex analytic
function theory and in ours have been shown"? . As one can see in the proof of
(3.4) and (3.10) which is done by the mathematical induction, there is no essential
difference between the amplitudes in the less and more than three loop order.
We therfore expect the modular invariance of our results in arbitrary order. To

prove this point is a future problem.

The author would like to thank T.Kobayashi and T. Suzuki for fruitful col-

laboration.

Note Added.

After completing this work, 1 found a paper by G.Cristofano, R.Musto,
F.Nicodemi and R.Pettorino in Phys.Lett.B211(1988)417, in which the same re-

sult is obtained.
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Parametrization of Super Light-Cone Diagrams with g-Loops.

KEN-JI H/uwumJr .
National Laboratory for High Energy Physics (KEK)

Oho-machi, Tsukuba, Ibaraki 305, Japan

ABSTRACT

We review the recent deveropments of the light-cone gauge formulation of
fermionic string of Mandelstam. To formulate the fermionic string in a super-
space, we use the theory of super Riemann surfaces (SRS). We define the
Neumann functions and the Mandelstam mappings in a superspace by means
of the so-called abelian differentials of the first and the third kinds on SRS.
The functional integral measure of a super light-cone diagram, which consists of
6g — 6 + 2N even moduli parameters and 4g — 4+ 2N odd ones,. are specified in

our formulation.

t On leave of absence from Hiroshima University, Hiroshima, Japan.
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1. Introduction

At the present time, there exist two types of functional integral methods for
the calculation of the string scattering amplitudes. One of them is the light-cone

gauge formulation of Mandelstam "%

, iIn which the unitarity is manifest since
one treats only physical states, while the Lorentz covariance is not. The other is
the Polyakov string theory ®ihatisa manifestly Lorentz covariant approach. For
a long time, there have been a question whether these two functional methods
are in fact equivalent. Recently Giddings et all®! proved that for the bosonic

string they are indeed equivalent.
4

In this talk, we attempt to extend the argument to the case of fermionic
strings. For fermionic strings, we have two types of light-cone gauge formula-
tions. One is the Neveu-Schwarz-Ramond (N-S-R) formulation, which involves
the world-sheet spinors as the fermionic partners to space-time coordinates. The
other is the manifestly space-time supersymmetric formulation developed by
Green and Schwarz!® However both of these two formulations have a disad-
vantage: To preserve the Lorentz covariance, we must introduce the non-trivial
vertex operators at interaction points. In general, their dependence on interaction

points prevents us from calculating S-matrix elements explicitly.

In the N-S-R formulation, fortunately, this disadvantage can be removed by
going to a superspace, or a superéheet. Berkovits!"® showed that at the tree
level, if one writes the action as an integral over superspace, the non-trivial
vertex operators do not appear. Hence one finds that the functicaal method for
the fermionic string becomes extremely tractable in the superspace formulation.

In this paper we will extend his formalism to the higher loop cases !’

In formulating the supersheet functional integral, we naturally come to the
notion of super Riemann surfaces (S RS).[lo’u'u] A SRS is a complex manifold
of dimension 1 | 1 with a superconformal structure. For SRS of genus g with
even spin structures as well as the classical theory, there are g even holomorphic

%-superdiﬁ'erentia.ls which are so-called abelian differentials of the first kind on



SRS. There also exist the abelian differentials of the third kind which have simple
poles with residues +1 and —1. Using the integrals of the'se superdifferentials,
we define the Neumann functions on SRS and also the Mandelstam mappings on
the supersheets. For odd spin structures there are the pathologies coming from

the existence of the Dirac zero modes,[n]

so that we only consider the even spin
structures. At present, for odd spin structures we do not know how to get the
Neumann functions on SRS of genus g(> 2). Only in supertori it is available,

then we can obtain the Neumann functions for all spin structures.

This talk is based on the work in collaboration with M. Takao and our resulis

have been published elsewhere "%

2. Superconformal Mappings and Automorphic Functions on SRS

A one-dimensional complex supermanifold is locally described by a complex
super coordinate Z = (z,0), where z is an ordinary complex coordinate and
§ is an anti-commuting coordinate. First, let us consider a mapping on the
supermanifold.[m] A superanalytic mapping Z = F(Z) is subject to the constraint
D;f(Z) = 0, where Dy is the supercovariant derivative Dy = 8 + 88, and the

bar denotes the complex conjugstion.
Under a superanalytic mapping 7 = (i(z,B),é(z,G)), the supercovariant
derivative Dy is transformed as
Dy = (Dy8)D; + (Dyz — 6D,40)D} . (2.1)
A superconformal mapping is a superanalytic mapping which is subject to the
further constraint
Dz = éDgé , (2.2)
so that the supercovariant derivative Dy is mapped homogeneously. A supercon-

formal mapping is necessary to describe SRS, which is a supermanifold possessing

such a mapping as a transition function.
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Integration over the Grassmann coordinate 8 is given by

/400=1, /d01=0. (2.3)

The super contour integral is then defined by

f dZ§(Z) = j[ dz f BF(Z) . (2.4)
On the other hand, the line integral
Z,
F(Z1,2,) = j dz §(2) (25)
Zy
is defined so that .
. F(Z1,%,) =0, Dy F(Z1,%2)=F(Z1), (2.6)

up to non-contractible cycles.T

As well as the classical theory, SRS of genus g has g so-called abelian dif-
ferentials of the first kind d¢;(Z) (¢ = 1,---,g), which are even holomorphic
%—-superdiﬂ'erentia.ls.[lsl We normalize them by demanding

fd(ﬁ;( Z) = 2xib;;. (2.7)

Aj

The super period matrix is then
1
= g ?{ d$i(Z) . (28)
B;

Here A; and B are canonical homology cycles of SRS. To define the Mandel-

stam mappings and the Neumarn functions on SRS, we introduce the abelian

t Recently the line integral on SRS is discussed in Ref.[14].
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differentials of the third kind dwap(Z), which have simple poles at A = (a,a)
and B = (b,) with residues 1 and —1 respectively. They are uniquely defined
by requiring that its periods around the cycles A; vanish:

(2.9)

- ‘A}fdw@(z)fo.

There also exist other abelian differentials of the third kind dQ25(Z) with simple

poles of residues 1.and —1 at A and B, which have the pure imaginary periods
on any homology cycle:

RefdnAB(z)=-€efdQAB(z)?0’ i=1,---,g. (2.10)
A; B

The difference between d2op and dwap is a linear combination of d¢;’s:

g
d0AB(Z) = dwa(Z) - 3 3 déi(Z)(Imr)7 Re(ds(A) = 45(B)) .  (2.11)

5,j=1

where ¢; is the integral of d¢;, which is called the abelian integral of the first
kind. Since the superdifferentials d¢; is holomorphic on SRS , the last term of
RHS of eq.(2.11) does not change the singularity structure.

Using the integral of the abelian differential of third kind {25 B, we can con-
struct the Neumann function for the super Laplacian on SRS. The Neumann

function has a logarithmic singularity near Z ~ Z/, or
N(Z,Z') =l|z - 2 — 66| + regular terms. (2.12)

The regular terms make up for the single-valuedness of the Neumann fanction.

Since the differential d{2z:z, (Z) behaves like dz;%','—_-f# near Z ~ 2’ , the real
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part of the abelian integral of the third kind Q74 (Z) becomes the Neumann

function.lg]
N(Z,Z') — N(Z, %) = ReQlz17,(Z) . (2.13)

We also construct the Mandelstam mapping from SRS to a super light-cone

diagram in terms of the abelian integral of the third kind. It is defined in section
3.

3. S-Matrix Elements and Man-elstam Mappings

In this section, we present the light-cone gauge formulation of Mandelstam
extended to a superspace.[7’8] This formulation gives the physical picture that
strings propagate in the space-time along the (light-cone) time 7 = Xt and un-
dergo occasional interactions. Fermionic string S-matrix elements are described
as a sum over all super light-cone diagrams joining incoming and outgoing strings

weighted by exp(—Ipc). The generating function is given by
5= [l [ DX expl-Lio(X)EF (X(r = ) B(X(r =7), ()
where the integration is over the parameters pu describing the shape of the super

light-cone diagram R = (p(= 7 + i¢), ). The string superfields X}(i = 1,---, 8)

on the super light-cone diagram are!

xi(Ra ﬁ') = Xi(p,ﬁ) + 1/)Si(P, p) + "ZSS(PHB) ) (3.2)
and Iy ¢ is a light-cone gauge string action
Itc = ?1; / dRIR DX Dy X* . (3.3)

The functional &(X?) is a wave function for external states satisfying the equation

of motion (P~ + 6;)® = 0.

t We set the auxiliary fields to zero, which is possible in this case.
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In the light-cone gauge, the Lorentz invariant measure becomes d®p,dp; /a,
(with py = (p!" + m?)/a,), where a,’s are string length parameters of external
states which are identified with 2p} and satisfy the condition E,I.\I:l o, = 0.
Therefore one has the following relation between an S-matrix and an amplitude

at

N
S=J]le """ 4. (3.4)

r=1
Hence, if one wants to obtain & scattering amplitude, one must multiply the
S-matrix element by [V, | & |1/2.
If the external states are open Neveu-Schwarz strings, the superfields X*(R)
obey the following boundary condition

(D¢—.ﬁ,/-,)xi=0 ateo=0and Y =7 ,

- , _ (3.5)
(Dy+Dp)X'=0 ato=wmandyp=—y.
For the case of closed strings, the boundary condition is
X (p,¥) = Xi(p + 27i, —9) . (3.6)

The Mandelstam mapping from SRS to a super light-cone diagram R =
(p(Z),%(Z)) is given in terms of the abelian integral of the third kind by

N -
p(Z)= a, 02,2.(Z),  $(2)=(:p)"tDep(2), (3.7)

r=1

where Z, is any point on SRS. Note that the superconformality condition Djp =

3 Dyyp makes the fermionic part of the mapping ¥(Z) represented by the bosonic
coordinate p(Z).

t Strictly speaking, the relation between the S-matrix and the amplitude is given by
§ = (27)10%810(, )1, |, |72 A

Here the momentum conservation §(Z,p! ) is derived from the functional integration over the
constant mode of X and the conservation of p* and p~ is given by the relation SN, a, = 0
and the on-shell condition, respectively.
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Interaction points (5, = p(%,), ¥» = %(Z)) are determined from the condi-
tions that the transition function of the Mandelstam mapping becomes singular

at Z, = (%,,0,), i.e.
Dy |Z=§.= 0 (s=1,--,N+2g— 2). (3.8)

: We find from eqgs.(3.7) and (3.8) that the parameters u specifying a super

light-cone diagram of closed strings are

ps (complex;s = 1,.- -, N+2g—-3) : interaction times and twist angles,
Py (complex; s=1,---,N+29-2) : super partners of above,
a; (real;i=1,:-+,g9) : . intem_g.l string length parameters,
Bi (teal;i=1,---,g) : twist angles,
‘ ay (real;r=1,---,N) : external string length parameters.
o ) (3.9)
Thus the total numbers of the even and the odd parameters are 6g — 6 + 2V
and 4g—4+2N in rea.i dimensions respectively. These coincide with the correct
numbers of the moduli parameters on SRS. For open strings all twist angles and
its super partners are zero so that the number of the parameters becomes half
of the closed ories. The absence of the super partner to the internal length and
twist angle parameters a; and §; is explained as follows. The internal parameters
measure the changes of the Mandelstam mapping p(Z) when traveling along 4;
and B; cycleson SRS . On the other hand, from eq.(3.7) we find that the fermionic
coordinate (Z) returns without change after the travel clong any homology

cycle. So there is no Grassmann odd internal moduli parameter.

As shown by Berkovits,[7'8] ¥y is singular so that we use the rescaled 1,5,.,

referred to as ¥,
J’t = plin; (p— ﬁr)ll‘l’Zr . (3.10)

In calculating the S-matrix elements one must integrate over all these param-

eters specifying the super light-cone diagram.- Especially the integration over
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the rescaled odd parameters 1, are necessary in order to preserve the Lorentz

covariance.

4. Concluding Remarks

In this talk, we have discussed the light-cor.e gauge formulation of fermionic
string on a supersheet with loops. It has been found that for even spin structures
the abelian differentials of the first and the third kinds exténded to a super-
space work well in deriving the Nenmann fonctions on SRS and the Mandelstam
mappings from SRS to super light-cone diagrams. In Ref.[14,15], using the su-
per Schottky pammgtr‘izqtion,.we explicitly construct these superdifferentials in
term of the Poincaré theta series of supercc;nformal weight 1/2 at the multi-loop
level. We have also constructed the measure of supei iight-cone diagram which
is correctly specified by 69 — 6 + 2N even parameters and 4g— 4 + 2N odd ones

in real dimensions. L
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Abstract

The operator formalism has been developed on the once punctured Riemann
surfaces based on a generalized ground state condition in Refs.6-9. Solving the
boundary value problems on bordered Riemann surfaces, we show that the similar
conditions are satisfied by a string state defined by the Polyakov path integral. The

variational approach of Ohrndorf is confirmed in this context.
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1. introduction

Witten's open string field theory in the Siegel gauge provides a Feynman rule!
such that the propagators are represented by strips, and three-string vertex glues
three strips. The virtue of this formalism is that one can uniquely define the time
parameters on the world sheet by gluing these parts together. Here any space-
like section of the world sheet describes an on-shell state, which is represented by a
Fock state.  Furthermore this Feynman rule reproduces the Polyakov path integral?
and the moduli space is once and only once covered®. Now the open string theory
includes closed string propagations, and.-it is natural to search for closed string
states in this formalism. The recent progress along this direction has been reported
in Ref. 4, where the open-closed string interactions are constructed. Any closed
string field theory should reproduce the Polyakov path integral in a perturbative
expansion, because this equivalence is verified in the light-cone gauge®. Here the

light-cone time is defined on the world sheet in terms of the Mandelstam mapping.

If closed string field theory admits a geohetﬁcal interpretation, one can define
time parameters on arbitrary world sheet in a characteristic way induced in a fixed
gauge. Since the on-shell amplitude of the closed string is provided by the Polyakov
path integral, it is natural to ask what kind of off-shell states appear in arbitrary
section of the world sheet. In this letter we will obtain an intermediate closed
string state in the Polyakov path integral. Namely a definition of a ground state
wave functional which represents r strings is given by functional iniegra.ls over a

borderéd Riemann surface with » boundaries.

The first quantization of string is firstly performed on a cylinder and one obtains
Fock spaces. As we shall see later, this procedure can be generalized over arbitrary
bordered Riemann surface. Consequently the string propagation is also generalized
to boundary variations. These investigations may make it possible to try the second
quantization of interacting strings. The generalization of the Fock space has been
utilized in the KP hierarchy®~? as follows. The bosonic N-point g-loop amplitude
is factorized as the product of the N-point tree amplitude and the tau function®?,

where the tau function has two kinds of parameters, one is the KP coordinates

and the other is the element of UGM (universal grassmann manifold). The family
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of Riemann surfaces of g genus is an orbit in UGM. Each element of the orbit is

represented® by a ground state |g), which satisfies infinite number of equations such
that

f dzu}539(2)lg) = 0. (1)

Here $(z) is a spin j field operator, and w ;’ ’s are the complete set of infinite

number of holomorphic (1 — j)-differentials on a once punctured Riemann surface

(the puncture is located at z = Q).

We will verify that the similar equations as (1) are satisfied by the ground state
wave functional mentioned before. Actually Ohrndorf!®!! has already concerned
such a wave functional in order to investigate the boundary variations of a bordered
Riemann surface. He then found that the boundary variations are generated by the
Virasoro operators. His investigation is based on classical solutions, though there
exist no solutions for a certain boundary condition. We will investigate this point

carefully and confirm his result.

2. Wave Functional

In the path integral formalism, the wave functional is defined by a functional
integral over a bordered Riemann surface M. In the bosonic string theory, the
functional depends on the boundary values: X#(¢), b_,(¢) and ¢*(c). Here n and
t stand for the normal and tangent directions respectively, and ¢ parametrizes O M
with fixed parameter region [0, 27] on each boundary component. This is because

the quantum fluctuations of the action S around classical solutions are given by

58 = 5[ A[ ‘ff( (0uX)* +3 5, (Pe )"b) ] gb;ﬂc‘]

-1 / g”axa x4 / 27 (5™ — 8, )
M i oM

where P denotes the covariant derivative with a projection into the second rank

anti-symmetric traceless tensor, and b , is also restricted to the same tensor space.

10



The last term is induced from the surface term of S, which makes classical solutions
genuine stationary points!!. The wave functional is written down by Ohrndorf!:?

in terms of the Green functions and functional determinants as
& = Setg™%, (3)

Inserting classical solutions (the explicit forms are given in (13)) into the original
action S, one can obtain the classical action S, All linear terms of quantum
fluctuation vanish and the quadratic terms previde the functional determinants
over M, which are represented by e~% in (3). Here we assume that there exists
a classical solution for any boundary condition, though this is not true in general.
For the string coordinates, this is nothing but the Dirichret problem. The problem
is solvable for arbitrary boundary conditions and Riemann surfaces'2. On the other
hand, the above assumption is broken for the ghost fields. In fact, let ¢,, and A? be
the holomorphic spin 2 and —1 differentials respectively, and satisfy the boundary
conditions such that

8, =\"=0. (4)

If there exist such differentials, there are no classical solutions (holomorphic fields

on M) unless

do
[t =0

M

g%x‘bm =0. (5)
M
The differentials in (4) are constructed from the holomorphic differentials on the
Schottky double M? (depicted in Fig. 1)!3. Let g be the genus of M, and r the
number of boundaries. Then each space of these differentials has the following
dimensions:
dim{¢} =69 +3r -6 29+r>3
=1 g=0,r=2
=0 g=0r=1

1ne



and

dim{A} =0 29+7r2>3

=1 g=0,r=2
=3 g=0,r=1. (6)

Fortunately, integrating the ghost zero modes, we obtain the factor
C= do s T 2t 7
=11/ % —,; tmyPnc ()
)7

Due to this factor, we can suppose the existence of classical solutions in the rest of

functional integrations, and obtain the following result

B[X,b_, "] = Ce~Sete™

do. do 1 n
Sd - ‘/‘Tﬂ}—z;r?- [EX(Ul)aiaiG(Ul,Uz)X(a'z) +b (Ul)an(Ulidz)c (02)]
M

= (detA)-%’(

det'Pt P ;
2ei(3 18,)t0, )

(8)

Owing to the Dirichret boundary condition, there are no coordinate zero modes.
On the other hand, the ghost zero mode integration gives not only the prefactor C,
but also the denominators which compensate the subtraction of zero modes in the
ghost determinant det’ Pt P. Here G and F are the Dirichret and the ghost Green

functions respectively, which are determined by the relations

AG(E,1).= 2m6?)(E —n)
(PF)% =(1-Q) (&)
(PLF)E = (1- R)§ (&,m) (9)
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where

Qi =249 () (41816 (m)
LY
Rg = % ’\z‘l) (E) (‘\(I)IA(m))-I’\(m) b (7’)

are the projections onto b (and ¢ resp.) ghost zero modes. These Green functions
satisfy the boundary conditions G = F4, = F"}_=0.

Let us define the differential operators by

ﬁe = - (Z-.XL(O'_) + %a,x)

8“ = (3}%;7 —ibm(o-)) / 2

=c"(s) + ‘66 5( ) (10)

and conjugate operators Pf etc. by their complex conjugate ones. The coordinate £
is defined as in Fig. 2 on each boundary. These operators satisfy the commutation

relations on M as

[X (o), f’f,] = 2r8(c — ¢')
{8,580} = 28(c — o)
{&b,)=0 (11)

The ordinary Fock operators satisfy same relations on S!. These boundary opera-
tors act on ® such that

® - ol
P£¢§ = 8€X i

-1

b &= b°<I>+Z¢(’)( fii-‘iqs(’) ") o
N -1
fo=cfa+iy M d”,\ b,| @ (12)
= % (m) (m)'n :

M
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The field equations are solved by using the Green functions as follows:
do’
xeHg) = ] T 8,G(6, o)X (¢')
do’
b = / bue( ") Fig(, €

= - / 3 Pl (o). (13)

aM

The ghost classical solutions of (12) are holomorphic because of the prefactor C.
Since the boundary operators are holomorphic when they act on ®, we can expand
them in terms of €' = z. Then the coefficients become the normal modes of the
Fock operator, and the boundary operators are identified with the Fock operators.

Finally we obtain the infinite number of differential equations

/ g€ f(g)ﬁfq —0

ofb =
/ 27i b“Q =0

:ih“‘f@ 0 (14)
aM
and their complex conjugate equations. (Note that & is real.) Here f,v¢ and
hEE are the holomorphic fields with no specific boundary conditions. If M has no
boundaries but punctures, any holomorphic field on M is meromorphic on M¢ (the
closure of M). In the once punctured case, due to the Weierstrass gap theorem?,
above equations are easily solved by the Bogoliubov transformation of the Fock
vacuum. In the bordered. case, the prefactor C corresponds to the 3g — 3 gaps.
However the bordered Riemann surface and its puncture limit are quite different.
In fact, the holomorphic and anti-holomorphic sectors are decoupled each other at

the puncture limit, whereas for the bordered Ristnann surfaces these are coupled
in @ of (14).
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3. Boundary Variation

Any bordered Riemann surface M is conformally equivalent to a surface which
consists of r standard cylinders glued together®. Then the boundary variations 6¢
is realized by gluing a ring domain of width §"(¢) on each boundary (as depicted
in Fig. 3 ). 6" cannot be holomorphically extended c;n M unless fa 31 G0na0" =0
(the same condition as (5)). The number of moduli of M is equal to the number
of independent boundary conditions which have no holomorphic extensions. Hence
any Teichmiiller deformation can be generated by a corresponding 6". Let § be
a variational operator with respect to the boundary variation &. If one fixes
the parameter region of the world sheet, the variation of the metric is given by
892 = —(V96> + V%67). Hence the change of 5, is calculated* as

- [ A—
55, = - / 22 ge(13s (15)
oM

and the expectation value of the quantum energy-momentum tensor is evaluated
by

(Tg) =~ lim [26,0,G + 28,57 + 8,7, ] (16)
where F includes zero-mode contributions which were excluded from F. This is
because the ghost zero modes contribute to (ng‘) from the denominator of the
ghost determinant in (8). Fﬂff becomes holomorphic with respect to both £ and 7,
though the tensorial property is lost, i.e. the periods around nontrivial cycles do
not vanish. The tilde Green function is given by the Poincaré theta series!®!% of
the Schottky group I'Y, which is defined on the double M. In the single boundary
case, we can choose a convenient single coordinate z to cover M, where the real

axis denotes the boundary. Then I'? is defined to be self conjugate as
yert i yerd (17)

where bar denotes the complex conjugation. The singularity at a coincident point

is caused by the identity element 4 = 1 0of I'Y, and all other elements provide regular
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terms. One can regularize this singularity by using the {-function. The result is

independent of any geometrical data of M, and (16) becomes
(Tge') = o« + (T ‘ (18)
1#1

where (ng‘)|7 41 denotes that the identity element ¥ = 1 is excluded from the
Poincaré theta series. The constant « is the intercept, and o = —1 for the bosonic

closed string with 26 space-time dimensions.

The change of S, was already calculated by Ohrndorf!! as

b5, = - [ SoeTsh (19)
M

Especially the classical ghost action is given by

da' do
Scl = / -21—r— 2 zbnz(ﬁ)"l F‘nn(al’ a-z)c"(az) (20)
aM

where &, = I;d;f:l The boundary parameter o, and the boundary values b_,(c, )
and c"(o,) are independent of any geometrical data of M. (Remember that the
parameter region of o is fixed to [0,27].) Hence only the term £ !x3F",, depends

on M. The variation is divided into the following two pieces:

B(sTiR3 ) = 8, [T 3190, )b (0,)n(0,) Fel ey, )]
+ b (et 3. (21)

Here 6  denotes the variation of the argument £, whereas b R denotes the variation
of the domain on which k7'« F*, is defined. One can evaluate the change under

6 4 Dy using the following equations

- d
ay a
6 ,(xt%) = —da'6

X d, ..
b ,(kn) = —(n°6" - 1267)
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b Fp, = [6%(0,)V} + 64(o,) V3] P (22)

In our argument, due to the prefactor C, we can replace F by F in the classical
action (20). The above arguments do not change for F. Since Ky 12Ft . has a
holomorphic extension on M, the same equation as (13) is satisfied. In fact, we
obtain

2 do _
bp(xy LG Fon) = - —6 [ Tl R (O’l,O')]IC “1kiFt (0y0,)
M
do
=~ [ 526, [sT' Floy, )] K R PYaloy3y). (23)
aM

The last equality is induced from the boundary condition ¢, = 0. Hence the
change of S, is written as

- do, do,. . .
6S, = 21‘_ o m(a'l) [6 (k7R3 F ) (o o,)+ 6A(nl'1n§F‘m)c‘(az)] . (74)
oM

Using (22) in (24), we obtain the result (19).

The ghost Virasoro operator is defined by
' —.9f — 9\ - 8)b &
"T{E =: 2b£6(85 ae.)c + (66 Bf.)b“c : (25)

where : : denotes a normal ordering defined later. Since the operator 13 and &
are defined on boundaries, one can use only the tangent derivative 0 8 The
additional derivative 0- vanishes if one replace these boundary operators by the

Fock operators mentloned before.

Owing to the prefactor C, the classical energy-momentum tensor can be rewrit-

ten as

el =S . 13 i ~ .
Tefe™ = lim [21»66(0,, = 88" + (8 — 8,)by &
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2 {B“ , (8, — a,,)cg,} - {(ae ~ 8B » cg,}] e=Se (26)

where we use ¥ in both ch and S,,- Choosing the convenient coordinate z defined

before, we can derive the following bounaary equations

3w13“3; = awﬁugz =0

8,F%, =8,F% =0

Omﬁ“';z = azﬁmz'z =0

Oy I, = 8,F2,

8, FY, = 0213"‘;,. (27)
In the single boundary case, one can verify th;:se equations in terms of the self

conjugacy of I'Y. Using (27), we have

(oz + az) {Eu ) ct:l} = _azﬁmz’:
(8 + 85) {Bss ) i} = =0, F%,. (28)
The singular parts of (28) as w — z subtract the singularities of operator products

in (26), and the normal ordered operator ’1-’“ is derived. Hence the classical energy-

momentum tensor can be written as

T&e"s" = [T

A —
& (Tff)

;ﬂ] e~Se, (29)
-

We can obtain the same result as (29) for the string coordinates by using the
equation: [13,,0,,,){ °'] = —=28,8,G. Collecting these results (eqs. 15, 18, 19 and
29), we conclude that

5 = [5c+c / -‘2-’%5"(1?;,,+a)] eSetg=S0, (30)

The arguments deriving (24) are applicable to the c:_s.lcuiation of 8C, and we

have

« [ do on_ [dop; \ 5
) /1—2-7?Nz¢nhc = /-2; [6A('°2¢nn)cn +6A(n2¢"')c‘]
oM M
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de .- de n
=1 [ 55T, [ 52bmme]. (31)
aM M

Here we use the holomorphic extension of ¢® induced from /. Finally the Ohrn-

dorf’s result is confirmed as

6 =2 Re [ / ;-7%65@“ + a)] d. (32)
M

The boundary variations are generated by the Virasoro operator defined on the

boundaries. As déscribed in (12), the boundary operators f’f,éf and 5“ are iden-

tified with the Fock operators when they act on ®. Consequently the Virasoro

operator TC ¢ can be also reduced to an ordinary operator defined by the normal or-

dered product of the Fock operators. The net difference between them only appears

in the ground state ®.

4. Discussion

Let us define a cap state by the functional integral over a cap (disk). Convo-
lution of @ and = cap states should be reduced to the integral over the compact
Riemann surface M¢ ( Fig. 4 ). This is a special case of the sewing problem for

closed string amplitudes discussed in Ref. 16. Inserting the operator

ezp [2Re / %r%éf(’_f‘&+a)] (33)
oM

among ® and r cap states, one can vary the moduli of M. Any 6" on S! has
a holomorphic extension 6£ap over the cap, hence SSaP(T“ + ¢) vanishes on the
cap state. Namely the boundary deformation 6" disappears in (33), and there
remains boundary reparametrization §'. Hence we can find that the Teichmiiller
deformations are generated by the discontinuities of boundary parameters between
M and caps. Since the moduli space can be divided into the deformation orbits,
the future problem is to obtain their representatives and weights of the discrete

topological sum.
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As was shown in Ref. 17, the covariant closed string field theory based on flat
propagators and a geometrical vertex is hardly successful. This suggests us that
the on-shell description is not satisfactory for the interacting strings. Therefore
we have considered an off-shell extension of string states beyond the perturbation
expansion. Especially boundary evolutions are generated by a number of times. It
may be possible to build the covariant closed string field theory inspired by these
off-shell states. More conservative purpose of our investigation may be give an

inherent measure ~f ""GM in the moduli space of the Polyakov path integral!3,

The boundary rametrizations are used to fix thi: string field theory gauge
in Ref. 19. But the gauge fixing on arbitrary Riemann surface is unknown. As
another aspect, the boundary reparametrizations generate a kind of rotation?!!
among the Fock spaces. This fact possibly may lead us to a direct investigation of

the moduli in the operator level.
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FIGURE CAPTIONS

1. The Schottky double of M.

2. ¢ coordinate near a boundary which is parametrized by o € [0,27] = S*.
3. Boundary variation 6¢.

4. Compact Riemann surface constructed by sewing M and r caps together.
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ABSTRACT

We review our recent studyi!]\ of a construction of covariant tensorial (BRS,
energy-momentum, and ghost number) operators for bosonic string theory in the
conformal approach. By incorporating the 2-dimensional world-sheet metric free-
dom explicitly in the theory, it is shown that these covariances are maintained for an
arbitrary space-time dimension D. After this construction we examine the covari-
ant quantization of the metric freedom. We find an interesting solution at O < 26,
which maintains the above covariance and also the closure of the BRS symmetry.
Using a string field theoretical technique, we investigate the physical spectru. '
this non-critical stringm . We find that the 2-dimensional gauge symmetry realizes
itself as the Higgs mechanism in D-dimensional space-time. We discuss briefly the

implications of our results on the quantization of interacting non-critical strings.

I. MOTIVATION .

In the first quantized string theory, the BRS formulation is very useful to clarify
the structures of the theory in a covariant manner™ . It is usually assumed that the
condition for the critical dimension is recovered by requiring the nilpotency of the
BRS charge. On the other hand, since the string action has the Weyl symmetry, the
2-dimensional metric formally disappears from the action by choosing the conformal
gauge. Thus one may use the usual conformal field theoretical technique on the

flat world surface at least locally“l - However, the problem is not so simple. In the

t Talk given at KEK Workshop on Superstring Theory, Aug. 29th - Sep. 3rd, 1988 (to be
published in the Proceedings).
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papers of Witten™ and also Friedan, Martinec and Shenker' , they pointed out

that the BRS current requires an anomalous term as
=70 4 3 52,5 (1.1)
z < 4 T z

to maintain the, covariance under the conformal transformation, where J g") is the
naive definition of the BRS current, and ¢ is the ghost field. This extra term is
added by hand and does not come from the first principle. Moreover, this current
is covariant only at D = 26. In the first part of my talk, I review our basic
logic to clarify the origin of this extra term in (1.1). Here the BRS anomaly in
the covariant path integral a.pproa.chm plays an essential role. As a by-product,
we obtain an expression for the BRS current in the conformal approach which
is covariant at arbitrary D). We apply this same logic to the energy-momentum
tensor and the ghost number current. These tensors include 2-dimensional metric
dependences explicitly and they exhibit nice conformal properties. However this
conformal symmetry is not &et in the operator level. As is well known, the quantum
string theory at D # 26 contains the Weyl freedom as a dynanﬁcal variable™ . Thus
in the second part of iy talk, we propose a way to quantizé the metric. There by
performing the renormalization due to an anomaly which arises from the metric
sector to one-loop order, we obtain a partition function for a non-critical string
at D < 26. On the basis of this formulation it is shown that for any D < 26
the above tensors are primary fields and, especially, the BRS charge is nilpotent.
Our result thus suggests the possibility of a consistent quantization of non-critical
strings. Since the nilpotency of the BRS charge is one of the main bases of string
field theory, it is natural to examine our BRS charge for the construction of a field
theory at D < 26. Thus in the third part of my talk, I show the physical spectrum
of first exited states of a free string via the string field theoretica.l‘ technique. It is
shown that the general coordinate symmetry in 2-dimensions realizes itself as the
Higgs mechanism in D-dimensional space-time. In the last section, I summarize my
talk and comment on further remaining problems. For the details of calculations,

the interested readers are referred to Refs.[1, 2).



2. ORIGIN OF THE ANOMALOUS TERM"

A. Derivation of the anomaly in the BRS current

In the following, we mainly consider the path integral quantization. In this
approach the choice of the integration measure is very important because it de-
termines which symmetries are imposed in the quantization procedure. As is well
known. string theory™ has two gauge freedoms, namely, the general coordinate
invariance and the Weyl invariance. From the field theoretical point of view, the
bosonic string action is free from the gravitational anomaly, and thus it is natural
to use the general coordinate invariant measure. The investigation along this line
has been done in Ref.[3]. There it was pointed out that the covariant BRS current

7 has an anomaly

D —-26
2

8, < j% >= (_1345:(_2) 8,(c*\/FR) + ( = )wﬁ(R+p), (2.1)

where w is an extra ghost associated with the Weyl gauge fixing and it is expressed
as w = (—1/2)0,(c*\/7)/+/d by means of the equation of motion, and u is a
regularization dependent c-number. The first term of the right hand side in (2.1)
survives even at D = 26; however, note that the quantity in the bracket has no
normal component at the boundary of the world-sheet and thus it does not break
the global conservation of the BRS charge. The second term in (2.1) corresponds to
the conformal anomaly and thus it vanishes at D = 26. This equation (2.1) is our
starting point, that is to say, in the following we show that the first term in (2.1)
corresponds to the anomalous term of the BRS current in (1.1) in the conformal

approach.

In terms of the conformal notation, the action and the measure in Ref.[3] are

expressed as

S = /[-a,,x#azx# +b,,0,¢* + b,.8,c%|d’z, (2.2)
and
1 1 ]
= K _— z — z
du = D(/pX )D(\/ﬁbzz)’D(pc )’D(\/ﬁbss)’D(pc ) - (23)

where p = g,;. As noted above, this measure is designed to preserve the general
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coordinate invariance. The covariant BRS current j, in (2.1) is written as
j, = —c*3,X*9,X* + c*b,.8,c" — #b_,0,c . (2.4)

The last term in (2.4) which contains ¢® can be shifted to the right-hand side of

(2.1) by using an anomalous relation. Finally we have"

(J:) = (j. — (10/487)c,\/gR) (2.5)

with

J, = ~cf9,X*9,X* + c*b,,0,c". (2.6)

Note that the second term of the right hand side of (2.5) is a covariant vector and
thus J, is also a covariant vector. In the course of this calculation, we set the
reguralization dependent term, ie., p in (2.1), to be zero. By combining (2.1) and
(2.5), we have the fundamental BRS identity as

262:1;1))6’[—%(5: In p)?+82In p]}), (2.7)

8, < J, >= 62<{—743;32(czaz In P)+(

where we have used the relation \/gR = —20,0;In p in the conformal gauge and
the safe equation of motion 8;c* = 0. This identity indicates the breakdown of
the holomorphic property of J, which is expected naively from the action (2.2);
this anomaly in (2.7) can be regarded as an essential consequence of our general

coordinate invariant quantization.

B. Property of J,

Now we return to the usual conformal approach' . From the path-integral
point of view, the integration measure for the usual conformal approach is written

as

dp = DX*Db,, Dc*Db, . Dc?, " (2.8)

without any p dependence, and the action is the same as in (2.2). These correspond

to the use of free field correlation functions in the usual conformal approach; in this
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approach the naive BRS current is defined as
.Z,(") = —c*0,X"0,X" + ¢*b,,0,c" . (2.9)

This expression (2.9) has the same appearance as the current in (2.6) and it is
classically a covariant vector. However their meanings are different because the

integration variables are not the same. Note that the current (2.9) is holomorphic
8, <JO >=0 (2.10)

which can be derived by setting p =1 in (2.7). However this current (2.9) is not a
covariant tensor in a quantum sense because the measure (2.8) is not general coor-
dinate invariant. To obtain a covariant BRS current we can make use of the BRS
anomaly identity (2.7). Recall that the identity (2.7) is a result of the (background)

. . . 3
covariant qua.ntlza.txon[ I,

Suppose that in (2.7) we attempt to go from the covariant measure (2.3) to the
naive one (2.8). Since the right hand side has the same value in both measures, we
must have the same identity as (2.7) for a covariant BRS current in the conformal

approach. Thus we obtain the covariant BRS current in the conformal approach as

J, = — ¢F8,X"3, X" + cb, 0,6 — %a,(cza, In p)
26 - D
24~

(2.11)
+

1
¢*[—5(8:1np) + 02 1np].

This current (2.11) satisfies the same identity as in (2.7) by using the measure (2.8),
as a result of (2.10).

Now we identify the anomalous team in (1.1) to the third term in (2.11). To see
this we consider the conformal transformation z — w(z) (and under this p(w) =
lﬁ%[zp(z) classically). It is expected that under these transformations J, behaves

covariantly as

dz

J'”=ZZE

Iz (2.12)

This can be readily checked. A;ctually, the last two extra terms in (2.11) give rise
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to two extra terms’ .

3 ,dz 26 — D dz

M()@Wamg>1(2M 2 ot 5 (Bun(2)) 4 8 In(2)],
: ' (2.13)

in addition to the covariant part; the second term in (2.13) cancels the Schwarzian

derivative"” arising from the first two holomorphic terms in (2.11). On the other

hand, the anomalous term in (1.1) transforms as

dz (3 dz

2 52

Sopero S da 3By (&)
From these equations (2.13) and (2.14) we can see that the anomalous term in (1.1)
was introduced to simulate the effects of the background metric at D = 26, and
clearly the covariance of (1.1) is spoiled at D # 26. By the same.logic we have a

covariant ghost number current in the conformal approach as®

’ ‘3 - .
gh—p "+ 10 lnp. (2.15)

-

This current reproduces the ghost number anomaly™

3 . ~ . N .
8y < by c® >= 4—7‘;6z62 Inp. (2.16)
As a covariant energy momentum tensor, we can use the covariant expression 6b,, =

T,,, where § means the BRS transformation. The result is

26 - D
24w

T, =0,X"8,X" b0, —0,(b,,c°)— ( ) [-5(3, In p)?+82% In p] . (2.17)
The covariance of these tensors, (2.15) and (2.17), for any D can be checked eas-
ily. However this covariance is not in an operator level yet because in the above
discussions we varied the metric p by hand. This fact motivates us to quantize the

metric.
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3. QUANTIZATION OF THE METRIC IN THE CONFORMAL GAUGE"

A. Choice of path integral measure

In the bosonic string theory at D # 26, the Weyl mode of the metric does not
decouple from the theory™ . For the quantization of metric in the path integral
approach, we have to specify an integration measure. Our principle is the general
coordinate invariance. However a way of ensuring this type of measure (or regular-
izations) is not clear at this moment. Here we instead use the background invariant

measure for the metric. In this ‘background’ formulation, after splitting the metric

9z =p+e, ’ (3.1)

we regard p as a background metric and ¢ as a field living in the metric p. In this
notation, the measure which is invariant under the general coordinate transforma-

tion with respect to the background metric p is

1 b b.. .
dp=D|—=p|D X*|D|—==|D *|D 2 —_|D o
" [\/E‘P] [vP+oX*] [\/p—+_<p] [(p+¥)e] [\/m] [(P+‘P)(C],
3.2)
where we have used the full covariant measure for matter and ghost fields. This is

our starting point for the quantization of metric.

B. Renormalization of the coupling constant in the Liouville action

One of the advantages of the conformal a.pproa.chm is that one can use free field
correlation functions. Thus we extract the metric dependence from the general
coordinate invariant measure (2.3) (or (3.2)) to obtain the naive measure (2.8). As

is well known' | after this proceduré,‘ we have the Liouville action as a phase factor

in the path integral

» 3 26;D e . H . . 2 H ’
SL—_—( T )/6zln(p+so)3;1n(p+<ﬂ)d z, (33

which arises from the matter and ghost sectors in (3.2). However this action is

highly non-linear in terms of the integration variable ¢/,/p in (3.2). This situation
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makes the quantization of the Liouville action non-trivial (even in the case of a
vanishing mass term as in (3.3)). In general, if anomalies are absent, one can
choose the integration variable freely and thus the action (3.3) can be reduced to
a trivial one. With this situation in mind, we extract a one-loop anomaly which
arises from the metric sector in (3.2) as a renormalization of “coupling constant”
in the Liouville action (3.3). In the spirit of the background field technique, the

relevant term for the 1-loop anomaly is given by

[orenl-B22 [o (D). @

where we have set = ¢/,/p. This integration gives precisely the same contribution

to the Liouville action for p as one of X#. Thus the bare coupling constant (26—D)/

L

4m is renormalized to (25—D) /47 up to a one-loop order. From these considerations,

we propose a partition function for non-critical strings

/ dpsexp| / (~0.X40,X" 4 b,,0,¢" +b,,0.6 — rD,00,0)da,  (3.5)
where
_25-D
K= 487 ) (3.6)
and
dp = DoDX*Db,, De* Db, D, (3.7)

with o = Inp. This generatés a renormalized effective correlation function for the
metric. Our argument for the renormalized « is somewhat subtle and it is valid
only to one-loop order, but as will be seen, this value works; from the recently
developed ©2% 9_dimensional quanturﬁ gravity point of view, this value of kK may be

exact, if the non-renormalization theorem of the one-loop anomaly is valid.

C. The modified T,,, J, and jo*
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After the renormalization D — D + 1, the covariant tensors are replaced by

J, = —c*8,X 8, X" 4 c*b,,0.c" — :S;az(cza,a) — kc*[(8,0)? — 2620,

Ty = 8,X10,X¥ — b,,0,¢" — 0,(byc”) + K[(0,0)? — 20%0]), (3.8)
. . 3
§8 =b,,6 + 4—7ra,a .

The correlation functions derived from (3.5) are

pv

< XH(2) XY (w) >= —»%;{ln(z —w)(Z — o),
< o(2)o(w) >= --41? (-'1;) In(z — w)(% — ), (3.9)
1 1

< b, >=< ‘c’bw >= g

4. CHECK OF CONFORMAL AND BRS PROPERTIESY.

By using correlation functions (3.9), one can confirm that J, in (3.8) generates
the BRS transformatioiis™ (the BRS charge is given by Q = (—i) § J,dz),

OXH = c*9,XH,

6c* = ¢*9,¢%,

6b,, = T,z

bo = c*0,0 + (0,¢),

(4.1)

as is classically expected. One can also confirm the conformal properties

ToTow ~ (57) [y T + 72 0Ten]

“Ingp 1 1 |
T, J, ~ (E;F) oot wa,,,J,,,] , (42)

. -1y 1 . 1 .
T".J'g"h ~ (E;r—) L(z — w)zjgf’{l. Tz wa'"]'g"’.;] ",

i

for any D < 26. It is remarkable that the possible anomalous terms precisely cancel

in egs.(4.2) independently of the value of D provided that « is chosen as in (3.6).
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One can also calculate

Jo Ty ~ 4—715 (% - 1) 0, [F_:—lw—)zawcwcw] ,

7.8 ~ (75) (5o~ 2% [@‘:170?'3’”] +(F) 7=t

for any D < 25; (4.3) shows that the BRS current J, anti-commutes with the BRS
charge @ at any D < 25 (and thus @ is of course nilpotent).

(4.3)

When one rescales ¢ as v/ko = & and lets K — 0, one essentially recovers the
conventional theory at D = 26 with & replacing one of 26 variables X*. However,
the crucial term (—3/47)8,(c*8,5)/+v/x in J; in (3.8) diverges in this limit.

5. FREE STRING FIELD THEORY AT D < 26"

As was mentioned above, our BRS charge is nilpotent at any D < 26. Thus it
is natural to consider a construction of sting field theory" as a simple application.
In this talk we consider the free open string case only. Nevertheless, we can see an

interesting role of the Weyl freedom.

The free string classical action is

S=%/A*QA, (5.1)

or in terms of the state vectors of the first quantization

1 —
S =5 (%4 8Q4), (5.2)
with a vertex state
1l /1 . o~ dndy | abad n
(V| = —5|® { —3|(c + &) exp{- Z('—n— +=—)(~1)
=1
- ) (5.3)
+ Z(bnan + bncn)(—1)"},
n=1
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and the string field is represented as

1

1
’"2'> A,,(a:)aﬁl Bl

14) = ¢(z) 2) + B(z)b_c,

—%> +6(z)d_,

AW
1o,

(5.4)
In this notation,  means the position of the center of mass of the string and a#,
d,, ¢, and b, are the mode expansions of X#, g, ¢* and b,,, respectively. One
interesting feature in our scheme is that the ghost number is linked to the Weyl

mode excitation as
G = (—i) f dzjh
3
=— Z b_.cn+ Z cab_, + 3

n>2 n<1

i . (5.5)
d,,

47k

where cio is the zero mode of o defined on the plane (see Ref.[2]). The vacuum |—%)
corresponds the vacuum on the strip (or cylinder), which can be seen by noting the

existence of one conformal killing vector (—%‘ c I-—%) =1.

By using our BRS charge, we obtain the action S = — [ LdPz,

_l _ _1_ g 2rk 1 2
L —2¢(D +1-—27K)¢+ 2A#DA 5 (A, + \/2_;,_;6”0) (56)
— V2i(B — V/7Ki0)8,A* + (B — /mkif)® + --- .

The first exited states become massive and this mass shift is consistent with the

Casimir energy of the open string at D.

The gauge symmetry, which is a consequence of the nilpotency of the BRS
charge in this system, is
|4) — [4) +QIA), (5.7)
or in terms of component fields
#(z) = ¢(z),
Au(z) = Au(z) + 9,M(z),
8(z) — 6(z) — m(z),

B(z) = B(z) + (i/v2)@ -~ m*)A(z),

where we have set |A) = (z/ \/5)/\(:1:)b_1 |-2). One can see that the world-sheet

(5.8)
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general coordinate invariance, which remains in this system, realizes itself as the
Higgs mechanism and the Weyl freedom excitation 6(z) becomes an unphysical
Higgs scalar. Thus in the free string level our analysis suggests that the non-critical

string at D < 26 is free from the negative norm states™

6. CONCLUSION

In the course of clarifying the origin of the anomalous term of the BRS current
in the conformal approach " we found the general construction of covariant tensors
(BRS, cnergy-momentum and ghost number) in such an approach. At the classical
level, these covariances are maintained for an arbitrary space-time dimension D.
We then examined the quantization of the metric variable. Our scheme allowed a
simplified treatment of the Liouville action. By using the string field theoretical

machinery, we found the interesting properties of non-critical bosonic strings at
D < 26.

One interesting remaining problem is to clarify the connection of our treat-
ment of the Liouville action with the recently developed™'” (presumably exact)
2-dimensional quantum gravity where the authors assume the existence of the full
general coordinate invariant measure (or regularization) contrary to ours. Our
treatment may be regarded as a flat background limit of these treatments. An-

other interesting problem is an extension of our scheme to fermionic string theory.

I am happy to thank Prof. K. Fujikawa, T. Inagaki and Dr. N. Nakazawa for

the enjoyable collaboration.
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B CH® bosonization oW T

MEKRER SRER
§I. XA

BCREUBUEROBRS TEFHEBLVTHWIBHRIEI - A 2@ET S
first order lagrangian CHSRTH 3. ThidBHE Y=L P A- 1/2 O Grass
mann even 281 Br BHAE Iz AL P 1 - AD Grassmann odd 2#iE Clc &
DR Eh 3. [1]

B(z,86) =8 + &b , C(z,8)=c¢c t8r (1.1)

BRABTRZIEBCRE Iz LIFY « I—A b (b,c) EXSY e I—R}
M OB,7) DOEMY. TNOVEBUHFHELRIVESINh T 3,

BABERACBTIBHEI AR A = 2084TH53. UTEBLTEA
BN, NTEEH LT 3, -

(b,c) RORVVILEHUTRHREHIRIVFVWERNEIHTWS., £D Bos
e-FermiA & tEIXHBEBEAX. Chiral determinantZ ORI 2BEULT. —BY—IVHE
ETHBIIHATEY. ZORBERV -V VEORKEAELECEHDLSTW 3, [2,
3]

(B,7) RORI VI (EBRRATABS —LEEZINRETHAS) & Fried
an, Martinec, Shenker (FMS)RZ X VWU BAANSHIRS LWTHA T h . [4] 20
FERVIEERER Iz LIF VOBARRETIAHAFHETOER. RUTOB.
DBELRIEIFr—OEEEREINIERCBVTEERGNE2ERT. (8,7)
RUBEZORFTHEOREDIR (BE TRV Fock RWERBEET ZEF) (b,c) &
BERVELRL FOHEY IR (b,c) REBBUTHATARILTWE X
ZxWe [5] .

TTC Lo XS5 RRKDOBCRORY VLT, Z20h4SAHNTHARLE X
dhTEh,. RBZ3LEXEXBCRIE (1,1) DEISCHEHUBERERIEDOINZDOT
3. BEREROERNILICEBY—TVE (SRS) OB BAZENLBELE T L 3,
Ho-T—RBTUE. BHREELEVSHOEIRIELTHE odd RBEV LS A TEHS
4 non-split RBY - VHEE2ELIZRWLR S, [6] ZD& D7 non-split 72
HMY— I ELOREEAIBRUAEREABEL WS ENEBEER 3,

REOKRY VTR AIS —BRHEABTROD L THEEBCERU. BHHHEL
BMUTERECABARDOERSTVWS, COFEHENATENKGEIHBLERZNS
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KIRERALEXZIEFZIALTH S S.
DTOETZOEIRRY L — HBEZBRY VL BREERLT S — BEE
TEIELHRNRD, [71] BRY VAL TREZF+—VEEELR_oOH#ERZINS
—HIBR LY, EAFAYTHRE2EVTCBCRIERBYIN S, BVt T
3FY T—=APORY VI OEBHHFILEESI EDD, BUBRS Y - I-ZX DR
55— {tOBHHFIALEEZIRZIBHDERS>TLE, WFhRUTHLERIBA/ELE
D2ZOOHREBEROMREAZIBEORASUNEIETERRUTS Y BBE L,

SOI. BCROEHER

BCHRrOBHEZTREIN I IFHELIEDHTEL.
EFHRERRXTEZ2® 0 3,

S = %fdzdedé BDC (2.1)

B, CUBCilExXR IS Y4 PF A-172 RUIYA4 ) | ~-ADHEIEBETH 3,
BEFLRROEXOBRREFHRLL>TERHATES,

B(z1,01)C(22,82) ~ 1 / z12 (2.2)
BU. f12=861- 82 , 212 =21 - 22 -~ 81682

F® stress energy tensor &
T(z,0) = (1 - xA)C(9B) + 172 (DCHY(DB) + (1/2 - A)(8C)B (2.3)

TExXoh 3, COROFE2I2BT s IVIORBUEXROFLE FRDLOIRIAMBEIENT
X %,

- 8A  .3/28 1 )
6-8 ( T e+ %3 (@)

T(z1,81)T(22,0 2) ~
(21,01)7(22,0 2) 4 2120 2122 2212 212 (2.4)

central charge If ¢ = 3/2 X(6 - 8A) =9 - 12X T& %,
ReXZ—APEILY IV 2E®ZT B, Thityxz4 b 1/72 DB TH 3.

1¢(z,8) = -BC = —Bc+8(-bc-B7r)=19p + 6]
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(2.5)
J =‘jbc+jpt ’ jb‘='bcy jpr='BT’ Y =-Bc

B, COI—AtEREHTH -1, 1 EEDTWVI, B
IA)B@2) ~ -1 / z12, IQC@2Y~ 1/ 21 (2.8)

B, C OEQT—FEHTSZ7/IV—-RE&0. ALY PMIBHEBHRTB|U RN,
DEDHPRR primary field TRV, stress energy tensor T X OFEETHY

-1 1/28 1 e
T(21,801)1(22,02) ~ — ¢ "y D2 + -laaz) 1(2)
2 212% 2122 2212 212 2.7

Ry, EVE—HIEPHETHBZ. COEOAFRIAAIEFEREF+ -V W
Fo SOBEAVY P I OBEEFy—VIT -1 TH 3, HETHE Q.7 OF®RUIR
TR 3,

AUV YPFPIORERUHBUEIAWKIHHBEZ2RFELZERVETS 3.

1(21,81)1°(22,82) ~ 0 (z12) (2.8)
COARBCROBRY VILIZEBTORY ILEIBHORRZDODER B, .

X T, Ref .[AICHBEEIAhTVLIELS5BCRIE N =2 o8B ENBGEREST
VW3, A<HIOAhTWVWBEEDWE N = 2 OBHIFEREW stress energy tensor T (
2,8) x4 1| OB J(2,0) CEXDERTHB. BCRIZRT J &

J(z,8) = (1 - 2A)B(C) + (2x - 2)(IB)C (2.9)
w5z oh3, J XBO primary field TH3BRIFELTB L.
m. BREILYIOEBRPELHEFr—V
HEF+—Y Q ORBHLYD S(2,0) =0 + 0 2EX &S,

Q
T(z1,01)S(22,82) ~ —— + - (3.1)
2 2122

—225—



FEFHG. DEEABESR (2,0) —>(Z,0) @l T S #
SCz,08) = ( DEISCE,B) +0 38/ D@ (3.2)
CEBRTIELEET 3. AT Yy P UnAABER
(2,8) = (5,8) = ( 3, aD%0) (3.3)

EECTREEORATELZENEELRD. COR. FRG.OUARCAET
60

i(2) = (D] ) + W2 15V 97
% (3.42)
B(2) = (35 (3)

ALY P S(RRE]) OEBREIHMABOF+ - VORFEHUVTROLIRE
ERBEELROT. A i1~ NBY—~YVE 3 (B¥etT3) LTEE
ShifFv—Y q; ORFREFETEEE <A KD~ ALx)> # 0 EBBRD
ik

Za;=-Wx/2=0(-1 (3.5)
BU. xWA495—®T % s2-2¢.

BilixRdh@Re v,
I—APEHILYEL] i OBEF+—Vi
Qe =1-22 , Qg=2% -2 (3.6)
¥ R%B, BCROALY POV TORLREBEXN2ZHAZI#HMEUN) 7/ RY—-0D
BELEARRCIASLELETF — SOBA 7 — CHIsREEECHEE
UTW3, Riemann - Roch OFEEIZ & hiX

dim C(holo (A,0) form ) — dim (holo (i-?\ ,0) form )
= - (2A - DDx/2 = QA - D -1 (3.7
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beHR HEBr ROHMMMBEBVWITIRG.DIELLIZEQE—~FOHEOR2DHA
BEMAOP TEYRBEETFERAVCZASOEOE—F2BRNTIHEND 3,
GHRZORFOBEEBARLOZMMBS R,

§IV. BCHRO#EKRY Ik

BCROHERVYILZERORSVILERU L strss energy tensor 2HL 2 b
POEEERT 3FERLVEITENS, BCROBAE. LY I 0QR.DOKED
ROHXIEIPORMDHBTCERL, o TROXSIWZDOHERAAS —HIF ¢
(z,8)=¢ + 8y , &°(2,8)=¢" + 6"

$(z1,01)%°(22,82) ~ log 212 a.1)
PHEUT

4.2)
1(21,01)1°*(22,02) ~ 1 / 212

CEBTIONEBELHRTESD. | " OEKREBRBRTHAS, &R central charge
BCREBULC 9 - 12AC. POTIDOREFHEBQ.NERS KD stress ene
rgy tensor 2 EEHKT %. ChRIHE—~RLEFVRRTEASHI 3,

T(z,8)=1/2{ 1*- DI+I DI°~-~ Q a1+ 21"} (4.3)
ﬁl./\ Q=1-2A

(4.0 1° BPRVEENILVVITEOERF -V Q &2%. N =2 0O
RERBOFERCORTREUSIYERTSY J(2,6)u

J(z,6) = I 1°*—aDI* — DI (4.8) °

TEA6h %,
HRARETFEUTERHRDOUE

R A -
U(“-, = e e (4.5)

—227—



weight eeeee- aq" + 172 ( g0 — q° )
I charge .- q I “charge <= q°

THd. R RdDOEULTHR

L] w
Vi, = {Ca-1008° = (a4 )D& } ¥ VE

(4.8)
weight o= gqg” + 1/2 ( qQ — g~ + 1)

THB. Vi, sBEBLUTEEoR TR K (1 F+—Y) 2HO0U q =1
DEGWWER SN %,
BECULEZODOMOEAREFLLY

Lz *
B=e§ C=—-D<I>e§ 1.7

EE-WII3HENTES. (4.3). U.DRTVU.DREIYVYBCROINL — Y —Y
BEHAIH B,

UDIVENMCHAUL " UBEFIEIFor— - HLY I THIEBHD 3,

I
2X4

§dzde 1°(z,8)
3B. CEEBRTHY. TOF+—YRBCROMETR FockZ % BET U 3.
§V. BRYVVitoHEHR

BCROFEEREHTELHERAV L BUSHAHEETFORKRIROWL TH %,

g*- 2 )
8§ (B)Y=D0% e weight «- 1/2 - A (.1)

5 (pc)=po-e® % C A -3/2) (5.2)
BU. BRESELR3DIT(G.2D)TIERL

(2 - 2)8 (dC) + (1'- Aa)y{cs’ (bC)H}
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+*

= {D&" +(1- A& e *
. TH B, Tl
Y 3 )
DBS (B) = — e weight - 1/2 (5.3)
- . ' '
o(dC) = — D" e (0) (5.4)

DU VBRBIEBr RS 0ORG.ATERL
8(DC) + (2 - AID{C & (DC)}
= — { D& +(2- A }ef

Zh3DHEREVBRY VIR (B,7) RORAIFT—{LEBVT. EDOFMS
L&k 3KRM '

B = 3¢ e-, ’ Tr = 7IeP
(5.5)
& = 30(B8) , 7 = 2a0(7)
EEBRRY (B,r) RELTBULAS
B =ge? , r =-a3te?
. (5.8)
£ =-30(7r) , 7 = 20(B)

PRI3FCHEETIDENS S, £0¥OE—FRES (7,§) R OANRL—F—
REOEAXIE(G.5)EGBITER S, BIiE Horovwitz B G.O)IEVEBEAThER
REMEBHE (1D 5.0 EXSDOEM (1) EHU. A =2 OIFHIT BRST FK
HREYU BRST akheayY—ikMyZ2->n#HEERUTHL S, [8]
RECHEHBCBFI2EABRETFORARRMEODVWTER LD, 1L OHERTF
+—YWEFERTHh -1 &1 -2A THE2hoXKCRSTOKERLY

-3 - -$
e

#e =g-1, # = (22 - 1)(g - 1D
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YEXB>h 3, UDU Ref . [9JREWIATLBR ESHAILYI] — Fu¥x

NEETF L= ALY P jpe = = Jor £ dygqg (FWHO) -RHEUD)) — i

HEHKOPTANL -y —RBRBHEh A gBO rEYEN) 2E2FED. #>T
EVVWEHERHEETFORAWR

#e..i:g-l ' #e-§=(2;& -1)Xg-1) — g (.7

TS5 %,
S§VI. &

AEDOETRAUBCROVAREBHHUERROR Y LBFEST ST & 2R,
EXNRBCROFHETFLEHRRETEONKEREZ 2.
SBRORBEVTURRDEIBRHBOBFALBdHh 3,

(i) BCR:XOMAEHZEYV—-IVALLBVWTEL T :DEREE ¢, ¢
WEFLHENTERIAWE R RV, STYSYY72REABRI
!

L= 35 {D2°D& +D&D&° + 1/4 ERs( QS - ¢7) }

U, Rs & superscalar curvature

LEBIEH. CABEEBALBY—IVELTERELT. EOE—FHBYY Y
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One-Particle-Irreducible Effective Lagrangian
of String Modes

YosHIYUKI WATABIKI
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ABSTRACT

‘We propose a new method to obtain the effective Lagrangian from the vanishing
of B-functions. Although the B-functions are not one-particle-irreducible at more
than five-string interaction level, we can rewrite them in a one-particle-irreducible
form by redefining the background fields. The vanishing of the 8-functions is then

considered as the equations of motion of the modified background fields.

* This talk is based on ref. [0]. .
1 On leave of absence from Tokyo Institute of Technology, Meguro, Tokyo 152,
Japan



§1 INTRODUCTION

String propagation in the presence of background fields is described by a non-
linear sigma model on the world sheet.!~®] The consistency requires that the
B-functions should vanish. These conditions are supposed to give the correct
equations of motion of the background fields. At present, there are two differ-
ent methods to calculate the G-functions: one is the normal coordinate expansion
(o' expansion)l!=3] and the other is the weak field expansion.[*®] In the normal
coordinate expansion it is hard to incorporate massive background fields, on the
other hand, it is easy in the weak field expansion.

In the latter case some nontrivial problems arise. One of the problems is
whether the efective Lagrangian of the background fields is one-particle-irreducible
( 1PI) or not. Up to four-tachyon interaction at the string tree level it was verified
that the effective Lagrangian is 1PLI4 In the case of five or more tachyons or in
the presence of massless or other massive background fields, it is an open question
whether the effective Lagrangian is 1PI or not.

This talk is based on ref. [0] which studies this problem in the context of
bosonic closed string theory by using the weak background field expansion. We
propose 'a, new method to obtain the effective Lagrangian of background fields from
the vanishing of the (-functions. In this method A-functions = 0 are rewritten
by redefining the background fields so as to subtract the physical poles from the
off-shell amplitudes. The physical pole means the pole at the physical mass in this
paper. The resulting equations are considered as the equations of motion of the
modified background fields. Thus, one obtains the effective Lagrangian. If the off-
shell amplitudes appeared in the effective Lagrangian have the physical poles, the

effective Lagrangian becomes 1P



§2 DEFINITION OF g-FUNCTION

The action of closed bosonic string in the orthonormal gauge is given by

I= Ifree + IBG1
1
Tyee = s / Lo 84X O_X"6,,, )

1 o v
Ing = 5 / Po [ ZHX) + OLXPO_X"Ap(X) + -+

where 0% = (0! +io?)//2 are complex coordinates on the world sheet and X# (u =
1,--+,D) are string coordinates in a D-dimensional external space. D-dimensional
vector indices are contracted by é,,. ®(X),A,,(X) and dots denote tachyon,
massless and higher massive fields, respectively. In order to regularize the ultraviolet
divergences we introduce the point splii:ting constant parameter £ on the world
sheet. The 1/¢ is the only parameter which has the mass dimension in the two-

dimensional field theory.
The definition of f-functions is given by

- e:die < exp[~Iaa(X)] > = < B(X) exp[-Ina(X)] >,

, (2)
B = o [P0 1 S06(X) + 01X OX"BulX) + -],

where X*# are expanded around a background X}': X* = X§ + ¢*, and <O(X) >
is defined by .

<0X)> = [DE O(Xo+ O exp[~ea(®)] (3)
The invariance under a constant conformal transformation of < exp[—Ipg(X)]>,

ie., egg < exp[—Igg(X)] > = 0, requires that the B-functions should vanish. One

may rewrite Igg as

D ~ ~
Ing = o / @iﬂf—D[€l2¢(k)v@(k)+Aw(k)v,;‘”(k) + ], 4)



where

Q(X) = /(ZD)kD é(k) exP(Zk-X), V@(k) /dza exp(sz) (5)

and so on. Therefore, in order to calculate the S-functions in (2), we have to study
the e-dependence of each vertex function and also the products of vertex functions.
In the case of a single vertex function there exist the divergences arising from

the tadpole diagrams. The point splitting regularization for the tadpole is
al
<t (o) (o) >= — - loge®. (6)
By using the relation exp(ik€) = exp(— lc;- <&€>) : exp(ik€) : and (6), one obtains
' . !
egf’"zV(k) = b :V(k):, A= %—(k2+ m?), (7)

where no more contractions are taken inside the colons.
Next, let us concentrate on the products of several vertex functions. In this

case the singularities in the product of N ( N > 2 ) vertex functions are

:V(k1): :V(k2): -+ :V(kn):
wy (8)
~= Y = Syga(kry -, kv, —k) :V(E):
-
particles
with
N N
wN=Ak—ZAk;, k=Zki)
i=1 i=1 9

Sn(k1,- - kN) = 2r<:V(ky): - :V(kn):>,
where 1 Jwn is a pole ansmg from factonzmg out the N vertices together from the
world sheet and these poles correspond to tachyon, massless and higher massive
particles. Sy is an N-point off-shell amplitude which becomes a correct on-shell

amplitude if all the external particles are on-shell ( Ag; =0 ).
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§3 B-FUNCTION UP TO FOUR STRING INTERACTION
Now, let us calculate the f-functions by using (7) and (8). One need not use
the explicit forms of off-shell amplitudes Sx. In the case of tachyon field only, fs

becomes

Z Nlﬂ(N)’ (10)

N=1

!
‘(}1) — _(22_62_*_ 2)3,
1
((:) = %S.;s(al,az,—ar—az)@léh

= —(2)"{Sex(01, 8,85, ~0, -8, ~ &)

3
a'03(01+3,)-2

up to four-tachyon interaction level, where O; denotes a derivative on &;, e.g.,

Ses(81, 02,01 —8;)Se3(81+ 82, 85, 8 — 8, — 05)} 818, s,

0,03 A1 B2C3 = ABBOC, (61 +0, +63)A1B203 = 6(ABC’), and Sg~ denotes an
N-point amplitude of tachyon fields. Up to this order, we can use ,Bél)+ O(®2) =0

in ﬁ(“) if Bo=0 is required. So, B = 0 leads to £5 = 0 with

N
(1) ﬂ(l)
(2) ,3(2)

£Q) __( ~)*{ Se+(81, 02,82, 0 2 —~s)

3
+ =
S (B + 0y )2 12

The effective Lagrangian which reproduces £ =0 is

559(01, B, —B1 — 03)Sqs (01 +02, 05, —0y — B~ B5)} &1 8 8.

[=.=]

1
Leg = :2 i L (12)
=2 N



al
L0 = —8(55%+2)8,
£(3) == 51;5@3(31,62, 83)§1§2§3)
1
5(4) = -—(é;r-)'z {S@l(ah 62, 33,34)

+

3
o (a +32)2 + 254'3(61’ 02’ 63 +a4)3§3(61 +327 33, 34)}@1 @2@3@4.
2 \“1

In £4) the tachyon poles are subtracted from the four-tachyon amplitude. There-
fore, the effective Lagrangian (12) is 1P1 to this order.!) Similarly, one can obtain

the 1P1I effective Lagrangian in the presence of other background fields.

' ‘



§4 F-FUNCTION UP TO FIVE STRING INTERACTION

Next, we study S for N > 4. Following ref. [8], we calculate ﬂ,(;) and obtain

(4) ( ){54’5(31,32 03,04, —01~0,—03-y) (13)

4
a'04(0,+02+03) — 2

S@‘(ala 62) 631 -0, _62 ‘63)
X SQS(al +32+33,34, -—61 —-62-—63 —-64)

6
a'0304+a'(93+04)(0,+ ) — 4

S3(01,02,—0,—0,)

X Sg4(01+02, 03,04, — 01— 02— 03— 9y)

12
t (00,040, 4 05) — A[a's (0: + 52) — 2]

X Sg3(8y+02,03, —8y — 0y —03)S¢s(0y+02+ 03,04, 01— 02— 05 ‘34)}‘1’1‘1’2‘1’3‘1’4-

S¢s (01,04, —01—02)

At first sight, fs seems not to be 1PI, because double poles are not cancelled
n ((1,4). We will show that the double poles are cancelled if the contribution from
[3((1,1 ), ﬁg) and ,Bg) is considered. In order to study whether S = 0 is 1PI or not

up to ®*, we must take into account ﬂ(a) first. We rewrite the pole of the second

term in ﬁ((b) as

1
0’63(61 +62)- 2
. , (14)
1 L (O1+8+85)2+2 - (%83+2)

L(01+8,)2+2  [5(81+8,)* +21[o'8a(01+0,)— 2]
Since we want to find more simple form of the field equation which is equivalent to
Be = 0, we use ,B((I,l) (2)+ O(®3) = 0 in (14). When one uses it and redefines

the field ® as

Ldy :
[a’(al+az)2+ 2][0" 63(61 +32) 2] (15)

X S¢3(01,02,—0;—02)S93(O1+ 02,03, —01 —0y —03)P1 8233,

d — O+




the second term in the right-hand side of (14) becomes a term with double pole

and contributes to ,B,(: ). The contribution to ﬁf: ) from ﬂg), ((:) and ﬁg‘) 18

) I
21’ U [2(8,+8,)? + 2)[a'83(8y +02) — 2]

SQ’(Bh 621 —al _62)

%X Sp3(01 402,83, —01— Oy —33)Sg3(01+02 403,04, —8) ~ o — 03— 8)

6
G (814822 +2[% (81 +8:)(85+84) — 2]

Sq>8(61, 62) _al —32)

XSg3(Bs, Os, —0s — 01) Ses(Dy+ 0y, s + 83, 0 — G~ 8 —8) | #1828,

(16)
Adding (16) to ", we obtain the following form,
68 = (5= { Sas(r, 82,84, B4, 8~ —83—4) (17)
PN Se4(01, 0y, 83, s — 05— s)
S0+, B5)P 4 2
X Sg3(014+0, 405,04, —01 — 02— 03— 84)
6

+ £(31+82)2+2‘5@3(61162)—‘61‘62)
2

X S‘Iﬂ(al +621 83)84) —31—62_63_34)

n 12
(5 (81 +82)%+ 2][S (0, 4-8:+33)2 + 2]

S3(01,02,—0,—0,)

X Sg3(0,+ 02, 03, ~01— 8, —83)S4s(01+0,+03,0;, —0y — 02 — 3 —0y)

3
+

- [E(B1 4857+ 2)[F (05 +84)2+ 2] 54201, 02, =01~ 02)592(83, 00, ~0s ~0u)

X Saga(By+0z,00+0s, —0y ~ 8~ By — 1) } 8, 2,853,

The tachyon equation &g =0 with (11) and (17) is equivalent to fg = 0 up to ®*
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order. The effective Lagrangian has the form (12) and

1
£06) = (E)a {S«pa(al, 3,03, 04, 65)

- 10

+ =5 +az)2+2S¢3(31,32,33+a4+35)5¢4(31+32,33,34,35)
(6

15

7 ] S 3 a ,a ,a +a +a
tEGrarr A G oy On ot otd)

X So(Ds, B4, Oy +03-+05)So(Oy + 0y, B+ s, 0s) } 818, B3 BB
(18)

If the amplitudes Sg~ have physical poles even if the external particles are off-shell,
the equation of motion (11) and (17) and the effective Lagrangian (12) and (18)
become 1PI up to five-string interaction level. From the point of view of the string

field theory it is natural that the off-shell amplitudes have physical poles.
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§6 COMMENTS

There remain two problems. One is whether the effective Lagrangian is 1PI
or not if the off-shell amplitudes Sy do not have physical poles. After the field
redefinition of background fields, it may be possible that the effective Lagrangian
will become 1PI. The other problem is that whether the field redefinition (15)
change the space of solution or not.

Finally, assuming that the effective Lagrangian is 1PI, we try to calculate
the effective potential V.5(®) = Leﬁ(CIJ)I o=constant [0 &l order in @. Under this

assumption, the effective potential becomes

= _@2_2§: L(- 14 N Z "2 ~N+1<I’N
= N\ 2mdz T2 (n - 1)'

’
z=0

(19)

where Ap = S¢n |8=0'
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Evaluation of one-loop mass shifts in open superstring theory‘
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I. Introduction

In previous papers we worked out some two-point functions of
massive bosons 1n superstring theories and discussed whether
there exist mass shifts in these models and/or whether mass
degeneracies observed at the tree level can be violated by the
loop effect[l] - [3]. In ref.[l1] vertex operators which
describe emissions of bosons on the leading and the next-to-
leading Regge trajectories are constructed and their two-point
functions are calculated. It is conjectured that mass shifts
depend on the mass .level number complicately and hence can not be
absorbed into a slope parameter redefinition. In these
calculations two point functions for both trajectories have the

same form at the same mass level, but the results of ref.[2],[3]

'WOrk collaborated with Tsuyoshi Nishioka and

Hisashi Yamamoto



strongly suggest that these mass degeneracles would also be
accldental. All these investigatlons are far from being
satisfactory, however, from some points of view described below.
First of all, @e have not yet given exact values of mass shifts
considering the over—-all definite factor. Our previous
discussions were entirely based on the forms of integrands of
two-point functions. It has not yet been accomplished to
estimate integral expressions of two-point amplitudes which are
proportional to mass shifts, and, consequently, we have neither
rigorous proof of non-zeroness of mass shifts nor of violations
of mass degeneracies. The difficulty of estimations is not only
due to being lacking of adequate approximation method such as
a/ expansion 1in the case of massless amplitudes. What 1s worse,
as 1s discussed in ref.[2], all integral expressions of two-point
functions given in ref.[1],[3] are divergent even after we
eliminate dilaton tadpole divergences by the well-known Green-
Schwarz' procedure. We have to manipulate these divergences to
obtain meaningful answers.

It 1s not so hard to wunderstand the origin of such
divergences. A transition matrix obtained from an one-loop two-
point amplitude must have an imaginary part required from

unitarity, but the standard method to calculate on-shell string

amplitudes does not give such an imaginary part. ( Recall that
two-point functions have the form Ao Tr(VTV). See also
ref.[6].) We expect that the on-shell two-point function thus

calculated is on a cut as a function of external momentum,

therefore proper analytic continuation would be needed to extract
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correct answer from 1it. In this process we would gain the
imaginary part of the mass shift, which is also expected to give
the damping factor of lifetime of the massive mode and express
its instability.

Qur main purpose is to estimate correct values of mass
shifts of the bosons of first and second mass levels in Type I
superstring theory at one-loop level. Our analysis at the second
mass level is not completed so that in this report we concentrate
on evaluating the value of mass shift at the first excited level.
A two point function at a given mass level is a complex value,
not a function of external momentum. So it can give a
touchstone to see whether ordinary string perturbation expansion
is a sensible one, by comparing the order of the values of loop
effect to those of tree part. Our calculation is a concrete
example of how to obtain finite results from the form of string

amplitudes which are divergent in general.

II Estimation of mass shift at the first exited level
In open ‘superstring theories there exist two different states at

the first exited level, corresponding to the following vertices

in F1 formalism :

[T §19.¢
mm g, Wax’e
B —:13,- t_;””pgb“;/»”n,bpeikx (2.1)

It 1s straightforward to evaluate two-point functions from

vertices (2.1), and their forms with the definite coefficients
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determined by unitarity are found to be the same (For planar

part):

} T
Ao E2202m? N | aw (. 1 : miv2/z 8,(vlz) ]_kz
2(2m) 1% 2 WS _—-al(ol-r)

(2.2)

Where = %%% and integration over v is along its imaginary axis.

As 1s shown in ref.[1], amplitudes with external massive bosons
are finite 1In the region w~~1 (ultraviolet 1limit), 1if we
incorporate contributions from non-orientable part and do
standard procedure discovered by Green and Schwarz. In the
region w~0 (infrared 1limit), however, naive power counting does
not work and we should pay special attention to the behaviour of
the amplitude so 1long as we use parameter representations of
propagators to calculate string on-shell amplitudes.[2] As
noted 1in the previous section, this integral diverges reflecting
the fact that there should exist a cut in the amplitude as a
function of external momentum. For simplicity we introduce
ultraviolet cut-off A and do standard procedure of Green and
Schwarz to eliminate dilaton tadpole divergences 1in the
ultraviolet region. The whole of the amplitude does not depend
on the value of. A. We divide the amplitude in the infrared

region as

1 2
A <
g2 N/2 dw 1 wivz/r 8, (viz) k2  miv kz(l— ¥y
A g | —w\ v 5 {[ e 1™ — e '}
2(27) T é,(0lr)
o o 1
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2 A T 2
v
2(27) «
0 0

T

One can prove that A2 is divergent at the on-shell value of
external momentum, and A1 is convergent in the momentum region

which 1includes the on-shell value. Note that the integrand of

A2 comes from the leading term ( that 1s, a constant )in the
expansion of Theta-functions. One can think that A2 is the

contribution from massless particles as intermediate states in a
rough sense, which becomes dominant in the 'infrared' region.

It 1s possible to prove that both of Al and A2 are convergent in

the region 0« k2< 2, so that we integrate the amplitude in this

momentum region first. Since 1t can be shown that A1 is

analytic as a function of k2 at least in the region -2; k2 <2,

we can Integrate A1 at the on-shell momentum value k2 = -2 from

the beginning numerically. Part of the integration of A2 can be

done by hand, and function 1ln k2 emerges in the process of it.
So there exists cut in the k2—p1a1n which arises at the origin

and runs along the real axis to - ., We return the value of k2
back to that of on-shell, and get the imaginary part of the
amplitude. We have already emphasized the importance of this

imaginary part in the previous section. A2 also contains terms

which approach =zero exponentially whenw — 0 ( T — =0 ),

These terms of course correspond to boundary terms of the
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Teichmuller space which are divergent if we integrate out the
amplitude with the values of external momentum fixed to be on-
shell. All processes described above 1s equivalent to simply
drop such bohndary terms, which are precisely the roles of
contact terms.

It would be instructive to compare these circumstances to

those of non-planar part of the four-point amplitude. This

8,vin) -1/4
amplitude contains the function +——— = ¢

[ £ A_a®"] which
Bl(OIT) n

gives Intermediate closed string poles by the well-known analytic

continuation procedure. 81 in the amplitude (2.1) contains the

1/4, which is the very origin of the

factor sinv instead of q
divergence (because Vv 1is imaginary) and gives a cut instead of
poles. of course, closed string poles appear 1in the
'ultraviolet' region ( For non-planar amplitudes these analytic
continuations are usually done after Jacobi transformation ), so
our correspondence is not complete.

Obviously even 1in four-point amplitudes of closed string
models which have modular invariance we need analytic
continuation 1in the ‘'infrared' region because these amplitudes
have cuts as functions of external momentum in any one of three
channels. There is no 'completely finite' on shell amplitude in
string theories. It is believed that these divergences can be
removed by adding suitable contact terms, but complete analysis

is not yet reported. (For a detailed discussion, see ref.[4].)

Our analysls discussed above for a massive two-point amplitude is
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the simplest example of manipulating divergences applicable to
any other string amplitudes.

We determined the over-all factor of mass shift as follows
by factorizing tree- and one-loop four-point massless amplitudes
Aplanar+ Anon— * Anon- = 18m2<;2k|§1k>

orientable planar

After numerically evaluating, we find the result of our

estimation to be

1.3,

smZ= —E— ((- 8.03061X 1072 + 8.25X107°) + g 7 1

o:,m
ol

It turns out that the value of the integral expression is rather

small compared to the factor (271)D coming from phase factor of
momentum space. Some phenomenological arguments give the
plausible order of the value of the loop expansion parameter g to

be ~v —%%6— . Therefore our result supports the validity of

perturbation ordinary used in string calculations.

'

III Mass shifts at the second excited state

As noted 1in the introduction, discussions on mass shifts at the
second mass level, including detalls of constructing all vertex
operators at this level and calculations of two-point functions,

see ref.[9].
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Abstract:

The 2-dim quantum zauge theories are investigated
in the approa;h of the conformal £ield theory. Some important
points such as gauge fixing, the residual symmetry, physical
quantities and the energy-momentum tensor are examined in detail.
The renormalized gauge coupling constant
is shown to be determined absolutely. Some obscure aspects
of Polyakov et al's 2-dim quantum gravity are clarified from

the standpoint of general gauge theories.



§1. Introduction

' Since the advent of 2-dim conformal quantum field theory
by Belavin et al [l1], much understanding has been obtained about the
role of the conformal symmetry in the 2-dim theoretical physics
( including string theories ). Some models such as the Ising
and Potts models are exactly solved in the conformal limit by the
formalism. It is known, however, that the conformal invariant
approach has, in general, some special difficulties in systems with
local ( gauge ) symmetries [2]. In the present paper we investigate
some important points ( gauge fixing, residual symmetry, physical
quantities, energy-momentum tensor, etc. ) in the conformal gauge
theories. The recent series of works by Polyakov et al [3], on
2-dim quantum gravity have stimulated the present investigation.
We clarify some obscure aspects of them from the general standpoint

of the conformal gauge theories.

8§2. 2-Dim Local Gauge Theories ( (QCD), )

We consider tne 2-dim non-Abelian ( SU(2) ) local gauge theory

( (QCD)2 ),
) _ 3 LU
Zinv[ ¥, ¥, Au 1 = ¢ ¥ ( au + e Au ) ¢, (1)
_oai i
Au = Au T ,

where ¢ is the 2-dim Dirac spinor, <t° is the SU(2)
dgdenerators
and e 1is the dimensionless ( bare ) gauge coupling constant.

The 'induced gauge theory' Sinv[ A‘1 ] is defined as the effective

theory based on the 'microscopic’ theory of (QCD), (1).



_ - 2 _
exp ( Sy LA 1) = f Y I exp f alx £, LW, W, A 1. (2)

i
Before directly treating the theory (1) ( see sect.5 ), we consider

first the induced theory Sinv[ A 1l. [ A ] can be quantized

Sinv
relatively easily in the conformal invariant way compared with
(QCD)2 (1).

The explicit form of Sinv[ A ] was obtained by Polyakov and
Wiegman [4] for the axial gauge,

A_=hy-A =0 . (3)

In the derivation they used the anomaly equations satisfied by

the vector and axial vector currents. The final results are
sta l=s, A , A =01,
= ' - L -1 -
A, =A, +A = S99 9, 9, =9, * 9, . (4a)
= 85 _ _ -1 :
+
2 -1
ssta, 1= [a% Tr o, 859,
R § 1 2 -1 u
sta, 1= 2( 4] a% 1ot ok (4b)
S I a3t €*BC 1 ( g7t 3,9 g ! g9 gt 8.9 ) )
8 n Q ’
+ 2N i .
2

where 8Q = S8 and N is an arbitrary integer. Note that the

lagrangian (4b) is the SU(2) X SU(2) Wess-Zumino-Witten model [5]
Wwith the level = = . We treat, however, S [ A, ] not as the chiral

model but as the gauge-fixed lagrangian of the gauge theory Sinv[ Au].

83. Conformal Ward-Identities

Now we consider the conformal structure of the quantum gauge
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A_ 1 under the axial gauge (3). The dynamical

= i g_1 8+g . Due to this gauge condition we must

system sinv[ A+,
variable is A+
restrict our consideration to the chirality plus(+) part (

left-moving part ) of the full coordinate transformation.'

sxt =" (xT, x7 )y, §x = 0 (5)

We regard g as the primary field with the conformal dimension 0

under (5).

sg = €' 9.a9 . (6a)

+ +
6A+ = 8+€ A+ + €

8+A* . (6b)
For later use we introduce an arbitrary primary field with the
conformal dimension X .
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1]
Mm
+
®
+
S
+
s
(v>
m
L8
~

$ = ¢% T . (6¢)
Let us derive the conformal Ward-identities. Consider

the n-point Green function of ¢'s.
i iz i

¢ 1 ) & 7( X, )y ... ¢ n

.f 2a, 3 1 x, ) 62 x, ) ... 4 M x ) exp SLA, 1. (D

‘ + 1 2 n +

We require the invariance of (7) under the transformation (6).

1( x

i i, in
0 =6 < ¢ ( x, Y ¢ “( X, ) ... 9 A X, ) D
. . i i i
- i i 1 2 n
=<¢Jd_Cz) s Cz)¢ "(x, )¢ (x5, ...¢ (x )2
n i i i
+ S8z -x ) b L X, ) ... 88 FCx ) L8 POx )y
k=1
(8)

Inserting eqs.(6b,c) into (8) and making use of the following

relations,

2

Se_(Tra’H ,

Tr A_ 98 J_ = - 3



a 1

1
s (z-x)= 32z~  — , (9)
n 9z 2t - x+
9 ;8 (z-x) = % Q‘_ 9 T T+ L P
9z 9z 9z Z - x
we can integrate the equation (8) as
. i i i
e i i 1 2 n
-3 < A (z) A (2) ¢ ( X Y & T( X, ) .o T (Cx_) >
n . i i
=15 (= . s 50 <8 ix, 0.8 "Cx) >,
k=1 z - X, Sxk ( z - X )
, (10)
These identities say - g Ai(z) Ai(z) is the energy-momentum
tensor of the system [6]. Therefore we may define its normal-
ordered quantity as
1, ,i i A §
-5 A+(z) A+(z)_. = & T(z) , . (11)

where € is the renormalized coupling constant which will be

related with e ( bare one ) later.

§4. Gauge Ward-Identities

The gauge-fixed action SI[ A+ ] (4) has the residual gauge

symmetry,
i _ _ijk _3 + k i i +
A, = € o"Cx )A_ + 3 90" C(x ) ,
sl = €13k oI xT ) ¢k . (12)

Gauge Ward-identities are obtained by the regquirement of the

b 4
invariance under the residual symmetry.

i i
2 n
1 ) ¢ “( x .

s . i i
= <at e tox; ) L8 POx ) (13)

* See the last part of this section.



n i1 ik in
+ 28 z-x_ )< "(x,) ... 8 "C Xy Ve Cx_) D>
< k 1 k n
k=1
By use of the relations (9) and the following one
i3k 41 53 ki = i9aA
€ A, Jo T p 8+J_ = i 8_A+ , (14)

we can integrate the eq.(l13).

i i i
- i ¢ A+(z) o “( x, ) c.. & T ( X ) >
n . i, i, ..i 3 3
1
=2 3 ol 2o <o rx, 0.8 " Cx )
k=l z' - x, 31 92 --3q n
i i i i3 i
(£)) 1 2 no =e kK 5y 5, z»/‘/ .5, )
J1 92 ¢+ 9n 131 292 k Tk n “n
(15)

wvhere the symbol '/ﬁ means omission of that part. We see t
{ i=1,2,3 ; k=fixed ) are a representation of SU(2) generators and
- i Ai are corfesponding currents [6].

The energy-momentum tensor obtained in sect.3 , (11), is just
the Sugawara form constructed from the current - i Ai. ( Note that
we have not assumed the form, but have derived the form of T )
Therefore the chirality plus(+) sector has the conformal structure
of SU(2) Virasoro-Kac Moody symmetry. From the result of ref.[6]

Ve obtain'the relation between the renormalized coupling constant €

and the bare one e , the anomalous dimension * A of g and the

central charge ¢ of the Virasolo algebra as

*x We can introduce the anomalous dimension A of g 1in (6a) as

8g = et 8+g + A 6+E+ g . In this case the relation between A . and

+
-1 1

g , (4a), must be modified as edA =g 8+g - ADRB, 8+A+ in

order to keep the conformal transformatio of A+ (6b).
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1 . _1 1
g 2 (2« e L
A= —2— , (16)
Z+E
_ 3
€= 2 e+ 1

This result (16) can also be obtained by treating the action §S[ A+ ]

as SU(2) X SU(2) Wess-Zumino-Witten model. In this case the SU(2)
Virasolo-Kac Moody symmetry appears both in the chirality plus(+)
sector and in the minus{(-) one. Seemingly the siLuation is
different from the present case. We must note, however, that

as far as the 'physical quantities' ( renormalized charge, anomalous
dimension, central charge, etc. ) are concerned, both treatment

give the same amount of information.

The present way to derive the gauge Ward-identities is distinct
from the case for usual ( non-conformal ) gauge theories. Usually
all residual local symmetries are fixed by additional gauge-fixing
conditions in order to make a lagragian invertible ( or in order to
obtain proper kinetic terms in the perturbative approach ). The
gauge Ward-identities are obtained by the requirement of invariance
unéer the differnt choices of the gauge-fixing condition. The
gituation is different in the presaent case of the conformal
invariant approach. Essentially we need no gauge~fixing because
the requirement of the conformal symmetry characterizes the theory
so strongly that the dynamics are determined unambiguously. The
gauge choice A_ = 0 , in the present case, is required only to
obtain an explicit form of S, [ A,, A_ ] and the Ward-identities

easily. The fixing is never for making the lagragian invertible.
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§5. Conformal Structure of (acp),
Now we consider the conformal structure of the system at the
‘microscopic’ level. We must directly treat the (QCD)2 (1).

It can be rewritten, in terms of chiral components, as

+ t
Lig =" ¥_ (B _+ed_J ¥ - ¥ (3 +edr ) ¥, ]
¥, :
¥y = v . (17
After the axial gauge-fixing, zinv reduces to
+ *t
£ =-¥_ 9¥_ - ¥ (8 _ +en )y, . (18)

The field ¢¥_ decouples from the system.

Because we cannot f£ind easily primary fields in this interacting
gystem of $+ and A_ , it is difficult to derive the energy-momentum
tensor. We can, however, guess the form based on the dimensional
analysis and the assumption of locality.

3{= - wr o ¥, - TrA_ A, . (19)
Then we can obtain the absolute value of the coupling constant
from the vanishing condition of the total central charge. All
equations so far in this paper are generalized easily to the case of

k-flavour, SU(n) gauge symmetry. In this general case, the charge

is given as

2
tot _ n- -1 _
c = k + ne+ 1 - o .,
2
e = - b *k=-] . (20)
kK n

This is the 2-dim realization of the old idea that the electric

charge can be fixed by the conformal invariance of QED (7].
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§6. 2-Dim Quantum Gravity
Finally we comment on Polyakov et al's results on 2-dim gquantum
gravity [3]. The situation is more complicated than the case of

gauge theories.

1. We can not keep the light-cone gauge
. 1 -
9,-. % 3 , g_= 0, (21a)

in quantization because the metric obtains the Weyl anomaly

as the quantum effect.

g, = ¢ , g_= 0 , (21b)
£ = 2 «+0Ch),
£f is a fixed function and must be determined consistently. Then

we must take into account of the effects of Faddeev—PopoQ ghosts.

2. The conformal transformation of fields must be consistent

with the residual symmetry of the gauge (21b).

3. The present results of conformal gauge theories suggest strongly
that the origin of SL(2.R) symmetry might be that symmetry ( S0(2,2))
which appear in deriving the 2-dim conformal gravitf from the gauge

theory.
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Pre-geometrical Field Theory of Open String*

Shin’ichi NOJIRI

Department of Physics, Kyoto Universily
Kyolo 606, JAPAN

ABSTRACT

We propose a gauge invariant, background independent striug action, which contains open
and closed string fields and no kinetic terms. The kinetic term is generated through the conden-
sation of the string fields, which is the solution of equations of motion. We solve the equations
and show that the action is classically equivalent to the open string action proposed by Hata et

al

There are several problems related to closed strings in open string field the-
ory. We now point out two of them: a) In the light-cone gauge formulation, a
closed string field must be added as an elementary field since the pure open string
field theory 1s inconsistent.m On the other hand, in the Lorentz covariant formu-
lation, the closed string field arises as loop efects of the open string field ] b)
Though a space-time-metric-independent formulation of closed string field theory
was proposed,m that of open string field theory of Hata el ol is not known yet.t

— The above problems have close connecticn with each other. The first prob-
lem a) suggests the existence of an open string action which has a larger gauge
symmetry which includes general covariance and contains also a closed string
field as an elementary field. We will obtain the light-cone gauge theory and the

covariant theory by fixing the gauge symmetry of the action in different ways.

% This talk is based on the work with M.M. Nojiri"

t The background independent formulatiom of Witten's open string field theorym is already
given in Ref.10.
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On the other hand, the second problem b) arises probably because the covari-
ant theory does not contain, as an elementary field, a closed string field which
determines the geometry of space-time and because the theory has no stringy
general coordinate invariancel'”] Therefore both of the above two problems will
be solved by considering the system of open strings coupled with closed strings.

In this talk, we give an answer to the second problem and discuss the first one.”

Hata and Nojiri proposed a new transformation on the open string field with

a closed string functional para.meter[n]

proposed in Ref.8):

in the formulation of string field theory

6c® =[r] - [r®]. (1)

Here r is a closed string functional parameter. We denote an open string field
which is given by the transition from an closed string field A by [A4] and the
product of a closed string field A and open string field ® by [A@].[w“ The struc-
ture of the transformation and its algebra are those of stringy general coordinate
transformation known in the closed string field theory.[u] The gauge invariant

open string action:
2 2,
S°=(IJ-QB<D+§g<IJ-<§*¢+Zg & Podod (2)

is, however, not invariant under the transformation (1) and the variation of the

* In this talk, we follow the notation of Refs.8), 11), 12) and 13) and the discussion given here

is based on the theory of Hata et al®™* ] The 1-loop scattering amplitude in covariant
closed string field theory of Hata et al. obtained by applying the conventional canonical
quantization violates unitarity since the integration over the moduli parameter covers the
fundamental region infinitely many times. Recently, however, Hata showed that the con-

ventional one is inapplicable since the interaction vertex is norn-local in time coordinate ™

By applying Hayashi’s theorym of Hamiltonian formulation for field theories with non-local
interactions, he found that the resulting 1-loop amplitude coincides with that in light-cone
gauge string field theory. The same result was also obtained by modifying the string field
theory action and the BRS transformation order by order in A to recover the BRS symmetry
violated by path-integral measure.

t We denote open string fields by &, ¥, A, --- and closed string fields by 4, B, -+ , J.



action (2) is given by,
5cSo = ~Qur-{~(®) + 2(88)} = ~Qur T . 3)

Here (®) is a closed string field which is given by the transition from an open
string field ® and we denote the product.of two open string fields & and V¥,
which is a closed string field, by (<I>\II).[13] Equation (3) tells that the action (2) is
invariant if Qg7 is proportional to #9. This indicates that the action is invariant

under only the global part of the transformation.

Recently the authors proposed a string action, which contains both open and

closed string fields and has not only the gauge invariance of the open string field

theory[8] but also stringy general coordinate invariance. We now explain this

action briefly.

We start with the following pre-geometrical action,
re 2 2 1
This action is invariant under the gauge transformations:

pre 6},’”@=gz{—<I>o‘I>0A+'I'vo<I>—Ao<I)o‘I>+%[JA]} ;

(5)
T =0, 6,A=—7g’(AD),

8P : 6P = —g[r®], OFCT =4dmgTxr, O6FCA=4mgAxr, (6)
AR e =860°T=0, O&°A=2mg'axJ. (7)

Note that we only need o-product for open string fields, *-product for closed string
fields and (®¥)-product ([J®]-product) in the action (4) and the transformations

(5) ~ (7).

The action (4) is background independent like in case of pure closed string

g

We obtain the action with kinetic terms by considering the condensation.
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The equations of motion of (4) are given by,

9B oBod+[JB] =0, (8)
JxJ =0, (9)
(@B) + 2T % A=0. (10)

Let {®q, Jo, Ao} be a solution of Eqs.(8) ~ (10) and we express the fields @, J,
A as the solution plus fluctuation:

S P+0, JoJo+J, A— A+ A. (11)
Then we define @Q°Pe®, Q°lo%ed, & » W, (®) and [J] as follows,

QP = g?{(—)1¥*1® 0 &y 0 B + o 0 g 0 B+ g 0 ® 0 By + %[JO‘I’]} , (12)

Bx¥=g{@oWodo+ ()" BoB o+ ()M g oBoT}, (19)

(®) = —9(2%0) , (14)
[7]1= ~g[J %] , (15)
Q°lowed g = 27g?do  J . (16)

Here |®| is 0(1) if ® is Grassmann even(odd). These definitions (12) ~ (16)
reproduce the same properties as those proved in Ref.8), i.e. (5.732), (5.73b),
(5.73c) and also Egs. (5), (7) ~ (9) in Ref.13), using Eq. (5.73d) in Ref.8) and
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Egs. (6), (10), (30) in Ref.13). We can also show the nilpotency of Q°P*® and
chosed .

(Qopen)z = (chosed)z =0. (17)

Equation (17) allows us to regard these operators @Q°P®" and Qclos=d 55 BRS
charges. Now after the redefinition (11), the pre-action (4) and the gauge trans-

formations (5) ~ (7) are rewritten as follows,

1 .
S=S8+gJT+ ;J-Qd“edA I T bara )04, (18)

6o i 6@ =QP "N+ gPxA—-AxP—g*{PoPoA~BoAoF i hodod}

2
+ 2 Al
§J =0, 6&,A=mg(A)+ g*(®A),
(19)
2 ~closed
8 : 6P =[r] —g[r®], 6bJ= EQ r+42rgJ *r
6cA =4drg{Ag*xr+ A*r},

(20)

b4 : S4B =64=0, &44=0QW 94 27g%) x4, (21)

The transformation §, corresponds to the gauge transformation of open string
field theory[sl and 6. to the stringy general coordinate transformation,[u] i.e.

Eq.(1). 64 is an unfamilier transformation which is important in the discussion

of gauge fixing.

In this talk, we now solve the equations of motion (8) ~ (10) and, after that,
we show that the action in Eq.(18) is classically equivalent to that in Eq.(2).

Equation (10) is already solved in case of flat backgroundm and in case of

curved ba.ckground.[“] Hereafter we consider a solution Jy which gives Eq.(16) in
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the flat background. Using (12) ~ (16), we rewrite Eqs. (8) and (10) as follows,

2
Qp®o - '3'9‘1’0 *®y=0, (22)

6(%0) + 2Qado =0, (29)

A solution {®y, Ap} should have vanishing string “length” parameter o = 0, or
else, the condensation of {®o, Ao} breaks the conservation of the string “length”

parameters.

There is a subtlety in the limiting procedure when the string “length” pa-

7 . .
rameter a goes to zerol ] We note, however, that an usdequate proceduis gives
the correct properties of products, transitior. ¢fz. For examvyle, *he product of

two string fields with vanishing string “length” paraine:or should be defined so

that it gives the commutator of corresponding vertex operators.[lsl

Let ®; be an arbitrary string functional with ghost number —1 and infinites-

imal string “length” parameter a = ¢. Analysis of Neumann coefficients give
[15]

following equations,

BooBoW o &V +0(er) ,
Fox & o (= + O(1)m(0)8 +0(9),
@+ By o (£ + O(1))wlm) + 00 (24)
(80®) o (8) + O(e7)
[B0J] o [J] + O(e?)
Here 7 is the FP ghost on the string.[sl In particular, if :f'o has a form as follows,
o = QpeoWo . (25)
we obtain,
Ppx®=0(c), ®*B=0(), (26)

Here ¥g is another arbitrary string functional with ghost number —1 and & is
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the zero mode of the FP anti-ghost.[sl

Equations(25), (26) and the nilpotency of the BRS charge Eq.(17) tell that
a solution of Eq.(22) is given by,

Dy = lin(l) Qpco¥o - (27)
€—

We can easily confirm that this solution &g gives the non-vanishing *-product and

open—closed transition through Eqs.(13) ~ (15), by using one simple example,
N _
Vo = ?c_2|0 > §(p)6(a — €) . (28)

Here N is a finite normalization constant.

Equations (25), (26) and (27) tell &g * & = 0 for an arbitrary field @ in
Fock space. Due to this property, there remain less ambiguities in the limiting

procedure when string “length” parameters vanish*®]

Using the solution in Eq.(27), Equation(23) is rewritten as,

Qs {glim(@¥0) + ~ 4o} = 0. (29)

(13]

Here we used the following equation,

(@s2) = C@p(®) . (30)
By solving Eq.(29), we obtain,
Ao = —mglim(co¥o) + B . (31)
Here B is a closed string functional which satisfies the “on-shell” condition,

QeB=0. (32)

o

We now show that the action(18) or (4) is classically equivalent to the action
(2) proposed by Hata et o
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First we expand the closed string field J and A with respect to the anti-ghost
zero mode ¢ into,

J=—Cpg+vs, A=-—Copa+va. (33)

Using the gauge transformation (20) and (21), we choose the following gauge

condition,

Yr=9%4=0. (34)

Second we note that J* J:-Ag = Ag * J-J in the action(18) diverges due
to the tachyon.” By regularizing this divergence by letting the string “length”

parameter a finite (o = € # 0), we obtain,

10
Ag*xJ = e—za—EO'J'l-O(l) . (35)

Using Equations (34) and (35), the action (18) is rewritten as follows,
1 ’ -
S =50~ 96Ty + —psLéa + 9?0105 +9°616504+0(e) . (36)
Here we expand T in Eq.(3) with respect to the anti-ghost zero mode:
T=—-coly+Ty . (37)
After the redefinition
s ¢s, (38)
and letting € go to zero, we obtain,
S=25,+9"¢s4s . (39)

The action (39) is obviously equivalent to that in Eq.(2).

* See Equation(37) in Ref.13.
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We proposed a gauge invariant and background independent string action,
which contains both open and closed string field. We showed that this action
is classically equivalent to that proposed by Hata ef al., by choosing the gauge
condition (34). Another gauge condition might give the light-cone string field
theory but we need further investiga.tion.[ls]

The subject similar to that given here was discussed by Strominger and
others"*~?¥ on the basis of Witten’s action!” Strominger constructed closed

(18]

string states in terms of open string oscillators' ™ and proposed an action de-

scribing closed string field theory.[w] His dicussion is based on the cubic action™®
and associativity anomalies!*®"®! Although the discussion given in this talk is

sometimes analogous to theirs, the relation is not clear at present.

The authors would like to thank our colleagues at Kyoto University for valu-

able discussions.

This work is partially supported by the Grant-in-Aid for scientific Research
from the Ministry of education, Science and Culture(#62790115). One of the
authors(S.N.) is indebted to the Japan Society for the Promotion of Science for
financial support.
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Off-shell Amplitude in
Witten’s Bosonic String Field Theory

Kenji SAKAT
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The off-shell amplitude are calculated in the Witten’s bosonic string field theory. We use

ordinary methods in the first quantization by extending the Giddings’ approach o this theory.

1. Introduction

In the first quantization of the string we treat string coordinates X*#(z) as 2-
dimensional scalar fields in a curved surface, which is equivalent to the Riemann
surface in the conformal gauge. There are two formalisms in the first quantization;
one of these is the operator formalism, which is equivalent to the conformal field
theorym , and the other is the path-integral formalism" . N-point amplitudes are
expressed as correlations of N vertex operators on a Riemann surface. The vertex
operator means the emission of a particle state characterized by the momentum
and the polarization tensor. The on-shell condition of this operator is necessary
and sufficient for the conformal invariance of amplitudes. The conformal trans-
formation relates several Riemann surfaces so that conformally equivalent surfaces
give the same on-shell amplitude. If we can make a systematic choice of a specific
surface from conformally equivalent surfaces, we’ll obtain the consistent off-shell

amplitudes. However in the first quantization it is difficult to make such a choice.

On the other hand, if we have a second quantization of the string, i.e., the
quantization of string fields, we can calculate off-shell amplitudes in the sense of
usual field theory. We have Feynman rules for this theory. Following these rules
we can construct Feynman diagrams and regard them as specific Riemann surfaces.
We expect that the amplitudes of string fields are reduced to those in the first
quantization on their Feynman diagrams. In fact Giddings' evaluated the four-

tachyon on-shell amplitude of the Witten’s bosonic open string field theory' in
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the path-integral formalism by considering its Feynman diagram. We here extend

his method to off-shell amplitudes.

In such extension it is difficult to find the expression of the string field in
the path-integral formalism. On the other hand in the operator formalism that
expression is given fairly easily by using vertex operators. Therefore we reduce a
three-string amplitude in the second quantization to an expectation value of three
vertex operators corresponding to string fields in the operator formalism. Next let’s
reformulate this amplitude in the path-integral by starting from the construction
of its Feynman diagram. Comparing two amplitudes we will find the relation of
string fields in two formalisms. Finally we also give a four-string off-shell amplitude

in the path-integral formalism. For the detailed discussions, see Ref.[5].

2. Off-shell three-string amplitude

The Witten’s string ficld theory has a gauge symmetry. In its quantization this
symmetry is fixed usually by the Siegel-Feynman ga.ugem ,
bol¥) = 0. (1)

If the field is off-shell then it has no other condition; an on-shell condition is Q|¥) =
0. Since in this theory the field has a ghost number -1/2, |¥) is constructed from
the vacuum |0) = c,|0) by acting the polynomials of mode operator a,,’s and

monomials containing only an equal number of ¢,’s and b,,’s (n,m < 0),
[9) = [($(k) + (k) - o} + -+ )ei®= @
+ By () + gy (B) - ol -+ 9 =e_ b, +---]10).

These states can be expressed by using ordinary vertex operators in the first quan-

tization so that we assume the string field to be written in the form
) = lim ¥(=)[0), )

where ¥(z) will consist of the ordinary vertex operators with normal-ordered poly-
nomials of ¢(z) and b(2). If [ @) is off-shell ¥(z) is not a primary conformal field in

general.

—275—



The three-string amplitude in Witten’s string field theory is expressed as

3
_ w
A= (v IT1e,,). (4)
r=1
We rewrite this expression into the expectation value in the single Hilbert space,

i.e., the correlation function of standard conformnal field theory.

Using the relation' between the Witten vertex (V¥ | and the CSV vertex

(VE5Y] and also using the overlap condition™ of the OSV vertex we can reduce
(4) as follows™ |

4;= (‘D1G1(0)W2G2(°)\D3G3(°))’ ©

where ¥ G(e) is the conformal transformed ¥(z) by G(z). Each G,(2) (r = 1,2,3)
is defined by .

G (2) = 9(z), G,(z) = g(—1/z), G,(2)=g(2), (6)
and
- — w)(1 -2 w) — —w — w?)3/2
() = @)L 20 ) -2 "

g(2) has branch cuts so that the variables z of G,(2) and G,(z) stay on different
branches near z ~ 0, i.e., G,(0) = oo and G,(0) = 0.

The simplest non-trivial example is the case where the off-shell massless vector
operator Vc(z) =: (-dX elFX)(.:) : is contained because it exhibits the inhomogene-
ity under conformal transformation. Choosing Vcr(z)c(z) as ¥, (z) we can calculate
the amplitude for three massless vectors. The behavior of Vc(z)[51 under any finite

conformal transformation g(z) is

Vc o) = (9’(3))1+k2/2 [VC(Q(Z)) - %C ke X -(?‘g-,,%(s-))-z—] (8)

Using this we can calculate the correlation function (5) for the massless vertices
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and that result is

Lppv
AS(CI’ CQ’ <3) == 54#(2 C:f{‘suv(lﬁ - kZ)P + 6l/p(k2 - k3)u + 6p;;(k3 - kl)v

2 (9)
%(kl - kZ)#(kZ - ka)v(ks - k1)p}(34m) = /2-

[9)

This result coincides with the previous one™ by different method, which were

evaluated directly from (4).

3. Reformulation of three-string amplitude

The three-string amplitude is written in the path-integral™ as follows;

3 =
4, = / T] I DX (0) D4 (o)e¥é(a/2)

r=10=0
3 =w/2
x [T T 6(x0(0) = XC(x — 0))§(()(0) = ¢V (m — o)) (10)
r=1o0=0
3
x T 2,1x0)(0), 0(o)].
r=1

Here ¢(0) is a bosonized ghost and ®[X (o), ¢(o))] is the string field which is a func-
tional of the string X (o) and the ghost (o) in general. The factor e**¢(*/2)/2 comes
from the ghost number anomaly —(¢/x) [ drdo R(r,0)¢(r,c) and a curvature 3= /2
at the mid point (7 = 0,0 = 7/2).

We would like to alter this equation to the form in §2. For this purpose we
rewrite this equation as the path-integral on the upper half complex plane U because
the operator formalism is equivalent to the path-integral on U. Our procedures are
divided into two parts; the first is rewriting the path-integral in (10) to the one
on an infinite surface corresponding to a Feynman diagram F}, and the second is

conformal transforming it from F; to U.
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To construct the Feynman diagram we redefine the string field by

B[X (0), d(c)] ___/ H DX(u)qu(u)e"Sna(uoo) (11)
u€D

X (X (ug) — X(0))5(6(uy) — 6(2)),

where D is a surface like a ribbon with a width 7 of which one boundary stretches
to infinity. We parametrize the surface D as Fig.1 by u = 7 + ic which we call
the proper coordinate of string. At the boundary of D, u, = —o0 + io, we put
the string field ®(u,.) = ®[X (u,), $(u.,)] and propagate it along D to the other

boundary u; = 10 where they interact together. '

Because of the delta-functional in (10) and (11) the three regions represented
by the D’s are connected together at u, so that we can construct a surface as
Fig.2(a). Cutting it along C in Fig.2(a) and spreading it, we obtain a flat surface
F, parametrized by w as Fig.2(b) which has double sheet structure in Re w < 0.
The coordinate w is relate to each proper coordinate u,(r = 1,2, 3) in such a way
that

in Rew=7<0
u, = w,(u;) lower sheet
v= { U, = wy(u,) upper sheet, (12)
in Rew=7>0
W =T — iU, = wy(u,).
If strings X (") (u,) and ghosts ¢(")(w, ) are conformal transformed by w,., these fields
can be identified with those on F,. In (10) and (11) only the string fields 3, are not

conformal invariant. Therefore 4, can be rewritten in the following path-integral

on Fs'

3
4= [ T PxO@psen [3,,,q,.,

weF;

x I 6X(wg) - X(wp))6(d(we) — $(wg))  (13)
wc€C,wereC’

E(Qlwl(un,o)¢2wz(u2m)¢3w3(usm)>(on Y’

The delta-functionals in the first equation of (13) mean that the two lines C and
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C' in F, are identified. S , is an action on F, of the strings and the ghost.

Next consider a conformal transformation f: F; — U. Since SL(2, R) trans-
forms U to U we fix this freedom by picking up three representative points on F;

and U and relating these points by f as follows,

w, (ulm) — 00
foo g wy(uy,,)—1 (14)
wy(u, ) — 0.

This transformation is related to the conformal transformation G(z) defined in §2
by

fow, (u)=G,0E(u) (for r=1,2,3), E(w)=e“. (15)

Transforming (13) by f and using the relation (15) we can obtain the final expres-
sion for A,

3

_ , -Sv o
A, = / H DX(z)D¢(z)e H 2, o (tre) (16)
el r=1

= <§1G10E(u1°°)QZGQOE(ugw)§3G30E(u3w))(on Uy
The path-integral formalism on U is equivalent to the operator formalism or corre-
lation functions of the strings and the ghosts in the former formalism are coincide

with those in the later one. To obtain the same amplitude from two formalisms we

find the relation

5E(u) = U(E(u)) at u=ug, ‘ 17

by comparing (16) with (5). Since this relation is independent of the number of

external string we can use it as the definition of & for multi-string amplitudes.

4. Four-string amplitude

Using procedures in the last section we calculate the off-shell 4-string ampli-

tude. A Feynman diagram F, as in Fig.3 corresponding to the S-channel 4-string
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amplitude is parametrized by w related to each proper coordinate u, (r =1 ~ 4)

as follows;
inRew< 0 w=1u, =w,.(y) forr=1,2 18
inRew>t w=t+ir—u, =w,.(u,) forr=3,4. (18)
This amplitude is
X 4
A, = / dt(H1 I [f dw bw) +heef) oo (19)
0 r= (o]

The line integral comes from b, in the propagator (b, [ dte~tLe),

We also map the surface F,, to the upper-half complex plane U by a conformal
transformation " f . For the overall transformation of each string field we define

that
fw(z2)=G,0E(z) forr = 1 ~ 4. (20)

Then 4 45 15 Teduced to

o0 4
4, = / 1N / d= (0F ) 0() +he]) gy (@)
o = #©)

Here we used the relation (17) and £ = u,.

For example the four-tachyon amplitude can be calculated by using the tech-

niques given in Ref.[3]. Here we give only the result;

1

L k1-katka-ks)/2 k+kz)?/2—2 [6TPWy T(k2-2)/2
d—tachyon . 4 / dz gkrkatkaks)/ (1 —:c)( 1+k2) [ . ]
1/2

+(ky ok, o kg k, = k)
(22)
This result also coincides with the previous one"” by different method.
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5. Conclusion

Conformal transformations play important roles for calculations of off-shell am-
plitudes in the first quantization. The off-shell amplitudes have the informations
of Riemann surfaces through the conformal transformations. String field theories
can specify the conformal transformations. In other words their Feynman diagrams
determine such transformation which map those diagrams to a reference Riemann
surface. From this analyses we can enumerate some rules for the calculation of

off-shell amplitudes for the string field theory;

1) Relate the coordinate w of the Feynman diagram F to each proper coordinate

u, by conformal transformations w,.
2) Use 6E(u) = (), £ = e*, as each string field at u = u,

Since these rules are concerned with external strings, we can apply them to the
multi-string and the multi-loop amplitudes. In other string field theories w, and
¥(z) are different from those of Witten’s theory but the above rules will be appli-

cable.
Furthermore for the tree amplitudes, we can give a more concrete rule

3) Map from F' to the upper-half plane U, as a reference Riemann surface, by
a conformal transformation f because the correlation functions of fundamen-
tal fields become simple. Then the N-string tree off-shell amplitude can be

expressed formally as follows;

N-3 N-3 g1
/ Hdt (H‘I'rcr(«s,) H / ( ) e onwy (29

=1 s(a)

where G, are defined by f o w.(u) = G, o E(u). f(z) must satisfies the

following differential equation™”

N poy
i L\ z=2)(= - Z)
Z)= N y
dzl ].—:[r=1(z - Xr)
where Z, are the images of the interaction points on U and X, are the images

of the external states on U (X, = G,(¢,)).

(24)
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For multi-loop a.mi)litudes it is difficult to give the conformal transformation™”

that map their Feynman diagrams to the reference Riemann surfaces.

In actual calculations we must use the off-shell vertex operators but their behav-
iors under the finite conformal transformation is different for each vertex operator.
However, as explained in Ref.[5], those behavior are determined by the normal
ordering and the behaviors of lower mass-level vertices so that the systematic eval-

uations may be so difficult.
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1. Introduction

A main subject in the construction of the light-cone string field theories
(SFT) [1-3] is the Lorentz covariance. In the light-cone approach the unitarity
is manifest but the Lorentz covariance is non-trivial and needs a proof. The
covariance of the on-shell S-matrix was proved in [1] many years ago. Recently
the transformation law of the string fields was given and fhe invariance of the
action and the closure of the algebra were proved for the bosonic pure closed SFT
[4,5] and the bosonic pure open SFT [4]. (The covariance in the first order of a
coupling constant was proved also in ref.[6]. For superstrings see ref.[7].) The
open SFT is indeed Lorentz invariant without closed string fields at the classical

level. At the quantum level, however, the closed string fields may be needed.
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In this report,we will examine the Lorentz covariance of the light-cone SFT
for the open-closed mixed system. We will consider the 26-di1'11ensional orientable
bosonic string theory. We propose a transformation law of the string fields with
undetermined -coefficients using the vertices appearing in the action [2]. These
coefficients are fixed up to one unfixed constant requiring the invariance of the
action and the closure of the algebra as much as possible. However, with any
choice of this last constant, the invariance of the action and the closure of the
algebra are not completely achieved at the classical level due to three diagrams
which contain closed string intermediate states. We expect that the quantum
effects will determine this last constant and cancel these diagrams and the exact

Lorentz symmetry is realized only at the quantum level. .

The result of this report was published in ref.[8]. For further details ¢f the

discussions, see ref.[8].

2. Action and Lorentz Transformation Law

In the light-cone SFT for the open-closed mixed system we need two indepen-
dent string fields ¢ and 1 which represent open and closed strings respectively[2].
These fields are functions of the light-cone time =+ = 1, the light-cone momen-
tum pt = Lo (open) or p* = o (closed) and the transverse string coordinates
X*(0)(i = 1+--24). The open string field ¢ is matrix-valued. For the orientable
string, which we will consider here, a possible gauge group is U(N) and ¢ is anN
X N matrix in the fundamental representation of its Lie algebra[9]. We use the
Fock spase representation of the string fields in the rest of this report : |¢(1, 7)),
|¥(1,7)). For the notations, see ref.[8].

The action of this light-cone SFT is given by [2-5]
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1= [ ar{[ a1t (4(0)l GGiond: — 1) (1)

+ 29 [ a1asas enfs(0)| (4 BN VO 2,9)
+ 30 [ d1d2asas (oD (B GO (GO0, 2,5,9)
+ [dle (1) Gand, = I W1 (21)
+3ag” [ dledzedse (1] (W2 (D)
+arg [ dled2 (1)t (B |UP(142)

+ergt [ didzds (p(10]trig@) (G |TO(L2,9)) )

V&102,3.))

where Lg is a Virasoro generator with the only transverse modes and |V} and
|U) are the vertices of open and closed strings. The products of string fields in
the integrands in eq.(2.7) are at equal 7. In the following, we omit 7 in the fields
for simplicity. The coefficients ¢; will be fixed in sects.3 and 4 by requiring the
Lorentz covariance. We have used a relation between the open string coupling

constant gop = g and the closed string one g, :

e = c3g§p' (2'2)

The Lorentz transformations, except for a rotation in the [j-}-plane, act on the
string fields lineary. The invariance of the action and the closure of the algebra
for such transformations can be easil&r shown. Therefore we only need to study

the non-trivial one. We propose a following Lorentz transformation law of the

string fields:
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6(9(1)] = dej-[~{g(1)] M7 _ .
+g / d2d3d4 ()1 (#(3)| {R(4, 1) {lix;' V@4, 2,9)
+g? f a2---d5 (9(2)|(#(3)|(#(4)| (E(5,1)| %ZEX}' v, 2,3, )
+ag [ d2.ds (w2 (R, 0| Loxi |0 (2,,9)

+eag® [ dzdsat (wel(80)| (Red )| Lox] [09(2e,3, ) ),
§ (P(1e)] = iej_[— ((1c)| M1

€3 o

+ 29 ‘/dzcdacd‘ic (w(zc)l (¢(3C)l <R(4c, lc)
+ cag / d2d3; ir ($(2)| <R(3c, 10)

N
X
1

40,20,3) )

‘:—fX}' |U(2)(3c, 2))

+ esg? / d2d3dd, ri(#(2)] (3(3)]) (Rlde, 1) ?x}' U4, 2,9) 1,

1 2.3)
where ¢;_ is a parameter of the transformation and Xi = x4 (dine) With aine
being the interaction point on the strings determined by the vertices. M7~ are
the Lorentz generator of the first quantized theory.The transformation laws were
already given for the pure open [4] and the pure closed [4,5] SFT. The terms
which consist of only open string fields or only closed string fields are present
in those cases. The normalizations of those terms in eq.(2.3) have been chosen
according to refs.[4,5] using the relation (2.2). We have introduced new terms
with the open-closed mixed vertices |U), which appear in the action (2.1).The
coefficients ¢; will be fixed in sects.3 and 4.
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3. Lorentz Transformation of the Action

Having given the action and the transformation laws, we now study the
Lorentz invariance of the action (2.1). First let us consider the variation of a
part of the action I, which has 7-derivatives. Since there is no r-derivative in
the Lorentz transformation, the variation of these terms must vanish by them-

selves. It is easy to show 81, = 0 if we choose

c1 = 2¢c4, ¢3 = 4cs. ‘ (3.1)

We turn to the variation of the remaining part I' of the action (2.7). Order

g° terms vanish due to

LEMI- = Mi-tLE, (3.2)

There are 16 kinds of terms of order g” (n > 1) in the variation. We can show
that 13 of these terms vanish by using the diagrammatic methods of refs.[10,11],

if we choose the coefficients as

1
c1= ¢ = 7—e3 = 2¢4 = 4c5 = 3% =C1=0, (3.3)

where we have used eq. (3.1). Eq.(3.3) fixes all the coefficients up to an overall
constant c.

There remain three terms in the variation of the action. These terms do not
vanish and therefore the action (2.1) is not invariant under the Lorentz trans-
formation (2.3) at the classical level. The explicit forms of these non-vanishing

terms are

61 = €j- (g% Ay + g% A3 + g% As),
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4y =gic? [t dtatrlia@rlio )  Ase 40

x L0, - Xip) [UE., D) |10 )

Ay =ic® [ di-- d5tr(Brl 8@ (#N (R4S

. ) (3.4)
x Y ity = XJ3) [U94,2,9) |09 D),
Qs

Ag=ict [ dL.-- dsarl( (D1 (S@ o) (B8 (750,60

VT, i 3 |rr3) 3)
X - (X125 - X346) |U (56) 1’ 2)>S |U (GC) 3, 4)>S .

A common feature of these terms is that there is an intermediate closed string
state with an infinitesimal propagation time. The above non-vanishing terms
are proportional to the difference between X7’s at the interaction points before
and after the intermediate state. These two interaction points do not coincide in
general due to a twist of the closed string, over which there is an integration. A

possible cancellation of these terms by loop effects in the quantum theory will be

discussed later.

4. Lorentz Algebra

The commutator of two Lorentz transformations of the form (2.3) can be
computed in a similar way as in the previous section. According to the correct

Lorentz algebra this commutator should vanish.

It is easy to verify that the order g° term in the commutator is vanish. Most
of the remaining terms in the commutator vanish quite similarly to the case of
the previous section if we choose the coefficients as in eq.(3.3). However there
remain three non-vanishing terms and the Lorentz algebra does not close at the

classical level.

—289—



The final result for the commutator is

[6(ei=), 6(ej-)] (#(1)] = —€i—€;—(g*G2 + ¢°G3 + ¢*Gy),

(@.1)
[6(ei-), 8(¢i-)]{¥(1e)] =0,
where
Gr=5¢ [ d2--- dsarl$(a (R, V| (R(4er50)
x Ly Yl [0 2)) |02, 3)) - 6 ),
Gs =lc2 f 2.~ dsctr{( ()] ($(3)| (R(4,1)| { R(5.,62
£X52 \/—Xé:u IU(Z)(5c: > IU(S)(Sc: 3, 4)>
(4.2)

+ Eﬁxm \/-XJ IU(z)(5°’4)> |U(3)(6c, 2’3)>s] ~ (=),

Gy=3¢" [ d2-- duarld(@I GO @5, 1| (A6 70

‘/—X623 ‘/—X§45 |U6.,2.3)) |[0)(7.,4,5)) = (i o ).

These non-vanishing terms have a similar structure to Az, A3, A4 in eq.(3.4).It
is likely that if A’s in eq.(3.4) are cancelled by quantum effects, G’s in eq.(4.2)

are also cancelled.
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5. Discussions

In this report we have studied the Lorentz symmetry in the light-cone SFT
of the open-closed mixed system. Although the classical light-cone SFT for the
pure open and the pure closed systems have the exact Lorentz symmetry, SFT
for the open-closed mixed system is not Lorentz covariant at the classical level
: the action is not invariant and the algebra does not close. This is due to the
open-closed mixed terms in the action and the transformation law. Furthermore

there remains a unfixed parameter ¢ in the action and the transformation law.

Since the on-shell amplitudes are known to be Lorentz covariant [1], it is ex-
pected that the complete Lorentz symmetry is recovered at the full quantum level.
The non-vanishing terms in eqs.(3.4) and (4.2) may be cancelled by ”anomalies”
in the quantum theory. In this respect the open-closed mixed terms in the ac-

" tion are very similar to the "local counter terms” of the Green-Schwarz anomaly

cancellation mechanism [12].

The Lorentz anomaly of the 1-loop two-open string amplitude was computed
by Hata[13].This anomaly has the same structure as A; in eq.(3.4) and may
cancell it. Since A has a factor ¢? while the above anomaly is independent of c,
the requrirement of the cancellation between these two terms will fix the value
of c. The other non-vanishing terms in the classical theory may be cancelled by

loop effects in a similar way.
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One-Loop Dynamics of Four-Dimensional String Theory

Ikuo Senda
Dept. of Phys., Tokyo Institute of Technology

1. Introduction.

Since 1984, string theories have been considered as candidates of the theory
in the real world We know that the considerable progress has been made in the
past four years. However, we do not have satisfactory results at present. One of
the severest difficulties in string theory, which is also the most interesting point,
is the fact that the string theory is formulated in the critical dimensions, namely
10 and 26 for superstring and bosonic string respectively. In order to formulate
string theory in our world, which is assumed to be four-dimensional, several
approaches have tried. The most traditional one is to employ the Kaluza-Klein
approach. In this approach, we assume that some of the transverse dimensions
are compactified on the small scale compact space and investigate physics in the
remaining dimensions. The key point in applying this method to the string theory
is how to determine the compactified space and its dimensions. Unfortunately.
we can not find the appropriate way to answer to this question. Therefore we
can not investigate the compactification in the systematical way. However, we
have several criteria in choosing the compact space, which are the conformal
invariance of the theory and the modular invariance of the loop amplitudes.
Among the candidates of the compact spaces which we have at present, orbifold
models have been attracting the interests of many people.m Under the restriction
of the modular invariznce, model searches have been performed for more than
two years and we have several phenomenologically interesting models =% As we

have mentioned above, we have no method to determine which model is the most
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appropriate to investigate the phenomenology of the string theory. One of the
questions concerning these model buildings is that how the model looks like in
our energy scale (~ 102GeV), whereas the model building is performed in Planck
scale (~ 10°GeV). Since we can not deny the presence of different phases along
the development of the energy scale, there is no insurance for 2 model at the

Planck scale goes down to the weak scale without modification.

Because of the reasons mentioned in the previous paragraph, we think the
investigation in the dynamics of four-dimensional string theory is very important
and we can expect that these studies will supply us with several criteria in the
model building. In this report, we will discuss the dynamical features of four-

dimensional string theory comparing with the field theory of particle.
2. Features of one-loop amplitude in four-dimensional string theory.

Superstring theories have many features which field theories of particles do
not have. Their dynamical aspects are worthy of special notice, for example,
anomaly cancellations and ultraviolet finiteness of the amplitudes. In closed su-
perstring theories, the origin of these features is the modular invariance of the
amplitudes. On the other hand, when we consider the superstring theories as a
candidates of GUT and compare them with the field theory, we will find a ques-
tion. In the field theory of particles, amplitudes are not finite in the ultraviolet
(U.V.) region in general. Therefore, we have to perform renormalizations and we
obtain the renormalization group equations (R.G.E.) of physical quantities. We
know that R.G.E.s play important roles in unifying the strong, weak and electro-
magnetic interactions. Since there is no U.V. divergences in superstring theories,
we need not perform renormalizations. How about R.G.E. in that case ? If there
were no R.G.L., what will become of the unification of interactions in superstring
theories ? Recently, J. Minahan showed that we can obtain R.G.E. even if super-
strings are finite in the U.V. region.m As we have mentioned previously, 1-loop
amplitudes of closed strings are modular invariant. Hence, the integration region

on the moduli parameter is restricted to the fundamental region. In one-loop

—294—



case, & moduli parameter is represented by a complex parameter 7. It is easy
to see that the imaginary part of 7 corresponds to the préper time in the field
theory and I'mr &€ 1 region and I'm > 1 region correspond to ultraviolet (U.V.)
and infrared (I.R.) regions, respectively. Since the integration region over 7 is
restricted to the fundamental region, —1/2 < Rer < 1/2, Imr > 0, |7| > 1,
the U. V. region is removed from the integration. Therefore, we can understand
the closed string theories as those which incorporate U. V. cut off naturally.
Let us introduce I. R. cut off 1/a’u? for a while, where o is Regge-slope pa-
rameter and g is a small mass which will be taken a limit zero at the end of
the culculation. Then the integration region of Im7 is given approximately by
o' < o'I'mr < 1/p®. From these considerations, we find that o' plays a role of
an inverse square of U. V. cut off, o' ~ 1/A?, where A is a U. V. cut off. It
might seem strange to relate Regge slope parameter to the U. V. cut off, since
Regge slope parameter has a rigid physical meaning in string theories. But we
can interpret the R.G.E.s obtained by identifying o’ ~ 1/A? as those representing
the responses of effective physical quantities against the change of energy scale
relative to 1/va/(Planck energy scale ~ 10'°GeV). More convincing formulation
of these R.G.E.s are possible, namely renormalization group can be formulated
as scale transformations of four-dimensional external momenta ( situation is very

similar to that of critical phenomena.).

Another interesting point concerning the dynamics of four-dimensional string
theory is the possibilities of dynamical symmetry breakings. By investigating the
amplitudes including massless scalars as external lines, we can study possibilities

of supersymmetry breakings[8’9]

and gauge symmetry breakings. Because such
scalar states have indices of compactified dimensions, their one-loop propagators
carry the informations on the st-ructure of the compactified space and the ampli-
tudes including them depend on the structure of internal space. Consequently,
whether supersymmetry and gauge symmetry breakings occur or not depends
on the structure of the compactified space. Thus it is important to examine the

dependence of one-loop amplitudes on the structure of the internal space.

—295—



-

There is an important thing which we should notice here. In the course of
analyzing amplitudes in a four-dimensional string theory, we often come across
the logarithmic divergences coming from LR. region, ~ Inu, where z is a LR. cut
off. In this region (I'm7 > 1), only the massless states of the theory contribute
to the amplitudes and the behaviors of such logarithmic divergences are the same
as those of the field theory consisting of massless states in the string theory.[lol In
field theory, there are theorems of Bloch-Nordick and Kinoshita-Lee-Naurenberg,
which state that such LR. divergences are canceled out at the stage of calculat-
ing transition probabilities. Therefore, the appearance of these divergences in
amplitudes does not contradict the finiteness of superstring theories. However,
it is important to notice that we can obtain Ina’ dependence of the amplitude
from these logarithmic divergences, since the string theory has only one dimen-
sionful parameter, o' . By the use of such Ina’ dependences of the amplitudes,

the R.G.E. are derived by the previously mentioned identification.

To illustrate the relation between dynamics in four-dimensional superstring
theory and those in field theory, let us investigate the logarithmic divergences in
four-dim string theory roughly. One-loop amplitude of string in d-dimensional

Minkowski space is given as follows,

s
A(H) ~ f'[]_'dv; (Tt ) / Zity < Vi Va = Ve ,

T
SdAPeIT.P

where v are the positions of external lines and Z is a partition function. In

four dimensions (d = 4), the measure in the above expression becomes,

Td Vi tnt)?t ~ TdTwin

(Ivh -C)L .
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Therefore we find the logarithmic divergences appear from the configurations
shown in Fig. 1, which will be called a two-punctured tours. If we performed
detailed calculations in four-dimensional superstring theory, we obtain the fol-

lowing logarithmic divergences,
A ~ LV) C 0(, h i k } )

where k; denotes momentum of i-th external leg. If we recall the previous dis-
cussions, we know that these divergences correspond to those absorbed throngh
the wave function renormalization in the effective field theory of superstring. It
is well-known that in supersymmetric field theory there is a theorem called non-
renormalization theorem which states that only wave function renormalization
have to be performed in such field theory. Hence, the phenomena we have seen

here in four-dimensional ~uperstring is consistent with field theory.
3. Questions anu results.

In this section, we will present problems in four-dimensional superstring the-
ory and the answers we obtained. For the detailed discussions, please see the
paper Ref. [ 11].

1). Can renormalization group equations derived in the string theory ?

We can obtain R.G.E.s. For the R.G.E.s of supersymmetric (N = 1) theory, Beta
functions are shown to be the same as those of corresponding field theory.

2). How the structures of the compactified dimensions appear in amplitudes and
effective actions ?

As for the model which we have investigated ( N=1 supersymmetric orbifold
compactification of heterotic string ), the structures of internal spaces appear in
two ways. The structure of six-dimensional orbifold are reflected in amplitudes
through the zero modes of one-loop propagators of the twisted fields and that of
sixteen-dimensional internal space through the indices of the representations to

which massless states of the theory belong,.
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3). Is it possible to .investiga.te symmetry breakings ?

Yes, we can encounter Fayet-Illiopoulis model like situations in supersymmetric
models. We can obtain one-loop eflective potential of massless scalar bosons and
discuss the possibilities of symmetry breakings ( both gauge symmetry and su-
persymmetry).

4). Is it possible to obtain Coleman-Weinberg like effective potential and derive
different energy scale which is far below the Planck scale ?

In the simplest part of the amplitudes, we can perform the summation to all
orders in external lines, in which we can see several interesting features clar-
acteristic to string theory. However, the full evaluation of the amplitude to all

orders is very hard to perform (see Appendix).
4. Remarks.

In this report, we have discussed the dynamical aspects of four-dimensional
string theory. These investigations are important to connect the string theory
with phenomena in our energy scale. We also expect that they will srpply us
with new criteria to search for ph~nomenologically satisfying models. However,
" we think that the perturbative method used in this report is not enough to obtain
full understandings and we have to study non-perturbative effects in string theory

in order to make string theory more realistic.

APPENDIX

In this appendix we will illustrate the derivation of the Coleman-Weinberg
type effective potential briefly. We have to explain the reason to have interests in
this investigation. Since superstring model buildings are performed in the energy
scale around the Planck mass, we must invent the way to explain why small scale
like that of electro-weak appear naturally in the theory. In general, this work is
hard. Conventional ways to do this is to consider the non-perturbative effects,

instantons, or investigate Coleman-Weinberg type effective potential.[lzl As we
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do not have methods to probe the non-perturbative effects in string theory, the

most favorable one at present is to choose the latter.

Let us consider the amplitude with 2M complex scalar bosons as external
lines. The effective potential of these scalar bosons are obtained from the one-
particle-irreducible non-derivative parts of the amplitude. Non-derivative terms
mean that they are (-th order in external momenta and one-particle-irreducible
terms are obtained by extracting pole terms from the amplitude. It is non-trivial
but we can see that non-derivative terms appear from the configurations shown
in Fig.2, where all external lines make pairs with its conjugate. In each pair,
one-particle-reducible poles appear which we have to subtract to obtain correct

answer.

When two-scalar boson emission vertices become close, we obtain the follow-

ing asymptotic forms,
X = J
Sm«. "M Vi'evy Vzev) l(\e.tﬂca.p 3

—v\a‘:ﬂ SE.-‘-E;.O glj

~ L (o)'L
—;—{:TT SR, 3 4 Cch.u)ca.P) tc )

‘ ~ T . > L"I

"?“ Se+h,.2 3 J (—2wi b-Ry) c (h_«u)w‘P)(t)
\ T (o) T

+Tn gE.. 'lo g)’ Do(h.h,)('\') -+ e e s te -

(a -1y

where (k,k), (a,B) denote twist sector and spin structures and GO, DOV
are zero-modes of fermionic and bosonic one-loop propagators, respectively. The
full evaluation of the contributions from these terms are hard to carry out at

the present technique. Therefore we will evaluate the contributions of first a few
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terms. Let us investigate the contribution of the first term in the above equation
as an example. After summing to all orders in external lines,
—-M'b = 277 Asusy
! 2 -
- '1?737:‘* t(¢d)

g 2
-+ (Frvvent ) ml g Tred®))

\ gl — 2 L z
_[\ - ?.( '77‘2—;;’4 Hid D) ) ]»Qv\(\—‘-,“. -_6.21;;;;'\'\»(.4 $) )B)
AWSY = # boson — Hfermion in massless seelow ,

where A,y is a parameter which indicates the order of supersymmetry breaking,
1 is a scale parameter relative to the Planck mass, 1/v/a’, and V is a volume of
the compactified space. 7 is Eular constant. Due to A,ysy this result vanishes
if the model has a tree-level supersymmetry. In such case we have to evaluate
the contribution of the second term in eq.(a-1). The evaluation is performed
similarly to eq.(a-2), which we do not show here. Several notices concerning to
the above results are in order. The appearance of In(t) corresponds to coupling
constant renormalization. The third term in eq.(a-2) has the same structure as
that obtained in field theory and inverse of the internal volume V plays a role of
the renormalization mass in usual field theory approach. Physical consequences

of the above result is under investigation.
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REDUCING THE RANK OF GAUGE GROUPS IN ORBIFOLD COMPACTIFICATION
Hikaru SATO

Department of Physics, Hyogo University of Education

Yashiro-cho, Hyogo 673-14, Japan

Heterotic string theories are promising candidate for unified theo-—
ries of all known interactions.1 However if they are to make contact
with the real world it 1is necessary to understand how the enormous symm—
etry of these theories 1s broken down to the symmetry which we observe
at low energies. A powerful method to implement symmetry breaking in
string theories is to consider string propagation on orbifold.2 In the
standard Z orbifold model the gauge group in the E8><EB heterotic string
theory breaks down to EGX SU(3)><EB and there are 36 chiral generations.
An effective method to break further the gauge symmetry and to reduce
the number of generations is an application of the Wilson-line mechanism3
in the framework of orbifold compactification.” >

In ref.(5) we have made a systematic approach to this problem and
given a éomplete classification of possible gauge symmetry breaking by
Wilson lines on the standard Z orbifold. There we have embedded the
action of the Z3 discrete group in the internal degrees of freedom in an
Abelian way so that the rank of the gauge group could not be reduced.
String propagation on orbifold is expressed by imposing twisted boundary
conditions on string variables. In this talk we introduce most general
twisted boundary conditions on fermionic string variables and show that
a non—-Abelian embedding is possible when background gauge field is int-
roduced on orbifold. This leads to reduction of the rank of the gauge

group.
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In what follows we focus on the heterotic string in the fermionic
formulation. We will work in the light—cone gauge and use the NSR for-
mulation to describe the superstring part of the heterotic string. We
describe the bosonic variables in the six compactified dimensions in the
complex notation as 2> (a¢=1,2,3). Then the string propagation on the 2

orbifold is described by imposing the following boundary conditions on

the bosonic variables:
23(c +7 ,0.) = exp(2nik/3) 2%(g,,0,)
PO A P 109/ (1)

2%(0,,0,+7 ) = exp(2rih/3) 2%(0,,0,) , (2)

where h,k=0, £1. The center of mass coordinate of za must be at one of
the fixed points for the Z3 transformation. The group action on the
right-moving NSR fermions A2 (a=l,**+,4) 1is determined by the require-~
ment of preserving world sheet supersymmetry and the boundary conditions

amount to
*a("x*""’z) = -(-1)" exp(2mike®) A%(0,,0,) (3)
A%(0,,0,+1) = =(-1)" exp(2ning®) A%(0,,0,) - (4)
3 Ea = integer

where n,m=0,1 specifies the spin structure.

The internal degrees of freedom of the heterotic string is describ-
ed by two sets of 16 fermionic coordinates wi and mi (1=1,+++,16) which
transform as the vectors of SO(16) x S0(16). If we introduce background
gauge fields Atj and th which transform as the adjoint representation
of 50(16) xS0(16), the left-moving gauge fermions wi, $1 have a coupling

~13

with Aij, Au o Under the group action a fixed point of Z3 must be acco-

mpanied by a shift on the lattice FG defining the six torus TG, since

.
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different fixed points correspond to the same element of the point
group. Under this shift fermions wi, ﬁi pick up the following phase

factor due to gauge invariance:

Qf,k = exp[Zni(pak+ qbkﬁ-rck)] , (5)
where the background—-field contribution is written by

2may = A, o+ KT el (6)

ij
and bk’ ¢, are given by replacing ei by ei and ei, respectively. Here

o o
we denote the unit basls vectors of the PG lattice as ey e and T

2 iy
iij are generators of SO(16) X SO(l6). The fixed point on the Z orbifold
T73 11/6
can be expressed by (p,q,r)d with d=v1/3 e and p,q,r=0, *1 modulo

3. Note that we can introduce at most three independent Wilson lines
s Do e

Embedding of the Z3 group action into the internal degrees of free-
dom is determined by giving the rotation matrix { for the fermionic co-

ordinates ¢i and $i. By choosing appropreate basis of S0(16) x S0(16),

we can always diagonalize the @ so that
L L
Q = exp[271 % Hy] , 3% = integer (7)

vhich obeys Q=1 and Hy (%£=1,"*",16) is the Cartan subalgebra of

H =T , etc. Thus the boundary

§0(16) *S0(16) defined by H,= T,,, H,= T,

conditions for the gauge fermions are given by
Yo 41,0 ) = ~(-1)" ok o Y(o ) 8
(@, 2 £,k 1092) )
WO 04y = ~¢-1)™ Q¥ 0, | ¥(0,0,) 9
1’72 £,h 1?72/ ? ( )

and matrix notation is understood here.

o o
Under the 21/3 rotation the basis vectors e, and e, trausform as
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o Q s ]
e? re, —e; and “i > -e . Correspondingly the Wilson lines must trans-

form as
(10)
(11)

where Gf 2—1 stands for the Wilson-line matrix obtained by replacing a,
]

by a,~a , etc., in Of K’ If the Wilson lines obey (10) and (11) it is
]

shown that

[ Qk ef,k’ Qh ef,h] =0, (12)
which means that the za group is Abelian. Notice, However, that the
Wilson lines associated with different fixed points,'in general, are not
‘commutable and we can use this non-Abelian nature of Wilson lines to
reduce the rank of the gauge group. In the previous method adopted by
several authorsl‘—6 the Wilson lines are restricted to the Cartan sub-
algebra. When the background gauge field is present on orbifold,
however, this commutability is not always satisfied due to the non-
Abelian nature of the gauge flelds.

When background gauge fields have only components corresponding to

the Cartan subalgebra, the Wilson-line matrix Of and the rotation

ok

matrix Q which is chosen to be diagonal are commutable. Then the condi-

tions on Wilson lines (10) and (1i) turn out to be
82=28,b=2b,c=2c (13)
3 (ak, bk’ ck) = integers mod 3 (14)

When some of the Wilson lines are in the Cartan subalgebra and others

are not, the above relation holds for those Wilson lines in the Cartan
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subalgebra.

The Wilson-line matrices Gf,k and the rotation matrix ! are not
commutable in general. Commutability of these matrices depends on the
choice of the background gauge fields Atﬁ, Rtﬁ introduced on the Z
orbifold. First we consider the case where all components of the back-—
ground fields are in the Cartan subalgebra.

(1) Abelian embedding: This case is equivarent to the embedding of the
space group by shifts in the E, X E, 1att1ce.4 All the Wilson-iine

matrices and the rotation matrix are commutable and are diagonalized

simultaneously in the form;

k L
Q ef’k = exp{2mikv H,] , k = 0,%+1 (15)
and
L L L
Ve = T + (pa1+ qb1+ rcl) . (16)

The boundary conditions (8) and (9) for the gauge fermlions are characte;
rized by the vector v% up to an EBXE8 lattice vector.

The condition of modular invariance in the presence of the back-
ground gauge fields is given by the level matching condition.7 Taking

into account (8), k9) with (15), (16) this reads

3L E® =0 mod 2 (17)
a
[}
3% Vf =0 mod 2 (18)
L
3 {i(vff— I(E*’} =0 mod 2 (19)

Furthermore the string states on the orbifold must be invariant under
the Z3 group. The group invariant condition has been obtained in
ref.(5) by constructing the projection operator onto the invariant

subspace of the string Hilbert space. The condition for the k-twisted
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sector is given by
A 2 A a a a
(Vv + kvf/Z)vf + (K= kE/2)E™ + m =0 mod1l (20)

where Vl 1s the vector in the Esx E8 root lattice and K® is the vector
in the S0(8) vector or spinor lattice.” The m is the eigenvalue of the
operator ﬁk, in terms of which the twist operator §k for z* is written
by §k = exp(2niﬁk). The twist operator §k acts on the string variable {1

in the k-twisted sector as

A O A= 2mi/3 o
B Z B T °© L (21)
The gauge symmetry and massless spectra are obtained by taking into

account the conditions of modular invariance (17)—(19) and the group
invariant condition (20). Detailed discussions and explicit examples
are found in ref.(5) so that we just give here a general prescription to
examine the possible symmetry breaking. The massless gauge bosons are ‘
obtained in the untwisted sector by the combination with the right-
moving ground states with helicity %1 in 8v of S0(8), for which Kaga =
0. Then the group invariant condition (20) implies

Vg vi. =0 mod1l, (22)
and the symmetry corresponding to the root vector Vz obeying (22) for
all v: remains unbroken. Massless fermions in the untwisted sector are
combined with the right-moving ground states with helicity 1/2 in 8S of

S0(8), for which K®t® = 2/3 mod 1. The group invariant condition (20)

reads
L 9 ) -
Viove = 1/3 mod 1, (23)

L
and the states obeying this condition for all Ve survive as massless
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fermions. Massless fermlions in the k=1 twisted sector must obey the

following massless conditions:

1.8 % 2
FOWH+vO N -F =0, (24)
1 1
FE-EH™N N - =0, (25)

where NL and NR are the occupation numbers for the left— and right-
moving oscillators of za.

(11) Non—Abelian embedding: Now we are ready to consider the case where
the background gauge fields have the components other than the Cartan
subalgebra. In this case some or all of the Wilson lines are not
commutable with each other or with the rotation matrix 2. Those Wilson
lines are not diagonalized simultaneously. On the other hand in order
to quantize string states on orbifold we need to diagonalize the boun-

dary conditions (8) and (9). Diagonalization of the boundary conditions

is performed at each fixed polnt f£=(p,q,r) as follows;

'k

- s
Q0. = U exp[2mkvH,] U, , (26)

£,k £

where transformation matrix Uf belongs to S0(16) X S0(16) and eigenvalues
v? must obey 3 v? = 0 mod 1 due to Z, invariance.

Modular invariance of the theory is guaranteed by imposing the
level matching condition for the eilgenvalues vz

£
(17)-(19) of the Abelian case. In the case of the non—-Abelian

with the same form as

embedding, however, the string states associated with each fixed point

are expressed in the different basis which diagonalizes the correspond-
ing boundary conditions. The transformation matrix Uf may be different
for different fixed point £. The string Hilbert space must be invariant

under the Z, group action. Embedding of the group action in the inter-

nal degrees of freedom 1s done by giving the matrices (26), which are
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commutable at the same fixed point f as shown by (12) but may not be

commutable between different fixed points. The groub invariant condi-

v

tion is given now by (20) for the eigen vectors v_ with the additional

£
condition that the string Hilbert space should be invariant under Uf;
-1
Ug By Ug = By (27)
-1
Uf Hy Uf Hy (28)

where.Ev is the generator corresponding to the root V of E x Eg and Hg
1s the one in the Cartan subalgebra.

Gauge symmetry is determined by the condition (22) supplemented
with the Uf invariance, (27) and (28). The U(l) factor associaged with
the Cartan subalgebra HL which does not obey (28) disappears now and the
rank of the unbroken subgroup is reduced. The background gauge filelds
transform as (120,1)+(1,120) of SO(16) ¥ SO(16). Since electroweak
symmetry must be unbroken the possible Wilson 1ines'are restricted
considerably. We will focus on the first S0(16) where electroweak
symmetry is supposed to be contained. Since 120 = (45,1)+(10,6)+(1,15)
of SO(10) x SU(4) and SO(10) D SU(B)Cx SU(Z)L><SU(2)R, the electroweak-
symmetric Wilson lines must be chosen from (1,1,3,1)+(1,1,1,15) of
SU(3)cx SU(Z)Lx SU(Z)Rx SU(4). 1In particular, the viﬂl in (26) must lie
in the Cartan subalgebra of SU(Z)Rx SU(4) and the transformation Uf is
also in SU(Z)R.xSU(A).

Massless spectra of chiral fermions In the untwisted sector are

determined by the group invariant condition (23) and the U_ invariant

£
conditions (27) and (28). The number of massless fermions will be

reduced as compared ‘with the case of the Abelian embedding by the newly
imposed Uf invariance. 1In the twisted sector massless spectra are

determined by the massless condition (24). The number of states is the
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same as the case of the Abelian embedding but their group representation
is determined by the symmetry of the non-Abelian embeddiﬁé.

Now we summarize the procedure to cbtain the lower-rank gauge
groups by the use of non-AbelianlWilson lines. The unbroken gauge group
is essentlally determined by the eilgen vector vz

£
level-matching conditions (18) and (19) in order to respect modular

which should obey the

invariance of the theory. The eigen vector vi must be chosen also in
such a way that the V%Hl is in the Cartan subalgebra of the subgroup of
SU(Z)Rf<SU(4) to preserve electroweak symmetry. Then the gauge symmetry
1s determined by the conditions (22), (27) and (28). In particular, the
condition (28) plays the role to reduce the rank of the group. In a
practical application we do not need to introduce explicit form of the
non-Abelian Wilson lines (5). We start from the introduction of desiréﬁ
elgen vectors v% which are supposed to be obtained by diagonalization of
(26) with the aépropriate transformation matrix Uf.

In order to reduce the rank by one we can use the Wilson lines
which transform as 3 of SU(2)R or SU(2) C SU(4). To reduce the rank by
two, possible way is to use the Wilson lines from SU(Z)Rx SU(2) or SU(3)
in SU(4). 1If we use the Wilson lines which transform as SU(4) or SU(2)R
SU(3), the rank is reduced by three. Finally the rank is reduced by
~ four when the Wilson lines with full symmetry of SU(Z)R}<$U(4) are used.
In the table we give the possible lower-rank gauge groups obtained by
our method. Massless fermions corresponding to v% given in ref.(8),
vhere more detailed discussions have been given, are also listed there.

Finally a brief comment is in order. We should notice that the
of f-diagonal form of the background gauge fields oqu plays the role to
reduce the rank of the gauge group as well as the number of massless

particles in the untwisted sector. The non-Abelian part of the symmetry

D
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gauge groups Wilson lines massless fermions
E, XU(L) % S0(14) " x U(1)" Su(2) 12 27 + 81 1
" SU(6) x SU(3) SU(2), 3(15,3) + 9(15,1)
X S0(14)' X U(L)" + 36(6,1) + 45(1,3)
E % 50(14)' x U(1)" SU(3) 327 +327+541
SUC6) X U(1) X E} xU(L)’ SU(2)p* SU(2) | 9 15 + 36 6+ 18 6+ 8L 1
S0(10) x SO(14)' x U(1)" SU(4) 316+ 6 10+3 10 + 36 1
SUC6) X E! x U(L)" SU(2)px SU(3) | 3 15 +315+24 6+ 246
+ 54 L
SUC4)  x SU(2) SU(2)p x SU(4) | 3(4,2) + 12(4,1) + 6(4,1)
x E! x U(1) + 30(1,2) + 6(6,1)
+ 3(6,1) + 36{1,1)
SU(3), x SU(2)] x U(L)y SU(2)px SUC4) | 6(3,2) + 3(3,2) + 33(1,2)
xE! x U(1)" X U(1)y + 9(3,1) + 3(3,1)
+ 36 (1,1)

and massless spectra of the twisted sectors are determined essentially
by the elgen vector v%- Different Wilson lines with the same v% glve

the same symmetry and massless spectra. Since the U depends on the

£

continuous parameters corresponding to the Wilson lines, infinitely many
. n

Wilson lines are assoclated with the same eigenvalue Veo The similar

situation has been found in ref.(9) for another method of non-Abelian

embedding with the use of the Weyl rotations of the Eax EB lattice.
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CLASSIFICATIONS OF Zy ORBIFOLD MODELS™

Tatsuo KOBAYASHI

Department of Physics, Kanazawa University

Kunazawa 920, Japan

1. Introduction

! has drawn much attention as unified

The E3 x Es heterotic string thoery"
thoery of all known interraction. But that is ten dimensoinal thoery and has
unrealistic large gauge group F3 x F3 and no matter. The toroidal compactification,
which is the simplest method to reduce space-time dimensoins, however, leads to

4-dimensoinal theories with N=4 space-time supersymmetry.

One of the most intersting ideas to give 4-dim theory with N=1 space-time
supersymmetry, more realistic gauge group and matters is Zp orbifold compactifi-
cation, which is simpller extension of the toroidal compactification. We divide an
extra 6-dimensional torus 7¢ by a discrete rotation to get the Zy orbifold. S
has been known that orders N of the discrete rotations preserving N=1 space-time

supersymmetry are 3,4,6,7,8 and 12.M

Of them, the Z3 orbifold models have been been studying in detail and classified
into four types. Further, as the starting point to lead to the real world, the given
four types of models have been been investigating with several mechanism. A recent
pa.perm shows that Z7 orbifold models are given with the same construction as one
of Z3 orbifold models. The other Zx orbifold models can be given in the same way
as the Z3, Z7 orbifold models. Here, among them, Z;, Zg and Z7 orbifold models

are classified systernatically.

%« This talk is based on the collaboration with Y.Katsuki,Y.Kawamura,
N.Ohtsubo,Y.Ono and K.Tanioka (DPKU-88-02 and DPKU-88-10)
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2. Zn Orbifold

Let us start with the Eg x Eg heterotic string in the bosonized form. That is the
thoery with 10-dim supersymmetric right movers and 26-dim bosonic left movers.

The mass formula of right movers is

1 2 1 8 7 \2 1 1 £\2 1
5(mr) =§Z(P’R) +§Z(P) +Nr— 3,
j=3 =1

and the left mass formula is

8 16
M) =5 S Fh + 3 D (PR Ny -1,

j=3 I=1
where N is the number operator and p’s ( t=1,...,4 ) and P/’s ( I=1,...,16 ) are
on an SO(8) weight lattice and an E3 x Ej lattice, respectively. The Zy orbifold
is obtained with the division of a 6-dim torus by a discrete rotation, or R® by a
space group S, which consists of discrete rotations # and discrete translations €%,
where § should be automorphgism of a lattice spanned by e’s. With this division,
simultaneously, the SO(8) weight lattice and the E3 x Ej3 lattice must be moded,
i.e. the discrete rotation 4 is associated with shifts v and V' on the SO(8) weight
lattice and the Eg x Ej lattice, respectively, so that we can get a model with
N=1 spce-time supersymmetry, smaller gauge group and some matters. In this
embedding algebraic requirements and the modular invariance restrict v* and V!

as

4 -] 16
NY v=NY VI=NY Vi=0 mody
t=1 I=1 I=9

4 16
NY (@')?=N> (V1))  mod2.
t=1 I=1

Under complex basis, we can always diagonalize 6, i.e.

0 = diag[ezp(27in®)}.

Discrete rotation to preserve N=1 space-time supersymmetry have been known.

The 7’s preserving N=1 space-time supersymmetry and the e are in Tab.1. Note
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that two types of Z5, Z3 and Z13 orbifolds exist. (In the following, Zg orbifold with
8 =1/6(1,1,—2) and § = 1/6(1, 2, —3) are called Zg—I,Zs—II orbifold respectiv-
elly.) Of them, Z3 orbifold models are studied in detail and cssified into 4 types
swhich are a model with a gauge group Es x SU(3) x Es, Eg x SU(3) x Es x SU(3)
model, E7 x U(1) x SO(14) x U(1) one and SU(9) x SO(9) x U(1) one. For the
others, each Zx orbifold model by only standard embedding has been given. *I But
with some extension, constructions of Zy orbifold models are the same as one of

Z3 orbifold models. Here we classify Z4, Zg and Z7 orbifold models systematically.

On the orbifolds by the above construction, exist two types of closed string,
which has been closed even on torus before the torus is divided by the discrete
rotation, and its mass formula is the same as the previous one. The other is twisted

string, whose oscilator modes of 6-dimensional parts are fractal and zero intercepts

cy. are given by

cp =

N

4
> (1 kn® | =Int(| kn® ) (1= | kn® | +Int(] k7° ]))-
a=1

In the result, mass formulae for k-twisted strings are

8 4
1, (% 1 1 B 1
sm)? =533 o+ ko' N - S e,
j=3 " t=1
1 L 1 8 1 16 L
'g(m(L))2=—2'Z§ (PI+kVI)2+NI(-I)-—1+Ck,
i=3 " I=1

Massless states can be given from the above mass formulae of the two types string.
Futher, physical states a.n; sélected by the generalised GSO projection.m ' Here
we don’t study the projection and matters in detail. Of massless physical states,
gauge bosons are states with P/, p* satisfying 3" PIVI, Y ptot € Z.
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3. Example and Classification

Here, let us demonstrate the above construction of Zp orbifold models and take
a J¢ orbifold model with shifts v'=1/7(1,2,-3) and V7=1/7(2,2,2,0,0,0,0,0),
1/7(1,1,0,0,0,0,0,0) as an example. We use a representation where Fj3 roots are
(,...,0,%1,0,...,0,+1,0,...0) and (i-;—,...,:!:%). As said in the previous section,
gauge bosons are states with 224 satisfying 3 PIVI € Z in the Eg x E3 roots. In
this case, the PP’s(I =1+ 8) with PJ = 0(J = 9 ~ 16) are

(0,0,0,...,%1,...,%1,..)
+(1,-1,0,0,...,0),%(1,0,-1,0,...,0), £(0,1,=1,0, .., 0),
which are SO(10) x SU(3) x U(1) roots. In the same way, PT’s(I = 19 ~ 26)
(with PY = 0(J = 11 ~ 18)) satisfying the above condition are E7 x U(1) roots. In
the result, agauge group of this model is SO(10) x SU(3) x U(1) x Er x U(1). Fur-
ther, using mass formulae and the generalized GSO projection, matters are given

and that in each fixed point are

(16,3;1), (10,,3; 1), (16, 3; 1),(1,1;56),(1,1;1)  in k=0  sector

(16¢,1;1),(1,3;1),(1,1;1) in k=1  sector
(16¢,1;1),(1,3;1),(1,1;1) in k=2  sector
(10,4, 1;1),(1,3;1),(1, 3;1) in k=3  sector

under the above gauge group.

If we do the same thing for all possible shifts V'’s, we get all possible Z7 orbifold
models. Gauge groups broken from one Ez of Eg x Eg by this procedure are in
Tab.3 and a complete classification of Z7 orbifold models are in Tab.4. But matters

are omitted in Tab.4.*

In the same way, Z; and Zs orbifold models are given and classifications of

these are in Tab.2,5 and 6. In these tables matters are omitted, too.!

* see Ref [7]
t see Ref [8]
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4. conclusion

We have discussed Z;, Zs and Z7 orbifold models and classified them. Finally
we have got ten Z; models fifty four Zg — I ones,fifty six Zg — I] ones and thirty
nine Z7 ones. -But given models are still unrealistic, i.e. they have large gauge
groups and many matters. To get a more realistic model from given models, we

need some mechanism as well as Z3 orbifold models.

Further, Zg and Z;5 orbifold models can be given by the same construction as

the above. These are been investgating.
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Table 1. Zx orbifolds

i Lattice
7 Lattice Zs | 1/8(1,2,-3) | SO(5) x SO(8)
Z3|1/3(1,1,-2) SU(3)3 A S0(5) x SO(9)
Z4|1/4(1,1,-2) SU (4)* Zs | 1/8(1,3,-4) | SO84) x SO(8)
Zs|1/6(1,1,-2)| SU(3) x G} Eg
Z6|1/6(1,2,-3) | SU(6) x SU(2) Z13 | 1/12(1,4,-5) SU(3) x Fy
SU(3) x SO(8) SU(3) x SO(8)
Z2|1/7(1,2-3) | SU(T) Z12|1/12(1,5,-6) SO(4) x Fy

Table 2. Gauge Groups in Z4 orbifold models

No. Gauge Group
(Ur’s are omitted)
(Es, SU»; Es)

(Es, SUa; Ev, SU,)
(SO14; Eq)
(SO42, SU2; S014)
(5010, SUy; Er)
(8010, SU4; 5042, SUy)
(SUs, SUy; Es)

(SUs, SU,; Eq,SU,)
(SUs; Bs, SU:) |
(SUs; SUs, SU3)

W OO | NN | |U | W N =

[SY
o
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Table 3. Gauge groups in Z3, Zy, Zs and Z7 orbifold models

No| Gauge Group Zy| Z41Z¢ | Z7
0 Ey x|} x| =*
1 E7 x SU, * |
2 E;x U x| *x ] *| %
3 Eg x SU; * *

4 Ee x SU; x x| x| =
5 Es x UE * | *
6 S014 x Uy *| x| x| *
7 §013 x SU, x Uy * | %

8 SO0z x U? * | %
9 5010 x SU, *

10 §019 x SU; x U, * | *
11 S0y x SUZ x U, *
12| 801 x SU; x U? * | *
13|. SOz x SUU, *

14 503 x SU; x U? *
15 S5U, * *

16 SUg x SU, *

17 SUs x Uy * | = | =
18 SUr x SUz; x U, * | %
19 SU, x U ' S
20| SUsx SU; x SU, *

21 SUs x SU3 x U, *

22 SUs x SU2 x Uy *

23 SUs x SU; x U *
24 SUs x SU; x Uy * | =
25 | SUs x SUs x SU; x Uy *
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Table 4. Gauge groups in Z7 orbifold models

No Gauge Group No/ Gauge Group
(Ur's are omitted) (Ur's are omitted)

1 (Er: Ep) 21 (5010, SUs; $012)

2 (503, SUs; Eg) 22 (SUs; SO42)

3 (SU+,SU,; Eg) 23 (SU7; 50432)

4 (Es, SUs; E7) 24| (SUs,SU;, SU;;S013)

5 (5042; E7) 25 (5010, SU2; SO1,)

6 (5010, SUs; E7) 26 (SUs; SO10, SUs)

7 (SUs, SUs; Ex) 27 (8U7; §010, SUS)

] (SUs, SUs; E7) 28 | (SUs, SUs, Slz; SOy, SUS)
9 (5014; Eg, SUZ) 29| (SUs,SUy; SOy, SUR)
10| (SO1o,SUs; Eg, SUR) || 30| (SUs,SUs; SO4q,SUs)
11 (SUs; Eg, SU3) 3 (503, SUs; S04, SU,)
12 (SUz; Es, SU2) 32 (SUq, SUy; 8Os, SU3)
13 | (SUs, SU,, SU,; Eg, SU, ) | 33 (SUs, SU2; SUS)

14 (Es; Be) 34 (5Us, SUs; 5Us)

15 (503, SUs; Eg) 35 (8Uz,8Uy; SU,, SU,)
16 (SUz, SUy; E) 36 (SUs, SUy; SO7)

17 (5012; SO14) 37 (8Us, SU,; SU7)

18 (5010,SU3; 5014) 38| (SUs, SU3, SUz; SUs, SUS)
19 (8Us, SU,; SO14) 39 | (SUs, SU,, §Us; SUs, SU,)
20 (SUs, SUs; SO14)
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Table 5. Gauge groups in

Zs-1 orbifold models

No Gauge Group No] Gauge Group
(Ur’s are omitted) (Uh’s are omitted)

1 (Ez, SUy; Es) 28 (SUs; 5012)

2| (Ee,SUs; By, SU;) || 29 (SUs; SOy, SUZ)

3 (Ee, SUs; Es) 30 (SUs, SUy; SO44)

4| (Bs,SUas;Es, SUs) 31 (SUx, SUy; SO14)

5 (SOw4; Bx) 32|  (SUr, SU,; 504, 504)

6 (5014; Es) 33 (SUz; Ex)

7 (S014; E7) 34 (SUz; Es)

8 (50:14; Eé) 35 (SU+: SOq2, SUR)

9 (S5012,8Uy; SO414) 36 (SUr; SU7, SU,)

10| (8012,5Us; 5014) 37 (SU+ E7)

11 (5044; E7) 38 (SU7; 50,4, SU)

12| (S012;504,, SUz) || 30 (SUSUs)

13 | (SOho, SUs; E7, SUs) || 40 (SUz; SUs)

14| (8010, SUs; Es, SUp) || 41 (SUz; SUs)

15| (8010,SU2;E+,SUs) || 42 (SUs, SUs, SUs; E3)

16| (5010, SUZ; Ey) 43| (SUs,SUs, SUs; Es, SU3)
17 | (5010, SUZ; 5012, SUz)| | 44 | (SUs, SUs, SUs; SO10,5Us)
18|  (SO10,SUs; Es) 45 (SUs, SUs; SO14)

19| (8010, SUz;Eg, SUs) || 46 (SUs, SUs; SO14)

20 | (SO10, SUz; 5040, SU3)|| 47 (SUs, SU3; SOs, SUy)
21| (SOs,SUs; Er) 48 (8Us, SUs; SUz)

22 (50s, SUL; E¢) 49 (SUs, SUZ; Es, SUs)
23| (508, SUy4;S012,SU,) || 50 |  (SUs, SUZ; SO1, SU2)
24 (SUs; SO12) 51| (SUs, SUZ; SUs, SUs, SUS)
25| (SUs; SOy, SUZ) 52 (5Us, SUy; SO12)

26 (SUs; SO12) 53| (SUs, SUs; §010, SUZ)
27| (8Us; SOy, SUZ) 54 (8Us, SUy; SU7)
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Table 6. Gauge groups in Zg-1I orbifold models

No Gauge Group No Gauge Group
(Uy's are omitted) (Ur's are omitted)

1 (Eri Bs) 29 (SUs; Ee, SU)

2 (B Eq, 5Us) 30 (SUs; $O10, SU)

3 (Es,SUs; Br) 31 (SUr, SUs; Es)

a (Es, SUsy; Ex) 32|  (SUs,SUs; Ee, SU3)
5 (Es; Es) 33| (SUsz, SUx; SOy, SUS)
6 (Be; Es, 5Us) 34 (SU7;S045)

7 | (5012,5Un;Es, SUp) || 35 (SUy; 5012, SU3)
8 (SO12, SUs; Eg) 36 (SUz; S044)

9 (50125 S014) 37 (§U7;5044)

10 (5012; SO14) 38 (SUy; SOs, SU,)

11 (5010, SUs; E7) 39 (SUx; SUR)

12| (5010, SUs; Ee) 40|  (SUs, SUs, SU; Ee)
13 | (SO10, §Us; §010, SUL)|| 41 | (SUe, SUs, SUs; SO:12,SUs)
14| (S010,5U%501) [|42] (SUs, SUs, SU,; SU)
15| (5010, SU2S0y) |[43| (SUs,SUs, SUx; SUs)
16 | (SO10,5U2; Br, SUz) || 44|  (SUs, SUs, SUs; SUs)
17| (5010, SUs; Ex) 45 (SUs, SUs; Es)

18 | (5010, 5U=2; e, SUs) || 46|  (SUs, SUs; Ee, SUS)
19 | (5010, 5U2; 5012, SUL)| | 47| (SUs, SUs; S010, 5U3)
20| (S50s,5Uy;50,,) 48, (SUs, SUZ; Ex)
21 | (503, SUs; SO10, SUZ) || 49 (SUs, SUZ; Es)
22 (SUs; E7, 5U,) 50| (SUs,SU%;50:2,5U,)
23 (SUs; Ee, SU,) 51| (SUs,SUZ; SU;, SUY)
24| (SUsiSOw,SU,) ||52]  (SUs,SUs; Er, SU,)
25 (SUs; B, SUp) 53| (SUs,SUZ; SUs, SU,)
26 (SUs; Es, SU,) 54|  (SUs,SUy; Es, SU,)
27|  (SUs;5010,5U,) ||55| (SUs,SUs;S040,SU,)
28 (SUs; B, SU,) 56 | (SUs, SUy; SUs, SUs, SU)
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Superpotential in Calabi-Yau Compactification

Daijiro Suematsu

Department of Physics, Kanazawa University, Kanazawa 920

We study the structure of superpotential by relating Calabi-Yau compactification to the
string construction with the tensor product of N = 2 superconformal field theory. In the case
of 4-generation Y(4; 5) Calabi-Yau manifold we completely calculate the generation dependent
Yukawa coupling constants in the base of physical quarks and leptons. Proton decay mediating

coupling can not be zero in this model.

1. Introduction

Superstring theory is very promising as a unification theory containing the

gravity. 8

But this is the theory at Planck scale and if we want to relate it to
the low energy physics, it is necessary to construct the effective theory of it at
Weinberg-Salam scale. Then what is the low energy effective theory? To construct
it we start from the heterotic string theory and reduce to 4-dim superstring or the
effective field theory. These theories are characterized by My x K where M} is the
flat Minkowski space and K is some theory constructed from the extra degrees of
freedoms. Whatever method we would adopt to describe K, we can expect that the
4-dim effective field theory is the N = 1 supergravity coupled with super Yang-Mills
fields and chiral superfields so far as we impose the N = 1 space-time supersymme-
try to the heterotic string theory. Pl In this system there remain some freedoms, that
is, the gauge group, the representations and numbers of chiral superfields, Kahler
potential ( containing superpotential ) and the gauge kinetic term normarization
function. These are dependent on the feature of K. Up to now many construc-
tion methods of K are proposed, e.g. Calabi-Yau (C-Y) compactification,™ ™!

(s] s

the orbifold compactification,” the toroidal compactification,”

]

the free fermion
construction ” and the construction with the tensor product of N = 2 supercon-

formal field theory with level three' etc .
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Recently Gepner conjectured that C-Y compactification and the tensor product
of N = 2 superconformal field theory with C = 9 might be équivalent.m In this
talk we utilize this conjecture to construct the effective field theory, in particular

to calculate Yukawa couplings in the superpotential."”

Before proceeding to the calculation we briefly review Yukawa couplings in both

construction methods of K.

(i) Calabi-Yau compactification
In this scheme the massless matter fields are the elements of cohomology
group H%! and H'?! of C-Y manifold. The former corresponds to 27 of Eg
and the latter to 27*. The generation number is represented by |h%! — AL1|.
On C-Y manifold the elements of H%! can be represented by the elements of
H? (T).["l U2 U1 Moreover in the case of complete intersection C-Y manifold
(CICY) the elements of H(T') can be described by the polynomials. If we

note this fact, 27 Yukawa coupling constants A;;; are written as

Dije = / ASAAE A AZea = / Pi(2)P;(2)Pi(2),

where A? is the element of H!(T') and Pi(z) is its polynomial representa-
tion. Physical Yukawa couplings should be of course understood after taking

account of the kinetic term normarization.

(ii) the tensor product of N = 2 superconformal field theory
The massless fields in this construction are described as NV = 2 supercon-
formal fields. Then Yukawa coupling constants are represented as the three

point correlation function under properly normarized superconformal fields
$i(zi),
Aijk = (Bi(2)$5(25) bk (2k))

Following the detailed study of N = 2 superconformal field theory, the
primary fields of this theory are, using the parafermion theory, related to
the primary fields of SU(2)WSW theory up to free bosons."?! Fortunately
SU(2)WSW theory is exactly solvable and the correlation function can be

completely determined."*



Now we concentrate on these features of Yukawa couplings and try to deter-
mine Yukawa couplings completely. In C-Y compactification the effective theory
has some phenomenologically interesting problems. One is the fast proton decay
mediated by the extra color triplets which in general remain massless in this scheme.
Then if Yukawa couplings related to this process are not zero, these theories can
not be realistic. The other is the determination of quarks and leptons mass matrics.
Complete determination of Yukawa couplings give the answer to these phenomeno-
logical questions. Morenver the calculation of Yukawa couplings in both schemes

makes it possible to check Gepner’s conjecture.

In the later sections we would try to carry out this scenario for the typical
example, that is, Y(4;5) C-Y manifold ( zeros of quintic polynomial in CP* )
and 3° model ( the five tensor product of V = 2 superconformal field theory with

9
¥l To answer our

level three ). These are conjectured to be equivalent by Gepner.
phenomenological motivation, we must calculate Yukawa couplings not in the 27
basis of Eg but in quark and lepton bases of the standard gauge group. For this

purpose we need to introduce the Wilson line."

2. Y(4;5) model

Y (4;5) C-Y manifold is the typical CICY JEHUT Here we adopt the defining
polynomial in CP* as follows,

5
1
P(2)= B Z zf — 2129232425 = 0
=1
where c is a complex number. In the case of ¢ = 0 there are fruitful discrete
symmetries on this ma.nifoi&; the permutation z; — z; and the phase transformation
zi = aiz; ( Zle n; = 0 mod5 ). These compose S5 X (Z5)°/Zs. As the freely

acting ones in these symmetries we can take

S :zi = ziqa,

. ori
T :2; — o'z, o = ezp (-?) .

Clearly these generate Zs x Zs. As mentioned in introduction the fields 27 of Fs
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are represented by the independent monomials on this manofold ;

2129232425 1
323 # ) 20

Zzjzili# j # k) 30

gdzla(i# )+ k) 30

Zziznpz(i£ i #£ k4 20.

Here h%! = 101 and A!! = 1 so that this has 100 generations. To reduce the
genaration number and to break down Ejg to its subgroup, we consider the quotient
manifold Y (4;5)/Zs x Zs by using the discrete symmetries generated by S and T
and the background gauge field on it. Then we get the 4-generation model and
due to the Wilson line mechanism Fs breaks down to G which commutes with this
Wilson line.™

On Y (4;5)/Zs x Z5 there remain many discrete symmetries Z5 x Z4 which are
generated by,

:2
{B 1z — a® z,

Y :z; — 295

The massless spectrum on this manifold should be represented as (S, T') eigenstates.
We denote them as T; (i) where their (S, T') eigenvalues are (a”, «™). i is generation
index (i=1~4). The transformation properties of T,(,,z. under B and Y are easily
determined. The gauge symmetry and the discrete symmetry are dependent on
how we embed the S and T discrete symmetries into the gauge group Eg . From
the phenomenological point of view we select the embedding under which (B,Y)
all remain unbroken and this ;:orresponds to the embedding of S only. The gauge

group and the correspondence of polynomials and fields are completely determined
by this embedding.""

Now we can proceed to calculation of Yukawa couplings. There are severe

constraints on Yukawa couplings

‘ ’\i] /T(’)T(J) Tl(lf)

nn'
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+ (S, T)-invariance (gauge invariance)

n+4m+1=0 (mod5),
n' +m' +1' = 0 (mod5).

- (B,Y)-invariance

i+ j+ k=0 (mod5).

- contribution to the integral (which is constrained by the psuedosymmetry )
1 1
/ (2122232425)° = ;/ (n22z322)2 =... = '53-/ Zzjag=p#0.

And to get the physical Yukawa couplings we must normarize the kinetic terms. In
our case as the result of the discrete symmetries there are only two normarization

parameters,
ITONMTD = ITNTE = ¢, ITUNTE) = ITONITE) = e.

Taking account of these conditions we can calculate Yukawa couplings as shown in

Table.™

3. 3° model

Starting from the heterotic string we construct the 4-dim superstring as

(right secter) =My x K,
(left secter) =M; x K x (gauge group).

K is now taken as N = 2 minimal theory. The central charge of N = 2 minimal
theory with level k is C = 3k/(k +2)."" " The central charge matching requires
that the contribution of K should be Cx = 15— (1+1/2) x 4 = 9 and the rank of
gauge group is 26 — 4 — 9 = 13. Here we take this gauge group as SO(10) x Es‘.
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Following to the representation theory of N = 2 superconformal field theory the
primary fields are represented by three integer quantum numbe}s (1,q,S5). These
satisfy the conditions: 0 <1 < k, g is mod2(k+2), S is mod4 (S = 0,2 correspond
to NS sector and S = +1 to R sector) and I + ¢+ S = 0 (mod2). With these
quantum numbers the conformal dimension & and U(1) charge Q are represented

in case of |g— S| < I,

_la+2) ¢ ___ 4 _
h_4(k+2) 4(k +2)’ Q=43 =0
_(1+2) 7 S? __ g9 S _
A=+ W+ T8 9T Fyaty S=#L

In other cases taking account of the identification

I k=l — — 1l
¢q,s = ¢q+k+2,s+2 = ¢q+z(k+2),s = ¢q,s+4a

we can calculate A and @ with the previous formura up to integers.

The spectrum of this model can be read off from the partition function which
is modular invariant and N = 1 space-time supersymmetric. The construction
method of such a partition function is proposed by Gepner."” 1t is constructed by a
set of certain conformal fields which satisfy the appropriate conditions.
We represent a confcrmal field by a vector g which is defined by
g =(a,.. g5 51,...,55). Using these u the partition function is described

Z = Z(aﬂineAipart)G),,O;_i_u,
{s}

5
e" = H 695,565512’

i=1

where O, 5 and Og; 2 are theta functions with level five and two respectively and
i satisfies fo - p € Z+% and f;-p € Z for fo = (5;1,...,1,1,...,1) and B; = -.
(v0,...,0,0,.,2,..,0).



The solution for such vectors y is

(0,0,0)° 1
A(2,-2,0)° 1
B(2,-2,0)*(3,-3,0)(1,—1,0) 20
C(3,-3,0)%(1,—1,0)*(2,-2,0) 30
D(0,0,0)(1,—1,0)(3,-3,0)° 20
E(0,0,0)(3, -3, 0)(2, —2,0)? 30.

The total number of these conformal fields is 101 and these just correspond to 101
monomials in Y'(4;5) model.

The discrete symmetries of this model are easily studied and found to be S5 x
(Z5)°/Zs. These completely coinside with them of Y'(4;5) model. Noting this
fact we can correlate the discrete symmetries of both models as follows. In Y (4;5)
model the discrete charges (Z5)° /Z5 of monomial Z{‘ Zé’ Z;‘ Zi‘ Z‘r'f are understood as
(L, 12,13, 14, I5) where l; is positive integer such that } ;l; = 5. In 3% model by using
the symmetry of the model (g, g2, g3, g4, ¢5) can reduce to (gi, §2, g3, G4, g5) where
g; is positive integer and ) ;g = 5. Then if (1,13, l3,14,15) = (§1, @2, G3, G4, G5) we
identify p with Zl'Zb zb 7zl 75

Making use of this correspondence we can easily find the discrete symmetries
in 3° model;

S:(L,1+2n,0); = (I,1+ 2n,0)i42,
{ T : (1,14 2n,0); — o%(l, 1 + 2n,0);,

{B L (1,14 2n,0); = & % (1,1 + 20, 0);,
Y : (1,14 2n,0); = (1,1 + 2n, 0)2;.

These correspond to S, T, B and Y in Y'(4; 5) respectively. The parallel arguments
to Y'(4; 5) model make it easy to construct the (S, T') eigenstates and its transfor-
mation properties in 3° model. The constraints on Yukawa couplings are almost

same as Y'(4;5) model. The only change is that the polynomial integration is re-

placed with the three point correlation of superconformal fields which is exactly
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calculable. Refering to Zamolodchikov-Fateev formula," the nonzero three point

correlations are'™” '
A=uw’, AB*=4% B*=B’E=E’=J’
AC? = CE? = B’C = BCE = w,
BC?*=C*E=D*E=BCD=CED=1.

Here A ~ E should be combined to be supersymmetric and gauge invariant. w
is a constant about 1.09. Summarizing these results we can completely determine
Yukawa couplings as listed in Table.

4. Summary

We calculated Yukawa coupling constants after introducing the Wilson line for
both Y (4;5) and 3% models. This makes it possible to interpret Yukawa coupling
constants in the basis of physical quarks and leptons. The generation structure
is understood as the internal structure of the model, more concretely (Z;)°/Zs

charges in both models.

As easily seen in Table if we take the parameters in ¥ (4;5) model as
== 5(,.)5’ E =w-2, C:w—l,

the results in both models completely agree in ¢ — 0limit. This fact supports Gep-
ner’s conjecture from Yukawa coupling constants. Pl.enomenologically our results
show that the couplings mediating proton decay remain nonzero unfortunately.
This is a very severe problem for our model. The quarks and leptons mass matrices
were completely determined at Planck scale. If we want to know the phenomeno-

logical features of them we must carry out the renormalization group study.

The four generation model adopted in this study may or may not be realistic .
But it is a very interesting and useful example in which we can concretely calculate
various quantities. It is worthy to study the structure of the effective action of this_

model in more details.
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Table. Values of Yukawa couplings.

Type of couplings Y (4;5)/Zs x Z5 model 3° model
Too Too T80’ u/s w®
Too Tno Tt pe’? 5w
R e ;
TR T TS (2+2¢+ P 10
T oo T

TOTETO I —mf =2 {(@ ' +a) + (@ + o)+ SIue¢ 5ol +a)
TR TAT I~ m| =1

TOTRT I = m| =1 {(07? + o) + (a7} +a)e+ F}ue?¢ 5(a~? +o?)
T TRT I — m| = 2 '
TOTHTS (2+c+22)pEC? 1000
TOTHTS
T,E(I,)T,(,,lgi}(()a)ln —m|=2 {(e'+a)+c+ ("t +a?)P}ut¢? 5(al+ a)w
THOTRTY I = m| =1

THTRT I~ m| =1 {(@? +o?) + e+ (a™! +a)?}ug? 5(a? + o)
T,Sg)T,(:ng’l%z)ln —-m|=2

In the case that unbroken gauge group is SU(3)¢ x SU(2); x SU(2)' x U(1),
T,(,f,) corresponds to the fields as follows :
To=(,h)(S), T&=d,8), TH=(0)(523 TH=@0), TL=(Q),
where Q, 4, d, I, and & denote the ordinary quarks and leptons and A, ' are doublet
Higgs fields. g, g and Sy, Sy are the color triplet and neutral extra fields respectively.
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Zero Mode and Modular Invariance in String
on Non-Abelian Orbifold*)
Shuji Nima

Department of physics, Kyushu University

§ 1 ]ﬁ;ggduc;ion
Orbifolds are interesting ones as the candidates of the
compactified space in string theories. Many attempts have been
done on this subject and the quantum properties ( modular
invariance. etc.) of the string on Z-orbifold have been
thoroughly «clarified. However, 1in the non-abelian case, these
properties have not been sufficiently clarified yet while this
case may be more important for constructing realistic model. The
main complexity which-arises in the non-abelian orbifolds is that
the action of the dividing group on the torus is, in general,
considerably nontrivial compared with the case of Z-orbifold,
leaving. sometimes, a nontrivial subspace as a invariant
sqbspace. This requires a special care for the treatment of the
zero mode part of String, It is thus important to investigate the
quantum structure of the zero modes of the string on non-abelian
orbifold.
| In this report, we discuss the operator formalism of the
zero mode part of closed Bosonic string on orbifold following the
method in Ref.2). The dividing group of orbifold which we treat

here may be non-abelian and have invariant subspace.

1) *%)

#)This report is based on the work with K.Inoue and H.Takano .

x»%)Department of physics. Osaka University

—~334—



The orbifold we deal with 1s the quotient space 19/G . T9 is

the q~dimensiona1 torus. Td

xI and xI

is described by the identification of

I

+ nLI on flat space where L° is a point on a lattice A.

G 1is a symmetry of A. We take the discrete group of rotation and
reflection 'as G which 1is, 1in general, non-abelian. Thus its
element R is a orthogonal matrix;

RIR =1 and L'! = RYLI e an  for any Lle a.

In this way. the followlng‘identification exists on orbifold.

xI ~ RIJXJ + nLI I

for any R € G and L € G.

Our plan for treating the zero mode part of the string on
orbifold (= T9/G) is as follows. In order to express the quantum
theory on orbifold, we construct at first the Hilbert space of a
dynamical system on Td. This Hilbert space is a direct sum of the
Hilbert spaces of some constrained systems and each constraint is
connected with each boundary condition of string. Next we projeét
this Hilbert space into the subspace invariant under G-
transformation. In this report, we mainly concentrate on the
construction of the Hilbert space of the constrained system

mentioned above and briefly discuss the one-loop vacuum amplitude

and its modular invariance.
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2-1 The Hilbert space of the string in R-sector

We start from the following action S

- 1_.J“ J af, I I
S = o gd dr{ # aax (d.rjaﬂx (6,1)
+ BIJeaBaaxltd.r)aBXJ(d.r) ) (2.1.a)
n .
= Jgﬂ dr LX) . (2.1.b)
where BIJ is antisymmetric constant background field. Now we

require that the Lagrangean density L 1is single valued on

orbifold. Since RlJXJ+ nLI and X1 denote the same point on

orbjfold for any R € G and Lle A, L(RX+rnL) and L(X) must have the

same value. This implies.
RIBR = B for any ReG ' (2.2)
The canonical momenta. the total Hamiltonian and the

generator of s-translation are

1 _ 1 I 1d. oJ
P = n { GTX + B de ). (2.3)
_1 [z 1 _ old, J,2 1,2
H = o Jga {(aP B “9,X)2 + (3.X)2} , (2.4)
T
1% = Jdc ¢ pla xly . (2.5)
0 [4]

Since RI9xY + nL

and Lle A. there exist many tvypes of "closed" string with the

I 'is identified with X! on orbifold for any R € G

boundary condition:

Xé(6+i.r) = RIng(a,r) + Ll (2.6)

ReG., Llen.

We call this Xé the string in R-sector. We will treat this
dynamical system following the method in Ref.2).
It is convenient to take the following coordinate system.
1d a5 O
R = (2.7)
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In this coordinate system, it is found from (2.2) that

Ax

BAx = _g@A _ o, (2.8)

Then, we obtaip the mode expansion of Xé.

Xs = xA + ( pA - BABLB )T o+ LAd + [oscillator terml, (2.89.a)
X; = x% + [oscillator terml (2.9.b)
and the following equations ;
(1 -RH*xF - 2% = o, (2.10,a)
p% = 0, (2.10,b)

I

where X is center of mass coordinate of the string and pI is

momentum conjugate to x]. x] is on the torus Td.

Following Ref.2). we treat L' as dynamical variables and
introduce QI conjugate to LI. Then the zero modes compose a
dynamical system with the dynamical variables x, p, L and Q. This
dynamical system 1is a constrained system which has following

Poisson brackets and second class constraints.
I d | )

{x ,p }p = § (2.11.a)
¢q' LI y, = &Y (2.11.b)
(1 -RHIBE - 2L = o (2.12.a)

p* x 0 . (2.12.b)

In order to quantize this system. we use Dirac bracket and obtain

the following commutation relations,

tx, PP 1= 1688, (2.13.a)
tq L L91 = 189, (2.18.b)
[ x*, @ 1= -izc1-R)7128, (2.13.0)
[t x*,pf1-=

0 . (3.13.4d)
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Let us define ﬁl as follows

k= (%ML k%)
=, -1@fc 1 - kA = (2.14.2)
=oph L -Llor -RHEE R (2.14.b)
Then, ‘ i
e x! . kd 1 =16, (2.15.a)
EL%, k¥ 1= ﬁ(l-ﬁ)“ﬁ i (2.15.b)

In this way, the translation generators of xI are not ﬁl but kl.

From the periodicity of the wave function;

Uy anl o = v xh for any Nle A ,

v X
the elgenvalue of the operator ﬁl is on 2A®, where A® 1s the dual
lattice of A. (We denote by bA the lattice whose base vectors are
b x Eli. where b is a constant and E:Ii are the base vectors of
A.) The eigenvalue of ﬂl is on A by definition.

Let us fix a representation. The commutation relations

among independent variables are

txd . kB = isPB, . (2.16.a)
1%, k81 = %(1-@)“8 : (2.16.b)
t @, (A= 1sPB, (2.16.0)

We take a representation diagonal with respect to each ones of
these conjugate pairs. It will be convenient to diagonalize k and

A A

L bécause Hamiltonian 1is a function of X and L. However, we

shouid notice that ﬁa and ﬂ? cannot be_ simultanecusly
diagonéiized due to (2.16.b). .Thus we have the following two

tybes of "momentum™ representation for this quantum system:

I k® . LY > ana | k', LA .
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This system has two types of periodicity.

x! ~ x! + an!'  for any Nle n., . - L (2.17.a)

I I I

@' ~ @' + ne!  for any gle 2n®. (2.17.b)

The relation (2.17.b) comes from the fact that Q' is conjugate to

ﬁl and the eigenvalue of ﬂl is on A. {
since L% = 201 - ®)%x® ana x® = - L1 - R %A,

we obtain the following periodicity for pl and kI.
L ~ L%+ (1 - R YBNA

R N L L for any N'e A (2.18.a)
K%~ k¥ - (1 - RT1H%E,8 o
kb~ k- - rHYY for any gle 28% (201800

in terms 6f the state vectors, such identification means that the

state vectors for ény LI Ie 2A* are not independent. For

€ A and Kk
example,

I k8, LT+ a-ptdnd >

1d,,J
NRA L, L

Q% (1-B) %8N8
elQ (I-RITENT A Ty

e
- elQ (1-R)

CiabB\B.
eiﬂkleA'LI>

8 Y |

o -inkIND w18

IS R

A A '
= el™k'N | k& . Ll o>,

(2.19)
r -1nk!N! '
where we have used the fact that in this system e "™ = 1 for
any N'e A, Note that | k* , Ll + (1-R)1IN? > s not Just equal to
A AyA
I ké Ll > but with a phase.factor elK'N"  (However in the x-
representation, of course, | x! + aNl > = | x! >

Similarly;

- ' A,A
| k! - a-rThTded [ Ay o lnler gl Ay (2.20)



In this way, the properties of this system on these

representations are summarised as follows.

commutation relations

tx® . kB 1= 1588,

L, k1= Lia-p*,

. (A1 = 1488,
representation

k. LS ana 1 k!, LA O

scomplete sets

t=% kB Ll o<k, L o= gk, Aok, LA
xte 2n*/7(1-r"Haa*y Lre tAZ(1-RIA]
Lle ava1-poa ‘ kle 2a*/c1-r"1y2a*

(2.21)

°inner products

A L 1.,.1 . .A 1 ink'%(1-R)" 1288
l q . = pr_ [ ] .
< kY, LIk, D JU SKA KA GLA'L Ae ,(2.22.a)
< kM Lhkd e t>=6a.'a ¥ 6,1 ,'1 1d,d e“"NAkA.
' ’ - k .k I L ' L +(1-R) N 9.
N'e A/Ag (2.22.b)
I Ape.1 LA —ingBLA
<kis LUKk 5,L0N D> = 6,4 AI L ikl'*k I_(j-gp~1)1dpd € .
£'€ 207/2Mh (2.22.¢)

A7O-RIA 2A%/71-R"1H2a®)  in (2.21) denotes the set of

the independent lattiéé points of A (ZA*) up to the relation

(2.18). [A/(1-R)A1  (r2a*/¢1-R"1)2A*1) neans that the sum of LA
(k") is taken over the possible values of L® (¥*) in A/(1-R)A

(28*/7(1-R"1120*) without duplication if any. Note that [A/(1-R)AJ




l)2A*]) is ,in general, not equal to the R?lnvarlant

sublattice of A (2A™).

(e2a*/c1-r”

-laBLB

a,, =
elZk’ (1-R) in (2.22.a) comes from the

The factor

commutation relation (3.16.b). V 1is a constant given by

normalization of vectors and

“R)®8
v < det(1-R) (2.23)
\Y V., *
Ag AR
where V and V,x are the one-unit volumes of A, and A* which

are R-invariant sublattices of A and A* respectively.

The right hand sides in (2.22.b,c) result from (2.19) and
(2.20). As far as Ll(kl) and L'I(k‘l) are belonging to the same
region A/(1-RIA  (2A*/(1-R"1)2A%), the 1inner product is a mere
Kronecker's delta. The reason why the form of the inner products
such as (2.22.b,c) 1is needed is that we must deal with the G-

ool ! » uldkdy, U e 6, and for Lle arci-

l)2!\*). UIJLJ (UleJ) is, in general, out of

transfomation;s L

RIA (kle 2a%/(1-R™

A/U-RIA (2a*/1-R"1an™).
examEl e

Let us consider the root lattice of SU(3), fig.l, as an
example of A. This lattice has a symmetry G= { U, 1 },

where

-1 0 1 1]
U = and 1 = .
0 1 A0 1

Then we can take the points denoted by O in fig.l as A/(l—U)A;'



204)

oA

OA/(1-U)A
[ﬁsu-lnvariant sublattice

I1(a)

fig.1

2-2 The one-loop vacuum amplitude and modular invariance
Let J( be the total Hilbert space of all strings with such
types of the boundary condition as (3.6). Then the operator on
H is written by matrix form with sector indices. The Hilbert
space of string on orbifold is the G-invariéht subspace of H.
The G-invariant subspace 1is the projection space ﬁ]{ with the

projection operator!’*3’

~ ] ~
P.. = ¥ g.(R) &
R',.R N yeg U

where gU(R) is the operator which connects the string operator in
| 1

R'.URU-I - (2.24)

R-sector, X, to that in URU "-sector;
agt R Kyt gy = uld X7 . (2.25)



The one-loop vacuum amplitude is given as

N ~ AG ,‘\‘
[ = TrL JﬂfldeI e~ T2l ~ixTa T 5 (2.26)
P T2
The trace is taken over the total Hilbert space JH{. Since H and

Tdvare diagonal with respect to sector indices, only the diagonal

elements of P contribute to the trace. Thus,

, A AG .
j%ﬁzjdfx Z Tr[ e ®T2H eTI"T‘T P

I

op R,R IR

N I d7, Z §g.ury~! Trl g~nT2H “"TIT (R) 1..(2.27)

9y R*
The factor R URU'I means that the sum is taken over all R and U

commuting with each other.

Ley' AU(R) be the zero-mode part of R-sector in the trace. 1t

is given as

A Ag
ARy = T e FT2HominniTon g gy g, (2.28)
where
Ho = $¢ pf- BABLB »2 + 1o 1By2 (2,29.a)
To®= pALA . (2.29.b)
gy(R) | k®, L = 1 uRBB, ol > wrutls Ry (2.29.0
Then,

A A6 .
AytR) = LX< k®, Ll | e ®T2Ho-inT1To ay® | k%, L

A A
A A, _-inkPL

= L §.A AB,B & . . 1d,d . o 1dd Fk,L™Me ,
NS Az CKRTUTPRT C01-0) LT (=R TEN (2.803

I R
Le A7(1-R)A

A * -1

ker2n™/(1-R™1)20%3

where F(k*,L%) = expt -ErprkA- BB 20 (Lh)21 - paeid .
For this result, some remarks are needed. The sum of k and L in

(2.30) 1is. in general. different from the sum of the U-invariant



points on the R-invariant sublattice of A and 2A*. Furthermore
the form of the function in the sum is not mere F{(K,L) but with

Phase factor.

As far as we calculate the amplitude, we have another
method, Polyakov's path integral. The one-loop vacuum amplitude

of closed Bosonic string on orbifqld is given asl)

tdgqlidXl ,-S5€g,X]
L v e

R,U
L,M

The functional integral runs over each X1 and Euclidean metric

. (2.31)

gaﬂ with boundary condition
xot+1,62) = R19x9(ol.62) + Ll , (2.32.a)
xo,62¢1) = Ul9%9ot,02) + !, (2.32.b)
1 2 - 1 2 — 1 2
gaB(G +1,64) = gaB(G WO0<+1) = gaB(d ,6<) , (2.32.¢)

and the sum is taken over all R, U € G and LI. M! ¢ A under the

condition

1]

RU - UR = 0. (2.33.a)

(1 -RHMYMd = (1 - u LI, (2.33.b)

Let A[S](r) be the zero mode part'in (2.31) correspounding to

A (R): the part of the sum of the winding LY ana m! for fixed R

and U. For modular transformation, we can show that
B} -1

R 1, _ .U

A(U]( T) = A(R J(1) (2.34.a)

ARyt = a(B 1oy (2.34.b)
U RU : 94,

It is known that the oscillator part in (2.31) obeys the
definite transformation rule, namely-.same as (2.34f. Thus the

total amplitude X{loscillatorl x A(S]} is modular invariant.
R’U -

Furthermore we can also show that

Ay(R) = (212)‘“’2n‘“|det(1-U)ab|’lA(ﬁ] (2.35)



and that the corresponding_relation for the oscillator part has

the reciprocal factor, so the total amplitude Y{loscillatorl x
R,U

AU(R)} is equal to the one in the path integral and modular
invariant.

For the details of the discussions in this subsection, see
Ref.1).
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