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Science

and

Abstract
This is an introductory review of chaotic magnetic field
line in plasmas, together with some new results, with
emphasi? or. the lonq-time tail and the fractional Brownian
motion of the magnetic field line. The chaotic magnetic field
line in toroidal plasmas is a typical chaotic phenomena in
the Hamiltonian dynamical systems.

The onset of

stochasticity induced by a major magnetic perturbation is
thought to cause a macroscopic rapid phenomena called the
current disruption in the tokamak discharges.

Numerical

simulations on the basis of magnetohydrodynamics reveal in
fact the disruptive phenomena.

Some dynamical models which

include the area-preserving mapping such as the standard
mapping, and the two-wave Hamiltonian system can model the
stochastic magnetic field.

Theoretical results with use of

the functional integral representation are given regarding
the long-time tail on the basis of the radial twist mapping.
It is shown that application of renormalization group
technique to chaotic orbit in the two-wave Hamiltonian system
proves decay of the velocity autocorrelation function with
the power law.

Some new numerical results are presented

which supports these theoretical results.
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SI. Introduction
There are a variety of nonlinear phenomena in plasmas
including chaotic effects with low degrees of freedom.
Especiallyr problems of conservative dynamical system play an
important role in the recent high temperature confined
plasmas.

Among these, chaotic motion of a single charged

particle in a given static and / or high frequency fields,
and also the spatially braided structure of magnetic field,
are typical two examples.

The present article lays stress on

the statistical properties of chaotic magnetic field.
A conventional problem of nonlinear oscillation in the
plasma physics is a single particle motion in the static
magnetic mirror configuration.

The mirror geomety is shown

in Fig. 1, in which lines of force with arrows are bunched in
the regions near the points A and B, so the magnitude of the
magnetic field has a well.

A charged paticle gyrates locally

with cyclotron frequency coc around a line of force.

Guiding

center of the particle bounces along the line between the two
turning points A and B, with the bounce frequency » b .

Cross

section of the guiding center through the midplane M drifts
across the line of force due to the weak inhomogeniety of the
magnetic field.

The Poincare plots lie ordinarily on a

closed line (dotted line in Fig. 1) after many times of
bouncing.

The frequency cod of drifting motion along the

closed curve is called drift frequency.

Except for the

extraordinary case the following inequalities hold between
these three characteristic frequencies o>c, « b and tod
(1.1)
b

d
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Chaotic behaviors originate from the resonance condition,
m u> + nco. + »u. = 0 ,
c

o

(1.2)

a

where m, n and p are integers.

ThP three characteristic

quasi-periodic motions have three action variables, the
magnetic moment p, longitudinal invariant J and anglar
momentum P^, which are all adiabatic invariants.
of fast resonance/ ma>c + nw b

In the case

= 0 , only p and J change,

retaining P^ and total kinetic energy.

To the purpose of

quantitative study of long-time variation in p, Chirikov
derived a linearized mapping commonly called the standard
mapping 1 ', which describes the jump from ( p, 6 ) to ( p, 9 )
after a half bouncing period, in the form
P = P + Ksin9 ,
_

3(1.3)

e = e +p
Here 9 is the gyration angle, P the scaled deviation of the
magnetic moment about a resonant value, and K a parameter
characterizing the intensity of the jump in p.

It has been

2

found ) that the results from Eq.(1.3) agrees well with the
calculations based upon the more precise differential
equation.
reported 3 '.

A recent study of the standard mapping has been
The model (1.3) is applicable also to the study

of magnetic lines of force.

Slow diffusion processes due to

the multiple resonance or the Aronld diffusion also play an
important role on the diffusion loss of plasma particles
across the magnetic fields.
The main subject of the present article is the chaotic
structure of the magnetic line of force in toroidal plasmas.
In the magnetic mirror configuration the line of force is
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open to the vacuum wall and goes out across it.

In the

toroidal case, magnetic lines of force are all confined in
the toroidal vacuum region.

The most standard toroidal

device is the tokamak which has been extensively studied for
many years.
2(a).

The tokamak configuration is illustrated in Fig

The inductive electric field along the strong toroidal

magnetic field B t drives the current I in the plsma, which
produces the poloidal magnetic field B p .

The resultant

magnetic field, B t + B , is shown in Fig.2(b).

A typical line

starting from a point Px goes around the symmetry axis and
comes back to the cross section point P 2 through the poloidal
surface (shaded surface in Fig.2(b) ) to which the initial
point Px belongs.

The angle Px 0 P2 is called the rotational

transform angle, t. If we trace further the magnetic line of
force, it comes back again to P3 on the same circle centered
at O with the same rotational transform angle I. A set of all
points { Pj_, P2

. . • .Po, } are distributed ergodically on the

same circle, thus constitue a magnetic surface.

Any line of

force ergodically covers a magnetic surface except a dense
set of surfaces where the rotational transform angle is
occasionally a value of 2nn/m,n and m being integers.

In the

latter case any line of force on the surface, called rational
surface, is closed after m turns around the torus and n turns
around the toroidal magnetic axis.

The reason why all the

magnetic field lines in tokamak are confined to a set of
nested toroidal magnetic surfaces is the following.

To

contain the plasma for a long time, it must be in an
equilibrium state, in which the Lorentz force balances the
pressure gradient of plasma;
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c
Note that the terminology equilibrium does not mean the
thermal equilibrium but the force-balanced state.

The

equation (1.4) imposes a constraint,
which says that a magnetic field line must lie on a constant
pressure surface to be consistent with the equilibrium
condition (1.4).

If the equilibrium is unstable to a certain

instability, the plasma stays no more in the equilibrium
state and does not obey the balance relation (1.4), Therefore
the magnetic field line does not necessarily lie on a torus.
If the points of intersection of a field line in a poloidal
surface cover a finite area rather than lie on a curve, then
the field line is called stochastic.

The phenomena of

magnetic chaos caused by instabilities is described in §2 in
details.

In §3, it is shown that the equation for the

magnetic field line can be described by the Hamiltonian
system.

The magnetic surface is nothing else than the KAM

torus in the terminology of mathematics.

The standard

mapping (1.3) is applicable to study approximately the
chaotic magnetic structure.

It should be noted that the

absence of magnetic monopole in our world (div B=0) assures
the precise Hamiltonian system for the magnetic field,
although the Newton's mechanics for a chaged particle in
electromagnetic fields have to suffer from slightly
dissipative disturbance which makes the dynamics not so
precise Hamiltonian system.
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Two chaotic phenomena presented above have a common
feature that dynamical variables are bounded throughout the
whole evolution process.

The motion in the mirror field has

three characteristic frequencies and the position of the
particle is always

confined in a limited region of three

dimensional space even in the case of stochastic orbit.

The

magnetic line of force having two periods, toroidal and
poloidal, is confined in the toroidal region.

The

boundedness of dynamical variables is always accompanied by
the stochastic motion if a parameter indicating the
nonlinearity is above a threshold value.
After the introductory sections 1 through 3, the
remaining sections are contributed to describe the original
works by the authors, laying stress on the topics of longtime tail or the algebraic decay of correlation function.
This is the result of selfsimilar structure in phase space.
In §4, it is shown that turbulent diffusion coefficient for
the chaotic orbit in the radial twist mapping relaxes as t"1/2
to a certain value, except for the case of the standard
mapping.4'

Section 5 deals with analytical prediction of

algebraic decay of velocity autocorrelation function in the
two-wave Hamiltonian in a similar manner to the
renormalization group technique.5*

Section 6 is devoted to

show same unpublished new results about the fractional
Brownian motion of magnetic field line and the associated
anomalous electron transport in plasmas.
and a discussion are given in section 7.

IT

Finally, a summary

§2.

Current disruption observed in Tokamako
and computer simulations

Many works of the standard type dealing with physics of
chaos often start with any paradigm dynamical system and end
without referring any experimentally observed phenomena.

The

present magnetic chaos, however, is strongly correlated to a
distinct macroscopic phenomena in toroidal plasmas.

Among

such phenomena, the current disruption observed in tokamaks
is the most prominent and dangerous instability.

It might be

honest to say that any real plasma phenomena cannot
completely be described by a single fundamental process.
current disruption might be the case.

The

The onset of magnetic

stochasticity is commonly thought to trigger strongly the
subsequent unlimitted growth of perturbation or the
development of turbulent stage.

It is obviously impossible

to observe directly the magnetic structures in the high
temperature plasmas with any advanced diagnostic tools.

Thus

the complementary approach through direct numerical
integration of the magnetohydrodynamical (MHD) system is
useful to obtain the magnetic structure.

The MHD simulation

to this purpose has first been performed by B. Carreras et
al. in 19806), and some subsequent simulations have followed.
The present article describes some results obtained by
ourselves.
A) Current disruption observed in tokamaks
There are a variety of types in the tokamak current
disruption.

A standard sequence, however, is the following.
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Figure 3 shows the obseved time sequences of three quantities
before, during and after the disruption7'.

The signal of the

soft X-rays in Fig.3 indicates the central electron
temperature.

It executes the sawtooth oscillations before

disruption (stage 1 ) . This small oscillation is sometimes
called internal disruption as it is usually locallized in the
central part.

The Be(m=2) in Fig.3 means the poloidal

component of magnetic perturbation with poloidal mode number
m=2.

This precursor oscillation grows in stage 2 to form

large magnetic islands.

Figure 4 illustrates a tomographic

reconstruction of contours of equal X-ray emissivity for m=2
mode,8'

In stage 3, the central electron temperature starts

to decrease, indicating strong degradation of confinement of
plasma.

Some nonlinear phenomena occur in this stage which

include nonlinear coupling of two modes with different
helicities and the associated onset of stochasticity of
magnetic field line.

Finally in stage 4, the total toroidal

current in plasma drops rapidly either to a lower level which
will be recovered to a certain level (minor disruption), or
to a total loss (major disruption).

Figure 5 shows the

observed X-ray intensity at the center in case of minor
disruptions, where a seriers of minor disruptions is observed
throughout the discharge.

The partial disruption9' is

distinguished from the minor disruption by the fact that the
central electron temperature is maintained and only the
thermal energy of electrons in the middle radius region is
transported to the periphery,

This locally flattened profile
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of electron temperature is recovered as is the case with the
minor disruption.
B) Magnetohydrodynamic simulation
The general form of arbitrary linear perturbation

5f (r,

0, <J>) assumes the form, 8f = f(r) exp[ i (m6 - n<}> ) ], where 0
and $ are poloidal and toroidal angles, and m and n are
integers.
surface.

The surface r=const. coincides with the magnetic
On the rational surface , r=r m n , where the

rotational transform angle I is equal to 2nn/m, the gradient
of arbitrary pertubation with mode numbers tn and n is
perpendicular to the equilibrium static magnetic field
B*o« V6f(r,9,<l>) = 0.

Bo;

It is familiar in the linear stability

analysis of plasmas that unstable modes grow near the
localized region abou : the rational surface.

The rotational

transform angle c of the tokamak is a decreasing function of
r, so that the radii of rational sufaces r 2 < 1 , r 3 ( 2 and r x > 1
satisfies the inequilities
r

l.l <

r

3,2 <

r

2.1

'

<2-X>

The sawtooth oscillation grows in the inner part around the
surface r = rx x.

The observed oscillation with m=2 is

thought to be a unstable tearing mode with m=2 and n=l,
growing near the outer surface, r=r 2 # 1 .

At the radius r=r 3 > 2

inbetween, another unstable tearing mode with m=3, n=2 grows.
The unstable magnetic pertubation with (m,n) grows to form m
pieces of magnetic islands centered at the surface r=rTO,nFor instace, the islands located near the two surfaces r 3
and r 2

x

grow further until two islands originating from
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2

different surfaces overlap, which results in the destruction
of magnetic surface.

In this case, the intersection points

of a single field line through a poloidal surface 4>=0, cover
a finite area rather than lie on a single surface r=const.,
which means stochastic motion of iT-coordinate of electrons
sets in, because electrons tends to follow the magnetic field
line.

This enormous amount of radial electron transport is a

central mechanism of disruption phenomena in tokamaks. A
rather global mode coupling between the sawtooth oscillation
and the tearing mode with m=2, and n=l (2/1-mode in short)
yields the major or minor disruption, while the fairly
localized coupling between the 2/1- and 3/2-modes is
responsible to the local disruptions.91
The basic system in our numerical simulation is a reduced
set of resistive magnetohydrodynamic equations10', which are
in a cylindrical coodinate system (r,6,z).

at

-Q+£7*-V,Q = fi (B*'V
a = -Vx2 0

J+B

— J),

(2.3)

,

(2.4)

J = -Vx2 A

(2,5)

Here the suffix ± means the (r, 8 ) plane, the constant Box
the z-component of the unperturbed magnetic field B o ,

J the

electric current in the z-direction, and A and «> the z-
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component of magnetic vector potential and the stream
function respectively which are related to the magnetic field
by
B* = B*, + B O I 2 = Vx Ax 2 + B O I 2

.

(2.6)

and to the flow velocity U^ by

where z is a unit vector in the z-direction.

The two

equations (2.4) and (2.5) represent the selfconsistency
between J and A, and the vorticity n and tf>. This form of
reduced MHD is obtained from the full MHD at the expense of
rapid process of compressional Alfven mode, which is
irrelevant to the disruption phenomena in tokamaks.

The

unperturbed plasma considered has a straight cylindrical form
which contacts with a conducting wall at the radius a.

To

approximate the toroidal plasma by the cylindrical one, we
assign a periodicity, z=2RR0,in the z-direction.

The

important transport coefficient, the resistivity q, is
assumed to keep a steady profile rj (r) satisfying rj(r)Jo(r) =
=const.

where the unperturbed current profile J o (r) is

illustrated in Fig.6.

The profile prescribed is unstable to

both 2/1-and 3/2-tearing modes.
R m defined by (xR/ xA )

2

The magnetic Reynolds number

8

is 10 -, where two characteristic time

scales are the Alfven transit time tA and the resistive time
tR defined by rA=R0 (pop) V B Z O

and

X

K

=

a2 L I
V o/ lo-

Numerical

integration of the reduce MHD has been performed to
investigate the evolution of the unstable state.

In the

initial linear stage, two independent unstable 2/1- and 3/2-
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modes grow exponentially near each rational surface.

The

mode structures for the pertubed current 8j(r,0) at & time
t=1.0 x io~3 are depicted in Fig.7(a) for 2/1-mode, and
Fig.7(b) for 3/2-mode.

The time is scaled by the resistive

In the intermediate stage at time t = 2.7 x 10~ 3 ,

time xR.

the structure of total current J o + 8J is illustrated in
Fig.8.

The high current density region is deformed to the

ellipse from the initial circle, according to the development
of in=2 perturbation.

Figure 9 shows the superposition of the

points of intersection of 13 magnetic field lines, whose
initial positions are marked with squares at the same time as
in Fig.8.

One can see in Fig.9 the deformation of

unperturbed nested circular magnetic surfaces in the central
and the periferal region, two large m=2 islands, three small
m=3 islands and a chaotic magnetic layer around the
separatrix of m=2 islands.

The central high current region

in Fig.8 coincides with the central regular region having the
magnetic surface in Fig.9.

In the large m=2 islands together

with stochastic layer, the current density becomes low as
shown in Fig.8.

Appearance and growth of the stochastic area

of the magnetic field line accelerate the nonlinear evolution
of the spatial structure of the current J(r,6).

In the later

3

stage at t=3.25 x 10~ , the stochastic region prevails almost
whole area as shown in Fig.11, and corresponding contour of
the total current becomes irregular as illusterated in
Fig.10.

The illuminating dynamics in the transient stage

between t=2.7 x 10" 3 and 3.25 x 10" 3 will be reported
elsewhere.
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S3.Hamiltonian dynamical models
of magnetic field line
Boozer11' has proved that an arbitrary magnetic field B(r*)
satisfying divB = 0 can be written in a form
B = V f x V9 + V$ x V ^ p

.

(3.1)

If the magnetic field has toroidal symmetry as is the case
with the unpertubed field B(o> in tokamak, *Pp in Eq (3.1) is
a function only of W;
p

(3.2)

p

The functions \yp and ly represent the poloidal and toroidal
magnetic fluxes (see Fig.2).

We may choose the angle

variable (J> as the true toroidal angle, while the angle 6
becomes no longer a poloidal angle in a geometrical sense.but
a generalized poloidal angle which depends on \y indicating
radial position and the true poloidal angle.121.

The

coordinates (^,6,$) are more convenient to treat the magnetic
field line than the cartesian or cylindrical coordinates.

A

single magnetic field line can be described by two functions
and 6($). The equations for ip(4>) and Q($) are

otp

— V (V,ef<J))
38

P

-14-

O.3)

and

Notice that the Eqs.(3.3) and (3.4) are identical to the
Hamiltonian mechanics in form.

The variables V and 6 are

canonically conjugate action and angle variables, and W
<J) are Hamiltonian and the time variable.

and

The general

magnetic field line can be described by a time-dependent
Hamiltonian with one spatial degree of freedom.
The perturbed field B ' 1 ' due to some instabilities are now
described by the Hamiltonian *P

CP.e,^),

V (M',e.<J)) = H'(0' (M')+ ^] Vmn0V)explim8-inQ) + c.c.

,

(3.5)

m,n

where the summation is over integer values for m and n.
The points of intersection of a single field line through
a poloidal surface is the Poincare plot in phase space (T,6)
every 2n period of "time variable" §.

The relation between

x

one point ( ^Iir 6n ) to the next one (?n+1,9n+i) is called the
mapping.

The simplest mapping derived from the unperturbed

Hamiltonian \p =ipp<0'(ip) is

(3.6)

(O)' /

which is called the twist mapping. The quantity 2nVp{°J' (T
is the rotational transform angle I defined in SI. A
generalized mapping in the perturbed case assumes the form
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» + l' en),
n+ 1

p°>'(^n+1)

n

(3.7)
+ g ( V n + 1 , 6 n ),

where f and g are periodic in 8.

As the

(3.8)

Hamiltonian

dynamics (3.3) and (3.4) are conservative, the mapping

(3.7)

and (3.8) must be area-preserving, so that the Jacobian
should be unity;

3(1'tt ,9 n )

= 1 •

(3.9)

A large class of mappings defined by (3.7) and (3.8) become
area-preserving, as far as f and g satisfy

,, 6 ) + —
r n
aO

(3 •10 )

g V\< , , G ) = 1 .
n +I ' n

What is called the radial twist mapping is obtained by
putting g=0 and f= Asin0;

Further if the rotational transform in Eg.(3.12) is a linear
function of W n + 1 ;
2n^(«J'
p n

) = 2n«^(<V>)+2nP(<1>)(M
+l

p

p

n+ l

putting the right-hand side of Eq.{3.13) to I n + 1 , we have the
famous standard mapping
I

n+l =

I

n

+

Ksin6n

(3.14)
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and the nonlinearity parameter K is
K =2nAxVpt°)"(<xP>)

.

(3.16)

The more realistic model is the continuous 4> Hamiltonian
system.

A single perturbation with (m,n) in Eq.(3.5) does

not cause stochasticity, and need another mode (m', n') for
chaos.
m/n.

The helicity for two modes must be different; m'/n'^
The two-wave Hamiltonian model thus obtained will be

discussed in section 5 in detail.
We note that the standard mapping (3.14) and (3.15) are
equivalent to the continuous <{> Hamiltonian system described
by the Hamiltonian,
1 ,
/f(/,e,<j>)= -r + K

^
2. cos(o-n<j>) .

-17-

(3.17)

§4. Radial twist mapping and long-time tail**
The radial twist mapping [RTM] introduced in §3 to describe
the toroidal magnetic field line is of the general form,
y

n+l

=

Y

X

n+I

=

X

n

+

A

f

+

a

( Y n+l)

n

<Xn> '

C4'1)
<4-2>

•

The arbitrary function a(Y) means the rotation number of the angle
variable 2nX , the function f(X) represents a periodic dynamic
force satisfying the condition f(X)
parameter.

=

f(X+l), and A is a

To iterate within a limited steps, it is sufficent to

use the linearized version of the rotation number a(Y). If the
force is sinusoidal, the standard mapping [SM],
Y

=

y

X

=

X

n+X
n+1

n

+

n

+

A s i n 2nX

<4-3)

n '

<4'4>

*n*l '

is obtained from Eqs.(4.1) and (4.2) by linearization.
As far as the long-time prediction is concerned, however, SM does
not approximate the more realistic radial twist mapping.

This

section cencerns a theory of long-time behavior of RTM, and show
that the turbulent diffusion coefficient of Y variable decays as
f1'1'2 to a quasilinear value.

Exceptional case is SM, where the

eventual value of diffusion coefficient is different from the
guasilinear one.
Direct numerical iteration of the mapping has been performed
to obtain the diffusion coefficiet D defined by
D =

lim-^.

(4.5)
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Here the mean square average PN is
P

N

=

<

<YN

~

Y

o ) 2 >'

<4-6

where the brackets mean the average over the initial position Xo;

We find a striking contrast between the cases of SM and RTM.

The

diffusion coefficient of SM case is illustrated in Fig.12 Similar
curves are obtained by Rechester and White13', by Rechester,
Rosenbluth and White

14

> and by Meiss et al 1 S ) .

Results of RTM

cases reveal a monotonic dependence on the parameter A as
illustrated in Fig.13.

It is to be noted that the diffusion

coefficient is nearly equal to DQ (=Ar/ 4) when A>1 either in
Fig.13a) a = Y 2 / 2 or Fig.13 b) a=(Y2 - l)/2.

The periodic force

f is sinusoidal for both cases.
Our analytical study of the mean square average PH starts with
a functional integral representation,16''13'

"N-i

,

A'-l

y

v,

2nm.i [X -X. ,-alY.))\

(4.8)

where assuming the initial action V-. to be zero,
"

•

(4.9)

The m- ( j=l, ••• , N-l ) take on integer values.

The main

contribution to the integral (4.8) in the case of large A comes
from the part obtained by putting all the m^ equal to zero;
P

-P m I1 ..VdX-'-dX

Y2-—2N

-19-

•

(4-10)

To obtain the last equality in Eg.(4.10) t we have used the
sinusoidal force for A x ) «

Tn

e form P Q is the result of the

random-phase approximation or the quasilinear approximation.

When

A is larger than unity, the quasilinear value P Q is dominant over
the rest 6PH which comes from the terms with finite mj.

In fact,

the deviation 8PH is negligible in the numerical curves in
Figs.l3(a) and (b), where the diffusion coefficient D is scaled by
the quasilinear one D g (=A 2 /4).

Nevertheress, 5PS is important,

because it gives a new effect, the long-time tail, in the case of
RTM and a finite contribution in the limitting case of SM. To
estimate 6P H , we introduce the Fourier decompositions
dkoUi,q)eikY

,

(4.11)

where o(k,q) becomes a delta-function in the case of SM;
o(k,9) = 6(k-g),

(4.12)

and, using sinusoidal force for
eitfi*>=

£

2nimX

JJp)e

f(X),

,

(4.13)

where Jm(p) is the Bessel function.

The conbinations of

Eqs.(4.9),(4.11) and (4.13) yields a formula,
exp I — 2 n m . i a (y .)

=

[

dko(h, -2itsgn(.m.)) f|

]T JJkA)^"1

" 1 '"•' .

Three principal contributions 6P H l i J (i=l,2,3) to 8P,, are as
follows.
1) m. / 0 , mk -0 forfe-^j; j=l,«-- r N-l

-20-

(4.14)

2

"'-C

For the SM case, it becomes for large N

2) m j , mj+i f°' m i = 0 for i / j , j + 1 ; j = l , * - - , N-2

(4.17)
j,-2ir)J

For the SM case,
Sp

n<2)

=

~ J 2 (2nA)NA2 +

.

3) m., nu +2 9*0, 1^=0 for k^j, j + 2; j=l,---, N-3

-21-

(4.18)

a

T

»
// d f c i d ^ [°(*i. -2 7 )o(*

(4.19)

For the SM case,
6PH<3) «, _ J I 2 (2nA)NA2 •>•

.

(4.20)

To obtain an asymptotic form of SPH for large N, it is necessary
to investigate the integral

where the Fx(k) is an arbitrary function.
As the integrand in Eq.(4.21) contributes to the integral only
from small value of kh, with use of the expansion J 0 (x) = l-x2/4 +
••••

, Eq.(4.21)

becomes
l-tt-——f

(4.22)

o
where k0 is arbitray finite constant satisfying k 0 A<l.
Changing the variable of integration from k to y by the
substitution y=kA / N / 2 , we have
,,.23,
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We obtain similarly an asymptotic form of another integral in
Eq.(4.15) and (4.17);

L
Thus the total 6PH has the asymtotic forms for RTM
3

a

8PM = y 8P('' = VN A y a(l)
i«l

(4.25)
'

i-I

where

(4.27)
oo

-2^

r dy[o{y.
~~ OO

and for SM,
8PH = -NA2 [J2(*A) + Jj^ffeA)]

.

(4.29)

Final expression for the diffusion coeffifcient is
P + SP
PN
Q N
D = lim -^ = lim **

A2
= — + 6D

with
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(4.30)

SD =

lim O ( - T = ) = 0

(.RTAf)

'-[J2(2iiA) + «/*(2nA)JA2/2

,

(SM)

which agrees well with the numerical results.
The fact that the mean square value of Y increases with time
as V N suggests the existence of long-time tail for the
autocorrelation function of acceleration Y . Discussion on this
will come again in §6.
The SM gives a good approximation to RTM as for the short-time
behaviour is concerned.

To discuss the adequacy of representing

the RTM with the SM, we estimate the critical time N c , beyond
which the prediction of the RTM differs from that of the SM.

The

main contribution to 8PN comes from the second integral in
Eq.(4.19), so SD is given by
8D= - lim (•£=)=
0 ,
AT-. V ™
,
-i./2(2nA) A 2
where the factor g is given by

UiTM)
(4.32)
, (SM)

(4.33)
We can now estimate the critical time N c by setting gA/VF) in Eq.
(4.32) equal to the value of 8D in SM case to obtain

(4.34)
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The value of N c is sensitive to the rotation number a(Y).
2

particular when a = Y /2, g is given by g = n"
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3/2

.

In

§5.

Chaotic orbits in the two-wave Hamiltonian model and decay of

correlation function with the power law

5)

If the Hamiltonian (3.5) retains two modes with different sets
of (m,n), it is called the two-wave Hamiltonian.

After a

transformation of variables, the paradigm form of two-wave
Hamiltonian is obtained as
H = |v2 - Mcos x - P cos[fc(x-t)]

,

(5.1)

where fe,M,P are parameters and k is assumed to be rational; k=x/p.
We find a recursion relation for the autocorrelation function for
chaotic orbit and its decay with the power law5', from the
selfsimilar nature17' of the two-wave Hamiltonian found by Escande
and Doveil.18'

They have developed a renormalization

transforma* ion which blows up a special region of phase space
structure in the neighbourhood of a certain orbit.

The orbit is

dominantly influenced by two adjacent resonant structures in phase
space which exist both upper and lower sides of the orbit.

The

orbit is described well by the new two-wave Hamiltonian.
H' = £v'2 - M'cos x' - P'cos[fe'(x' - t')]

, (5.2)

which has the same form as Eg.(5.1) although variables x',v', t'
and parameters M',Pf»k'r are transformed from original variables
and parameters through a renomalization transformation.
The chaotic orbit we consider belongs to denumerable set of
orbits whose mean velocity <v> is given by
h

k + z -1

<

5

m

with the zoning number z m given by
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-

3

>

zm = i I m + V m 2 + 4 ]

, m = 1, 2, • • •

.

(5.4)

Specifically if m=l, z m becomes the golden mean zx= [ l+Vs"]/2.
These values of zoning number zm are invariant through the
renomalization transformation, which however transform < D > , fe.Mand
P to new values <v'>, k', M', P'.
transformation,

After a sequence of

<u>n and kn converge to respective values

kn —* k..

(5.5)

Sequence (Mn, P n ) has a non-trivial evolution.

The mapping has a

single hyperbolic fixed point (M., P. ) with stable (S) and
unstable (U) manifolds as shown in Fig.14.
The autocorrelation function of velocity is defined by the
ensemble average,
CvvA(s)

=

< 5vt 8vt+s > = ( 1 / D

/ D dJf 5 v t ( S ) 6 v t + , ( S ) ,

(5.6)

with
8vt(X)

= vt(S)

- <vt>

(5.7)

Here v t (S) means the velocity at time t with an initial position 8
in phase space, and T is the volume of the phase space D which the
individual orbit covers and where the integration in Eq.(5.6) is
overtaken.

We find a recursion equation for the correlation

function in co-space defined by

C>)= £*«"••<£« .

(5.8)

After the n-th renormalization transformation, we obtain the
equation
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—
CT <.u;k,M.P)
ml

<5-9'

* —

= ( i n CT
to, k n ,M n ,P n )
tiv ( a n
n
tut
it
rt
n
n

where
(5.10)

The mean velocity <u> is a function of k, so we have suppressed
it.

For the explicit form for a^ and also derivation of the

scaling relation (5.9), the readers should refer to the Ref.5.
The following analysis to derive the decay of correlation with
the power law is only applicable to the neighbourhood of the
critical Hamiltonian

H» with invariant parameters (k,,M., P.)

under the renormalization transformation.

Consider a tangent

mapping about the fixed point;

(5.11)
where

((Mn-M*) Pn-P* .

. \
(5.12)

We do not need the explicit form of matrix L«. Let the eigen
values and eigen vectors of the matrix L, be

p ± , pA, and Vt^,

(5.13)
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Only a single unstable eigen value p + is larger than unity, while
for the stable ones, |u_|, lpA,l< 1.
The stable eigen vector "wt is given by

(5.14)
which suggests that the stable manifold S in Fig.14 is described
by the equation

S(M, P, k)=*MP'-R(k) = <Z

;

(5.15)

where f, is a universal constant.
Forms for £na n , £n0 n and S(Mn, P n , kn) about the fixed point are
required for later use.

Since the eigen vector V*± has no

components in the direction of \^ , we have

(5.16)
As a n and p n in Eq.(5.10) are a(kjandP(kn), Taylor expanding them
around h. and using a short-hand notation a. = a(A.), we have

(5.17)

-29-

In /?,, = i

d)n >
dte.

(5.18)

and S n - S(Mn, Pn, hn) = (s. • AX n )

(5.19)

where the vector s« is defined by

/ as

as as \

(5.20)

* V dlnM* ' dlnP* ' dk*)'

which is normal to vft and "W^

(s*-

«;*) = 0 .

(5.21)

An iterative use of Eq.(5.11) gives

AX n = L»n AX

(5.22)

where Ax can be decomposed as follows,

_^ ,M-M. P-P.

^"{-ur* ~pTik~
=AX + W^. + AX_ wt. + Ak "w* .
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(5.23)

Plugging Eq.(5.22) and (5.23) into Eq. (5.19) and using the
orthogonality (5.21), we have

(5.24)
A solution for the recursion equation (5.9) is

( 5.25 )

with
C Q = S ( M , P, k)f
Cp = S ( M, P, k ) v

,

(5.26)

.

(5.27)

The exponents p, u and 8 are universal constants given by

(5.28)

In a*
In p+

(5.29)

In
*

QIn p»
d\n a*

(5.30)
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Thus we have proved that the velocity time-correlation function
decay with power law as t~ (1 ~ B> .
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§6. Fractional Brownian motion and
long-time tail of magnetic field lines
We have performed numerical integration of the two-wave
Hamiltonian system (5.1) and observed a correlation tunction
of a particle velocity vt(X) defined by the time average

T
dtSvt+ t(x)Sutd)

,

(6.1)

with
5u( &

(6

= v ( & ) - ~^W) .

'2>

where the time interval T is 2n-105 , sufficiently large as
compared with the wave period 2n/k.
predictor-corrector method is n/300.

The time step At of the
Figure 15 shows the

results for the conditions: M=0.04, P = 10~4, k=16 and the
initial position (x,v) = (0f 1.0). Plots in phase space at
every 2n intervals are illustrated in Fig.l5(a).

The width Av

of the chaotic layer is less than the mean velocity v", which
situation matches the assumption made in the previous section.
In Pig.15(b), the total velocity correlation CTvv(s) + V2 is
plotted, and just the correlation CTvv(s)in Fig.l5(c).
same correlation C

T

vv (s)

The

vs. s is displayed in Figs.l5(d) and

(e) in the semi-logarithmic and logarithmic scales,
respectively.

Figure 15(e) shows clearly linearity of the

curve, implying the decay with the power law.
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By fitting a

formula C T vv {s) °c s"° to the curve, we obtain
exponent,

a value of

the

o=0.22.

Calculation of the power spectrum of velocity is
accomplished to confirm the power law decay of velocity
correlation function.

The definition of the power spectrum is

given by
/(<o)= — rfi [ 6v (co, x.) I2
2n Jo

,

(6-3)

with

6u(<o, x) = — I

dt6i>te'""

,

(6.4)

where the dependence of 8v t on the initial position X is
suppressed.

The time interval T' has to be much larger than

the characteristic time scale 2n/w. It is straightforward to
obtain a formula
1
f"
T
/ loo) = — Re
as C (s) e

n

Jo

to,

,r ,-v
(6.5)

,

""

1

in the limit, T * °°. In the present run.

T1 is chosen to be

4.12 x 10 5 . Figure 16 shows I(w) obtained under the same
condition as in Fig.15.

In the low-frequency range co<l, we

can observe a turbulent spectrum as <a~5 with 6 =0.86. The
observed 8 which is nearly equal to 1-cr is consistent with the
formula (6.5) and that C T VV (s) is proportional to s"°.
The statistical property of the coordinate x(t) is
investigated under the same condition as in Figs.15 and 16.
Figure 17(a) shows the time history of the deviation £ defined
by
5(t) = x(t) - vt

.

(6.6)

We observe the variance o£c(t) defined by
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(6.7)
The curves shown in Figs.l7(b) and (c) are ° u (t) vs.t in the
semilogarithmic and logarithmic scales,respectively.
17(c) indicates that the variance grows as tv.

Figure

It is

interesting that the power r is observed to be v = 1.7.

The

present observation gives v + a = 1.92, though the sura of the
exponents should be precisely two.

Note that the stochastic

process £(t) is able to be described by the fractional
Brownian motion with persistence (v > 1 ) , which is the
diffusion-like motion "faster" than the ideal Brownian motion
(v = 1) and "slower" than the straight orbit with constant
velocity (v = 2 ) . This characteristic feature of the
stochastic orbit is illustrated clearly in Figure 17(a), where
the orbit consists of the combination of intermittent straight
motion and the ideal Brownian motion.
In order to discuss the long-time tail of the magnetic
field line, we introduce next the Liouville equation' for the
distribution function f(tp,6,<})) of the field line.

the

variables \p,9, and (}> have been introduced already in §3.

The

distribution f is proportional to numbers of field line in a
volume element d\pd0.

We may interpret f as a distribution

function of electrons, if they follow precisely the magnetic
field lines with a constant velocity.

In this version, the

variable 4> should mean the real time variable.

The evolution

equation for f is
(6.8)
with
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an a

an a

Define a reduced distribution g t W , ^ ) by
qiV,^) = P£

,

(6.10)

where the projection operator P is
Pf=

r

— I de /W,0r<t>) .
2n Jn

(6.11)

'0

According to the reduction procedure due to the projection
operator method, we obtain a formal transport equation in the
from,
a
a f*
A
a
— S Wi<b)=
I dd>'/f(<h,<ti') gd'.^i') •
3<j>
dV j o
W
The memory kernel K i s
A

eli

an

1

(6.12)

a

K(<|>,<K)= P —W — W \ + 0 ( — ) .

(6.13)

Thus to the ordei of second derivative with respect to V f the
transport equation (6.12) becomes the Fokker-Plack type with
the diffusion coefficient,
D (<j>) = 2

if (i) dx .

(6.14)

JO

and the memory kernel K(x)

is

[ Sli

aH

I BO

aG

t

1

( 6 1 5 )

J

which is the autocorrelation function of the acceleration 3H/39
= -4 / .

It is shown in §4 that the diffusion coefficient D((}>)

decays with the power law 4>'1/2t o

a

finite value D Q . This means

that the correlation function K(x) should have the form
ifW= ^D^expi-Txl + Oiz-^) ,

(6.16)

that is a sum of exponentially decaying term and the long-time
tail decaying with the power law x"3''2.
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A s o l u t i o n of
together

the non-Markoffian

with the kernel

~

(6.15)

r

transport

i s given

equation

(6.12)

by
(6.17)

|

= 2 . e*P H - i O ( * ) - r(.k))<$> etp (i
l
'

The complex frequency co(k) = fl (k) + t>-(k) satisfies the
dispersion relation

= - A2 f

*Kft)eiu(*H .

(6.18)
o
If the correletion function K(t) has only the first term in
Eq.(6.16) and F >> k 2 D Q , the frequency oj(k) becomes w ( k ) = i k 2 D Q / 2 , which is the normal diffusion process.

But when

there exists a long-time tail in the correlation function, the
real frequency £2(k) is not negligible, so that the solution
(6.17) propagates like the wave.
We show finally a numerical result which suggests the
existence of long-time tail for correlation function of dv/dt
even in the two-wave Hamiltonian system.

Figure 18 shows the

time evolution of the variance of velocity defined by

If the present stochastic process were governed by the ideal
diffution process with diffusion coefficient D, then the
variance 0(t) should grow simply a s shown by the dotted line
in Fig.18, the analytic form of which is given by

|
3

U

[ l ^ i
l

jexpl^n+)^]).

n 4 n » 0 (2n + I) 4

u2

2

(6.20)

I

where the 2u 2 /3 is the saturation value of a ( t ) . The
numerical curve however is oscillatory, suggesting the effect
of long-time tail or the real frequency £J(k) in the dispersion
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relation (6.18).

The explict analytic form for the numerical

curve may assume the form
o(0 = - u2 [l - ^ | Y
expl - ^- (n + -fl>t] cos (Q <)} .
3
l
2
n 4 n f 0 (2n + l) 4
u2
"'
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(6.21)

§7 Summary and discussion

This article has attempted to show that the onset of chaos
of the magnetic field line has a great influence on the
subsequent rapid MHD evolution of plasmas resulting in the
turbulence.

Two unstable modes in toroidal plasmas grow

linearly and couple nonlinearly to yield chaotic braided
magnetic field lines, until there occurs a rapid quench of
energy stored in the plasma and a disruption of plasma
current.

The magnetic chaos is a typical example in the

Hamiltonion system which is connected to the macroscopic rapid
phenomena.

We have emphasized the fractional Brownian motion

and the long-time tail, which originate from the selfsimilar
structure in phase space for chaotic magnetic field lines.
The current disruption in tokamaks has been thought to be
a magnetic relaxation phenomenon, in which an unstable
equilibrium state relaxes into a new equilibrium state with
the lower free-energy.

In ideal MHD, all field line

connection must be conserve^. ; the magnetic helicity defined
as,
A-B<Tx,

VxA=B,

(7.1)

l

is conserved, where the integral is over a flux tube for a
single Jield line.

The total energy (the magnetic, kinetic

and internal energies) is another invariant in case of
nondissipative MHD.

As the kinetic and internal energies are

negligibly small in tokamaks as compared with the magnetic
one, the volume integral of magnetic energy defined as

W=f

ltd 2
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must be conserved, where the integral is over the total Dlasma
volume bounded by a conductive wall.

In dissipative MHD,

however, si..ce the decay rate of K^ is much less than that of
W, Woltjer 19 ' first proved that the unstable plasma relaxes to
a force-free state (J x B = 0) with

J* =

PjB*/

which is a

minimum magnetic energy state subject to constraints K 1 =
const.

for each flux tube.

The constants JIX are different in

general for different field lines.

The magnetic helicitities

K1 for braided fielc: lines are mixei up through the magnetic
chaos and the associated reconnection, so that the proper
constant \i± for each field line becomes to take the same value
u.

Taylor 20 ' introduced a weaker constraint,

K

= I

TflftPx = const. ,

(7.3)

tot
1

lot

and conjectured that a global force-free current, ~S = uB,
exists in a relaxed state, what ir; called the Taylor stf.e.
The Taylor state in tokarnaks is a state with a spatially
flattened toroidal current profile, touching the conductive
wall at a finite value of current density and leading to a
current disruption.
In conclusion, the detailed mechanisms of transport
process connecting the initial unstable peaked current profile
as shown in Fig.8 and the final flat current density, are left
for future studies.
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Figure captions
Fig.l.

Typical motion of a charged particle in a mirror
geometry has three charateristic frequencies, the
highest cyclotron frequency « c , the intermediate
bounce frequency cob and the lowest drift frequency cod.

Fig.2.

The tokamak configuration (a), and a typical magnetic
field line and a magnetic surface (b).

Fig.3.

Standard sequence of Tokamak disruption shows total
current, magnetic oscillation and soft X-ray emission.
The traces shown occupy 30msec.

Fig.4.

Tomographic reconstruction of contours of equal X-ray
emissivity for the m=2 mode.

Fig.5.

Central line-integrated X-ray emissivity for a series
of minor disruptions in a Tokamak.

Fig.6.

Contours of the unperturbed toroidal current density
(a) and its profile (b). Coordinates are scaled by
the plasma radius, a.

Fig.7.

Spatial structure of perturbed current density due to
the tearing modes at time 1.0-10"3.

Fig.7 a) shows

contours of equal positive (solid) and negative
(dotted) current densities of an unstable 2/1-mode
with m=2, n=l growing near the radius r 2fl , and b) of
another weakly unstable 3/2-mode with m=3, n=2 at the
inner radius r 3f2 .

The maximum value of 2/1-mode is

6.3 times larger than that of 3/2-mode.
Fig.8.

Contours of equal total current density, the
unperturbed plus the perturbed current, observed at
time 2.7-10"3, showing central peak and two islands on
both sides.

The solid lines indicate negative current
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and the dotted lines positive (note that the
unperturbed current is negative).
Fig.9.

Poincare plots at t=2.7-10~3 of several magnetic field
lines, initial positions of which are marked by
squares.

There appears a chaotic region near the

separatrix of major magnetic islands.
Fig.10. Contours of equal total current density, the
unperturbed plus perturbed current, observed at time
3.25-1CT3 showing irregular pattern.

The solid lines

indicate negative current and the dotted lines
positive (note that the unperturbed current is
negative)•
Fig.11. Poincare plots at t=3.25-10~3 of several field lines,
initial positions of which are marked by squares.

The

chaotic region prevails in the whole area, except for
the peripheral and central parts.
Fig.12. The diffusion coefficient scaled by Do (=A2/4) vs. A
for the standard mapping.
Fig.13. The diffusion coefficient scaled by DQ (=A2/4) vs. A
for the radial twist mapping with a) a(Y) =Y2/2 and b)
a(Y) = (Y2-l)/2.
Fig.14. The flow of renormalization transformation in (M,P)
space.

The line S described by the equation, MP* =

R(k.), separates the chaotic region (upper) from the
integrable one (lower).
Fig.15. The velocity autocorrelation function for parameters,
M=0.04, P=10~3, k=16 and the initial condition
(x,v)=(0,l).

a) Phase space plots at every 2n step.

The total velocity correlation function, cTvv(s) + v2
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in (b) and the pure correlation cTvv(s) in the c)
linear, d) semilogarithmic and e) logarithmic scales.
Fig.16. The velocity power spectrum I(co) obtained under the
condition, M=0.04, P=10~3, k=16 and (x,v)=(0,1)for an
initial point, in the a) linear, b) semilogarithmic
and c) logarithmic scales.

The gradient of the solid

line in c) shows the numerically obtained gradient of
the averaged spectrum.
Fig.17. The time history (a) of the deviation £(t) and the
variance a,,(t) vs. t in the b) semilogarithmic and c)
logarithimic scales.
Fig.18. Time evolution of variance of velocity for a gloval
chaotic orbit in the two-wave Hamiltonian system,
under the condition M=0.2, P=0.2, k=1.0 and (x,v) =
(0, 0.6) for the initial position.

The variance

should grow along the dotted line, if the stochastic
process were of the pure diffusion.
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