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ABSTRACT
A model is presented for calculating the pion wave function
inside the nucleon.

By assuming that all pions around a core of the

nucleon are in the lowest eigenstate of the system, it is shown that
both the bound state and TN scattering amplitude can be consistently
described by an exactly soluable model defined in the subspace spanned
by the core state and the physical TN state.

The parameters of the

model are determined by fitting the data of the nucleon mass, irNN
coupling constant and low energy TN scattering phase shifts.

The model

predicts that the probability of finding the pion component inside the
nucleon is about 20%.

The calculated xNN form factor

significantly from the conventional monopole form.

differs

The dynamical

consequences of the differences are demonstrated in a calculation of
electromagnetic production of pions from the nucleon and the deuteron.
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I.

INTRODUCTION

It is generally believed1 that the nucleon has a core with three valance
quarks and a pion cloud on its surface.

The physics of the valance quarks was

unambiguously revealed from the deep inelastic lepton scattering, while the
existence of the pion cloud provides a simple explanation of the observed Chiral
dynamics of low energy nuclear interactions.

In this paper we present a model,

based on this physical picture, to describe the following experimental observables:
(i) the mass of the nucleon, (ii) the JTNN coupling constant f2/4jr—0.081, and (in)
TN scattering phase shifts in the P1]L channel below the pion production threshold.
The main outcome of the model is a prediction of the pion distribution inside the
nucleon.

This quantity is needed to answer many pressing questions raised in

recent nuclear studies, such as the mesonic explanation of the EMC effect,
absorption of low energy pions by nuclei and the electromagnetic production of
pions from nuclei.
In Sect. II we define our model and show that the model provides an
internally consistent description of both the pion wave function inside the nucleon
and the TN scattering amplitude.

In Sect. Ill we introduce parameterizations of

the model to fit the data of the three basic observables mentioned above, and
present the predicted pion wave function inside the nucleon. We will demonstrate
in Sect. IV the implications of our model in a impulse approximation calculation
of the electromagnetic production of pions from the nucleon and the deuteron.

In

Sect. V we summarize our study.

II.

THE MODEL

We start with the assumption that the pions around the core of the
nucleon are all in the lowest eigenstate of the system.

In this simplest picture,

one can immediately see that if ZQ is the probability of finding the core state,
denoted as

INQ> and also called the bare particle state, then the probability of

finding n mesons moving around the core is

P

n - V1 "

(2.1)

We now notice that such a probability distribution can be obtained from a wave
function of the following form

IN0> • Z p=
n=l ^

(2.2)

n!

with
(2.3a)
and
(2.3b)
Here a^ is the creation operator of a pion with momentum £, and A(K) is the
pion wave function to be determined from the assumed dynamics.

To simplify

the presentation, all spin-isos pin quantum numbers are suppressed throughout the
paper.

To verify Eq. (2.1), we use the wave function Eq. (2.2) to calculate the

probability of finding a n-meson configuration

(2.4)

By using Eqs. (2.2) and (2.3), Eq. (2.1) is verified as follows

= ZQ (1-Z o ) n

(2.5)

The considered model wave function Eq. (2,2) is clearly well normalized since
«

<NIN> = Z ! PQ

n=0
1
-

Z

0

Our task now is to find a way to calculate the pion wave function
A(K) by solving the bound state problem
HBIN> = mlN>

(2.6)

where m is t h e measured mass of the n u c l e o n , and Hg is t h e

"bare"

Hamiltonian describing the basic rNQ«"»N0 pion emission and absorption
mechanism and possible

ITN0«-+TNQ

two-body interactions due to other mechanisms

such as the exchange of heavier mesons.
procedure to solve Eq. (2.6).

In Appendix A. we describe the

It involves a highly nonlinear self-consistent

problem which can not be easily solved in practice.

The problem becomes even

more intractable if we demand a consistent description of both the bound state
and TN scattering amplitude, as required in a realistic prediction of mesonic
components of the nucleon.
The starting point of the formulaMon of our model is the observation
that Eq. (2.2) can be written as an integral equation form

= Z j / 2 {lN0> + Jd£ A(£) Sba*IN>}

(2.7)

Here we have introduced the boson symmetrization operator S b , which
symmetrizes and normalizes each multi-meson state resulted from iterating Eq.
(2.7). The above equation can be simply considered as the definition of the core
state IN 0 > in terms of the physical states IN> and I T N > .

In this

representation the physical nucleon, defined originally by Eq. (2.2), can be
obtained by solving the bound state problem with a suitable phenomenological
Hamiltonian defined within the subspace N 0 -Q*N.

The form of the

phenomenological Hamiltonian is suggested by the matrix elements < N Q I H Q I T N >
and < T N I H B I T N > , which are given explicitly in the Appendix A. The
phenomenological Hamiltonian is then taken as
H = HQ + H1

(2.8)

with

= fdp Nn&p2 C X
I

P Pp
p

p pj

Jdfc" J/»2+fc"2 a V

(2.9a)

H« = Jdkdpfhtf) C+ a Y+ h+(«) C; a b J
I

p+k k p

p+k k pj

I dpdp'dkdk'ff^+p-t'-p'Jv^'.^b* b.at a^

(2.9b)

P P
Here m 0 , m and ji are respectively the mass of the core NQ, the physical
nucleon and the pion. Their creation operators are denoted as C^j, b ^ and a^
respectively.

* is the rN relative momentum.

The parameterizations of the

vertex function h(«) and the two-body matrix element v(Z',t)
explicitly in Sect. HI.

will be given

In this simplified model the bound state and the *N scattering
problems can be solved exactly.

In the following three subsections we will

present explicit solutions for calculating the nucleon mass pion wave function,
irNN coupling constant and xN scattering amplitude.

All solutions will be given

in the center of mass (cm.) frame in which the one-particle state I NQ> is at
rest and the TN relative momentum * in Eq. (2.9) becomes /c—S=-p.
1. The nucleon state
To obtain the pion wave function A(£) of the nucleon, we need to
solve the following bound state equation in cm. frame
(H-m)IN> = (H-m) z j / 2 {|NQ> + Jd£ A(£) a V j O > } = 0

(2.10)

In writing down Eq. (2.10), we have used the property that in the subspace
multi-meson states are suppressed and hence

The one-particle state NQ is of course at rest; i.e. INQ> = C^I0>.

By using

the definition of H (Eqs. (2.8) and (2.9)) and projecting Eq. (2.10) onto the
basis states INQ> and a^b^"kl0>. we have
= m

W(k) A(tc) + h(l) + l&'Y$,P)k(tL')

(2.11)

= mA(S)

(2.12a)

with

W(k) = Jm2+k2 + V + k 2

(2.12b)

It is straightforward to show that the solution of the above coupled integral
equations can be written as

where t-matrbc is determined only by the two-body interaction v(k,k')

tf.) £7

,^E)

(2.14)

E-W(k")
The normalization constant ZQ is then calculated from wave function A(Ic) by
using Eq. (2.3).
2.

irNN form factor

With the bound state solution Eq. (2.7), the irNN vertex function can
be calculated from
= <ola*b

H
t

'

[h({) • Jdi'y(S,i')A(S')]

(2.15)

By using the properties Eqs. (2.13)-(2.14), it is easy to express Eq. (2.15) in
terms of the rN scattering t matrix

m-W(k )
The physical meaning of Eq. (2.16) is clear.

The T N two-body interaction v

plays an important role in determining the transition from the physical nucleon
to a physical TN state.

In the zero momentum limit, the vertex function is

related to the measured rNN coupling constant f 2 /4r=0.081 by

where I is the z-component of pion isospin, a and t are the usual Pauli
operators.

We also have defined

% "|

<rl *

iT

2>
3.

rN scattering

The rN scattering matrix is defined by

,£,E) = <£'IT(B)lt>

(2.18)

with
k -fc
where the scattering operator is defined by the model Hamiltonian Eqs. (2.8)(2.9)
T(E) = H' + H'

1

^

I i

H'

(2.19)

By using standard projection techniques, it is straightforward to see that the
solution of Eq. (2.19) can be expressed in terms of the t matrix defined by Eq.
(2.14) and the vertex function h(k)

^r[|)
with
E(E) = E0(E) • Ej(E) .
The self-energies of the bare particle N o are
E

0 W - J B-W(k)+ie

dk

(2.20)
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The renormalized vertex interaction is

E-W(k)+ie

H(fc\E) = h(t') • Jd5 tfS'^B) hf£')

(2 22)

Clearly at E=m, the renormalized vertex function H(£,m) is related to the *NN
form factor defined by Eq, (2,16)
(2.23)

To end this section, we want to show explicitly that the scattering
solution given above is consistent with the bound state condition; i.e. the
scattering amplitude has a pole at E=m and its residue is uniquely determined
by the physical T N N coupling constant f.

This is done by expanding the self-

energy of NQ to write the second term of the TN amplitude Eq. (2.20) as

where

soo - z: (B»)
11

n=2

p

n

8E

E=m

By using the Eqs. (2.11) and (2.13) one can show that
01 = 11^ + E(m)

In Appendix B, we show explicitly that

1

-IF I*. --

(2.25)
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Since

we can use Eqs. (2.23)-(2.26) t o show that

E+m

E-m
(2.26)

The constructed xN t-matrix therefore has a pole at E=m.
pole is uniquely defined by the xNN coupling constant f.

The residue of the
Our model therefore

has the required properties of a physical TN amplitude, and can be used to
confront the scattering data.

IE.

NUMERICAL RESULTS

To proceed, we need to define the vertex function h(k) and the twobody matrix element v(k,k').

We parameterize them according to the forms

deduced from using the wave function defined by Eq. (2.2) to evaluate the
matrix elements <N Q IH B lirN> and

<TNIHBITN>,

fundamental Hamiltonian defined by a bare vertex
TNQ+TNQ

interactions.

where H B is a more

TNQ++N0

and a two-body

The resulting forms of these two matrix elements are

given in Appendix A, where we also discuss the self-consistent problem involved
in obtaining the bound state solution of the form Eq. (2.2).
construction of the model in the subspace

NQQTN,

it is only necessary to note

that such a more fundamental consideration suggests that the
can be taken as a separable form.
numbers explicitly, we write

For our present

TN+JTN

interaction

Taking into account spin-isospin quantum
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WA.

(3.1)

(k)

y/2

1 2

'a /
with

v a (k',k) = . ? « i ( k l )

C

i,j=l

where

is the usual normalized spin-isospin-angular function for the JTN

channel a.
ia=l.

ij8jCk)

Fo. the P u channel considered here, we have J f t = T a = l / 2 and

We parameterize g(k) as

(3.2)

The vertex interaction is parameterized as
a

- *0 a+ • kt

(3.3)

where I indicates the z-component of the pion isospin.
The free parameters of the model are the mass of the bare particle
nig, coupling constant fQ and range A r j ^ of the vertex interaction h(k), coupling
constants Cy and ranges a? of the two-body interaction v(k,k').

We adjust

these parameters to fit the data of the nucleon mass, TNN coupling constant and
rN scattering phase shifts below the pion production threshold.
the data, we look for solutions with a bare mass mQ

M

In the jf2 fit to
1000 Mev.

This

probably will lead to a simple interpretation that the core is the object with
three valance quarks, as described by the standard nonrelativistic quark model or
the Bag model.

We found that no fit can be obtained if the two-body TN

interaction v is set to zero.

This is consistent with the findings of Ref. 5.

Table I we list the determined parameters.
compared with the data in Fig. 1.

In

The calculated phase shifts are
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Because of the simplicity of the separable parameterization of v(k,k'),
the radial part of the pion wave function, defined by Eq. (2.13), can be
explicitly written as
(3 4)

-

where

The calculated coefficients $x are also given in Table I.

In Fig. 2 we display

the calculated raditJ wave function lkA a (k)l.
By using Eq. (2.3), we can calculate ZQ and also the probability
functions from Eq. (2.1). The results are:
P o = Zo = 0.80
P x = 0.16
P 2 = 0.032
P s = 0.0064
This means that the mesonic component of the nucleon is 20% and is dominated
by the one-pion component.
IV. PREDICTIONS OF ELECTROMAGNETIC PRODUCTION OF PIONS
The need of a two-body TN interaction to fit the TN scattering data
leads to the presence of the off-shell fN scattering amplitude in determining the
TNN form factor, as seen in Eq. (2.16).

The importance of this irN correlation

effect is illustrated in Fig. 3a, where we compare our form factor (solid curve)
and the conventional monopole parameterization with same A T N N = 9 8 0 MeV/c
(dashed) and 500 MeV/c (dash-dotted).

It is clear that the theoretical results

cannot be represented adequately by the conventional monopole form.
that a reasonable representation of our result is (Fig. 3b)

We foun^.

13

with ^=5000 MeV/c, t 2 =480 MeV/c.

The significance of our prediction is

already notable in the low momentum part of the form factor, which can be
explored in the study of low and intermediate energy nuclear reactions.

To

illustrate this point, we have studied electromagnetic production of pions from
nuclear targets.
In the impulse approximation, the electromagnetic production of pions
from a nuclear target can be calculated from the amplitude of the elementary
7N*xN process.

If we follow the conventional approach and calculate this

amplitude from the Born term deduced from the field theoretical Largrangian of
pion nucleon interaction, the calculated cross section is directly proportional to
the TNN form factors. Such a first-step calculation of 7p+T+n and (e,e'ir+) from
the deuteron has been carried out for the present study by using the approach
developed in Ref. 6. In addition to the Born term taken from the work by
Larget, we also add the A excitation term following the approach by Koch and
Moniz.

In the d(e,e'r + ) calculation, we concentrate on the kinematics that the

outgoing pion is in the direction parallel to the exchanged virtual photon, so
that the dominant mechanism is the interaction between the photon and the
pion emitted from the nucleon in the deuteron.

The calculated cross section of

d(e,e'ir+) is therefore a direct measure of the *NN form factor.
Two typical results are shown in Fig. 4a for 7p+jr+n and Fig. 4b for
d(e,e'r ).
TNN

The dashed curves are calculated from the conventional monopole

form factor with A T N N = 1 0 0 0 MeV/c. The solid curves are calculated from

our form factor.

Our results suggest that the conventional monopole

parameterization is not adequate for a precise study of pionic effects.

We want

to emphasize here that the differences shown in Fig. 4 are the errors one can
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make in interpreting the data, if the observed low energy irN scattering dynamics
is not taken into account in describing irNN form factor.

V.

SUMMARY

We have presented a model for a consistent description of pion
distribution inside the nucleon and the low energy irN scattering.

The

underlying dynamics is assumed to be a vertex interaction for describing the
absorption and emission of pions by a core (NQ) of the nucleon, and a two-body
direct interaction between the core and the pion.
pions are all in the

We further assume that the

same lowest eigenstate of the system, as described by the

model wave function Eq. (2.2). It is then possible to solve the problem in a
subspace spanned by the core state NQ and the physical ffN state.

By fitting

the data of the nucleon mass, TNN coupling constant and the low energy rN
scattering data, we have determined the vertex interaction describing the
transition from the core state to the TN state, and a two-body irN interaction.
The relationships between these two phenomenological quantities and the
underlying more fundamental "bare" Hamiltonian for the pion and the core are
briefly discussed in the appendix.
The main outcome is a pion wave function given explicitly in Eq.
(3.4), which can be used in other studies. As an example we have shown, in
an impulse approximation calculation of the electromagnetic production of pions
from the nucleon and the deuteron, that the conventional monopole
parameterization of the *NN form factor is not adequate.
pionic nuclear reactions will be published elsewhere.

Our studies of other
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APPENDIX A
In this appendix, we briefly discuss the self-consistent problem
involved in obtaining the model wave function Eq. (2.2) from the following
"bare" Hamiltonian

HQB = Jd£ ]/* 2 + k 2 a£a + Jdp img+p2 C^C,
£

(A.2)

pP P
p

and

^ = Jdpd£ [hQ(«) § c V + hj(*) C* C+a 1
L

p+k p k

p+k p kj

+ Jdpdk'dp'dk'1 fiCp'+J'-p-^) 0 * a j 0 + a

v o («',/c)

All of the notations in the above equations are explained in Sect. II.

(A.3)

Projecting

the bound state equation in cm. frame ($=-p=x)

i \j
1=1 •ill!

ll=l

J ^ ^ ^ ; ] | = 0 (A.4)
K..J

onto the basis states INQ> and a^lNQ>, we get the following nonlinear coupled
integral equations

mQ + J (zJ/ 2 hJ(J))A(£) dS = m

12

+z 0

(A.Sa)
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(A.5b)
The normalization condition yields another condition
(A.5c)

In practice, we have very little information about the bare interactions.

The

task is to find hQ and vQ so that the above equations can be satisfied.

It is

interesting to note that if the two-body interaction vQ is neglected, the above
equations can be cast into the following form

-I

a- J2 (m-UQ) - Jm2+k2 - J/i 2 +k 2

= U.Zr

/
IB— i&

\VL—On) ~ lDWHC

— l / » +JC I

If we assume that the vertex interaction hQ(k) is known, then the existence of a
bound state solution can be determined by examining whether the above set of
nonlinear equations has solutions with positive definite values of ZQ and mQ.
The above equations illustrate the nontrivial Keif-consistent problem
involved in getting the wave function Eq. (2.2) from the "bare" Hamiltonian of
the form of Eq. (A.l). The problem becomes even more complicated if we also
want to describe the JTN scattering data.
the simplified model described in the text.

This is the motivation of constructing
The relationship between our model

and this probably more fundamental model can be established by equating our
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irN«-»N0 vertex function and two-body irN matrix element to the matrix elements
calculated from Hg,

The results are

= <Nla Hia*
k'

k

= [(Zj/2)3 [ £

* (P ZQ) + J l ^ f p

(D Z()) n-

Where D and ZQ have been defined in Eq. (2.3), and

We see that the bare vertex interaction is directly proportional to the vertex
interaction in the subspace

NQQJTN.

If the bare two-body interaction vQ can be

neglected, v(k,k') is of the form of a separable interaction.
parameterizations of h(k) and v(k,k') in Sect. III.

This motivates the
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APPENDIX B
To show Eq. (2.25), we first note that the t-matrix, Eq. (2.14), can
be written as
,

(B.i)

where
t(E) =

Y

+

Y

^ g - t(E) .

(B.2)

Equation (B.2) leads to the following relations

*W = * + * vohz v ,

(B.3)

and hence

h; = t® s=fc '

< B - 4a >

^ - t(E) .

(B.4b)

E-H 0 -Y

"

E-HQ

We then have
9E

"

1
(E-H0-v)2

s - t(E)

S—s t(E) .
(B-HQ)2

(B.5)

Now we also write the self energy (Eq. (2.21))
E(E) = <N0IE(E)IN0>

(B.6)

where
L h n+

i d r tOB) O - h

here, we have introduced a vertex operator h by <fclhlN0> = h(fc).

(B.7)

X9

By using Eqs. (B.5) and (B.7), we have

W

(B-Ho)

E H tCE)

"o

^ V t(B) *k 1

= A+(E) A(E)

(B.8)

where

From Eq. (B.9) it is easy to see that the wave function Eq. (2.15) can be
written as

= <£|A(E)IN O >
We finally arrive at

" 8E lE=m =

1

~ <N Ol~8E
<NQIA+(E) A(E)INQ>

= 1 +

j\k(t)\2dti

= 1 +D

20
n

«

Z

0

=Y

Q.E.D.

Here we have used the definitions of D and ZQ given in Eq, (2,3).

This works supported by the U. S. Department of Energy, Nuclear
Physics Division, under contract W-31-109-ENG-38.
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TABLE I.

Parameters of the model with the parameterizations given in

Eqs. (3.2) and (3.3), and the coefficients /Jj for calculating pion radial wave
function Eq. (3.4).

mo MeV)
h(k)

Z0=:0,80

f0

980.83

0.6715

1254.20

H

v(k',k)

A TNN (MeV/c)

(MeV/c)
412,634

aj (MeV/c)

Cu

G 12

C21

C22

1760.453

-13.861

4.602

4.602

-2.082

19.582

-5.070
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FIGURE CAPTIONS
Fig. 1

Fit to the *N P u phase shifts.

Fig. 2

Calculated radial Pion wave function IkA(k) I of the nucleon.

Fig. 3

(a) Calculated fNN form factor (solid curve) is compared with the
conventional monopole form factor with A J N N = { ^ MeV/c (dashed) and
500 MeV/c (dash-dotted); (b) parameterization Eq. (4.1) (dashed) is
compared with the calculated xNN form factor (solid).

Fig. 4

(a) the differential cross sections of 7p*r"*"n calculated from two JTNN
form factors are compared, (b) same as (a) but for the coincidence cross
sections of d(e,e'ir + ), with the outgoing pion in the direction of the
exchanged virtual photon.

Solid curves: the present model; dashed

curves: monopole form with A T ^=1000 MeV/c.
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