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ABSTRACT

A complex Lorenz system is derived for toroidal ion temperature gradient

driven drift wave turbulence. For tokamak relevant parameter values, the

system evolves towards a nonlinear equilibrium where analytical expres-

sions for the saturation levels and for the ion energy diffusion coefficient

are obtained. The low-dimensional system is found to reproduce many

essential properties of the full set as known from nonlinear numerical

simulations.



Recently the interest in temperature gradient driven drift waves has in-

creased considerably. In particular, the Tji-mode (TI; = dlnTj/dlnn) is now

considered to be the main candidate for explaining the anomalous ion

energy transport in tokamaks. This is supported by a number of experi-

mental results, e.g. the improved confinement in connection with pellet

fuelling1 and the recently observed onset of fluctuations propagating in the

ion diamagnetic direction in connection with the saturation of the Neo-

Alcator scaling with density.2

The toroidal Tji-mode considered here is a reactive fluid-like instability

involving the whole plasma. It is driven by a combination of an ion

temperature gradient and magnetic field curvature and is hence a plasma

analogue of the Rayleigh-Taylor instability in ordinary fluids. In the

plasma, however, the presence of background curvature or diamagnetic

drifts destroy the symmetry in the poloidal direction. As a consequence,

the lowest order nonlinear system describing interchange type instabilities

in a plasma is a complex generalization of the Lorenz system,3 originally

derived as a model of Bénard convection in ordinary fluids.4

The object of the present work is to derive a low-dimensional model of rji-

mode turbulence and study its relation to the fully nonlinear partial differ-

ential equations as known by numerical simulations and quasilinear

theory.5

In particular, it is of interest to know if some essential qualitative, if not

quantitative, features of the ion energy transport can be obtained from the

low-dimensional set.



The model equations, derived and discussed in detail in Ref. 6 is based on

the Braginskii two fluid equations7 in a local limit.

The electrons are taken to be adiabatic,

and for the ions the continuity and energy equations are needed. Using

quasineutrality, we obtain the following normalized system in k-space;

(2)

(3)

Here, en = C0DeA»*e = 2Ln/LB, x = Te/Ti, rii = Ln/Lx, Vi = vk^ is the viscosity

damping rate, v2 = Kkx represents perpendicular conductivity damping and

e(| is a unit vector along the magnetic field.

The unit of frequency is cos = c,/Ln and ps = Cs/Qci is the unit of length with

c, = (Te/mi)
1/2 and n



For the fields the normalizations are

In these units the diamagnetic drift frequency is given as co*e = ky.

The linear terms in the ion continuity equation (eq. (2)) are first (from left

to right), the E x B convection of background density; second, the diver-

gence of the E x B drift, third and fourth, the divergence of the diamagnetic

motion, and finally the damping associated with perpendicular viscosity.

In the ion energy equation (eq. (3)) the first term represents the E x B

convection of the background temperature, the fifth represents dissipation

from perpendicular thermal conductivity, and the other terms are curva-

ture terms associated with compressibility.

In eq. (3), only the dominant nonlinearity associated with the E x B con-

vection of the temperature perturbation is retained. The nonlinear term in

eq. (2) is the usual Hasegawa-Mima nonlinearity arising from the polarisa-

tion drift. Here, the first order, non-dissipative finite Larmor radius (FLR)

effects have been omitted. This is a reasonable simplification considering a

low dimensional model, since we are interested in the fastest growing

modes, i.e. k2p2 ~ 0.1.

The system (eqs. (2,3)), including FLR effects, was in Ref. 8 shown to be in

good agreement with kinetic theory (linear limit) and was in Ref.5 solved

numerically for the nonlinear evolution.



Proceeding towards a reduced set, we observe the following symmetry

properties of eqs. (2,3) for f (= <f>, 8T0;

(4)

(5)

i.e., perturbations satisfying (4) and (5) initially will continue to do so for

all t > t0. Physically, this means that solutions of eqs. (2,3) in the form of

standing waves in the x-direction are possible.

Expanding in propagating waves in the y-direction (poloidal) and in stand-

ing waves in the x-(radial) direction we arrive at the mode structure:

<j> = <t>s(t) sin kyy cos l^x + <pc(t) cos kyy cos kxx (6)

T = Ts(t) sin kyy cos kxx + Tc(t) cos kyy cos kxx + T2 sin 2kxx (7)

where the fastest growing modes together with the second harmonic for T

are retained since T2 couples through the nonlinear term in eq. (3). We

notice that the <?,. <pc-modes do not interact through the nonlinearity in eq.

(2) and hence higher harmonics are not produced. Making use of the

orthogonality between sine and cosine, using the transformations;

T2 = - 2 ^ T 2 (8a)

where

A = [ l - ( l + l / t )e n ]k y . B = -eBky (8b)

we obtain the lowest order nonlinear set;



(9a)

(9b)

3T2 l .
*-" ' j ( q j ^ + jpTi) (9c)

where

(10a)

(10c)

and

b = v2 (lOd)

The five dimensional system (eqs.(9a-c)) is a generalization of the Lorenz

system and is in the literature known as the complex Lorenz system

(CLS). 1 0 The CLS was also found to constitute the lowest order nonlinear

set for interchange modes in collisional edge plasmas.3 It has been studied

from a mathematical viewpoint for the case ai = I.9-10

Writing eq. (9) as x = F(x), we note that the rate of change of a phase space

volume is given by



div F(x) = -2(o + a! + b)

To obtain a stationary state (divF(x)<0) we thus obtain a condition on the

damping rates needed for the interacting modes.

A linear stability analysis of (9) reveals that the origin (<p = T, = T2 = 0), which

is the only fixed point of the system, is stable for

(11)

At ri = ricrit the origin undergoes a supercritical Hopf bifurcation to a limit

cycle. In this oscillatory region, an analytical solution is found;

<p = Aeia* (12a)

M (12b)

= r , - rlcrit (12c)

o(r2 - a,)
with <° = -FTar < 1 3 )

and IA | 2 = b(rx - rIcrit) (14)

This limit cycle is stable for c < b + a,iO

It is known that the complex value of the so called Rayleigh number rc and

of ac reduce the tendency towards chaotic motion as compared with the

Lorenz system. For larger n , however, chaotic solutions are possible.
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To consider tokamak parameters, the limit cycle solution (eq. (12)) is the

most relevant for the rji-mode. We are now interested in the scaling

properties of the ion energy diffusion coefficient obtained from the CLS and

its relation to the fully nonlinear results.^

The average transport flux (in units of P s 0 ^ ) is given by,

= <V E x 5T-> = Jf* £ £ * |3L VEx 5T, = ^ [<pcTs-<p$Tc] (15)

where LD refers to the low dimensional model. In the oscillatory region

(eq. (12)) we then arrive at

v \2

TM b(ri-ricnt)

and using Fick's law

we obtain (in units of PiC»/Ln)

We note that the ion energy flux (eq. (15)) is proportional to one of the

constants of motion of eq. (12), i.e. * ^ is time independent. It also

preserves the property of positive (outward) flux, r -0 This is an

essential feature of the fully nonlinear system, since Xi is the only non-zero

transport coefficient under the condition (1). It is interesting to study the



scaling properties of Xi with dimensionless parameters like r| j and

compare them with the results obtained from numerical simulations of eqs.

(2,3).

Fig. 1 gives the result for the en-scaling. The important increase of Xi with

decreasing en (corresponding to an increase of Xi with radius in tokamaks)

is present also in the low dimensional system. Fig. 2 gives the

corresponding scaling with T| J. Also here, the low dimensional results

compare favourably with the full system. Hence, the qualitative features of

Xi seem to be inherent in the non-chaotic, limit cycle solution of eq. (9).

The reason for this could be found in the rather weak nature of the m-

mode turbulence, i.e. y < <or for the larger part of tokamak relevant

parameter values. We also mention the robust character of the limit cycle

with respect to increasing dimension as found in Ref. 11.

In summary, a complex Lorenz system was obtained as a low dimensional

model of tii-mode turbulence in toroidal plasmas. For tokamak relevant

parameter values, the system was found to reach a nonlinear equilibrium

where a simple analytical expression for the ion thermal conductivity was

derived. In a qualitative sense, the low dimensional system was found to

compare well with the fully nonlinear system. In particular, the scaling of

Xi with en and rji was reproduced by x P given by eq. (18).
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FIGURE CAPTIONS

1 Scaling of x!"0 with en for m = 5, x = 1, k2p2 = 0.1 and jH2 = 2 pn = 0.05.

2. Scaling of xY* with m for £n = 0.2, x = 1, k2p2 = 0.1 and jn = 2 1*1 = 0.05.
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