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APPROXIMATE HIGH-ORDER EIGENVALUES IN TWO-MEDIUM,

ONE-SPEED NEUTRON TRANSPORT

ABSTRACT.

Earlier work on high-order criticaiity eigenvalues in homogeneous systems with

neutrons of one speed has been extended to two-medium systems. Reflected spheres as well

as reflected infinite slabs and cylinders have been studied. Values from the derived formulae

have been compared with numerical results obtained recently by Garis for spheres and slabs.

The agreement is generally good.

1. INTRODUCTION.

Garis and Sjöstrand (1989) have given simple formulae for the high-order criticaiity

eigenvalues in homogenous, one-dimensional systems. The derivation was based on the

buckling approximation, and some assumptions had to be made on the limiting values of the

extrapolation distances. The agreement with numerical results was good. In this connection

it was pointed out that preliminary numerical results for some two-medium systems indi-

cated similar regularities. Here, we will derive relations for the high-order eigenvalues in

simple two-medium systems and compare with obtained numerical results.

2. SPHERICAL SYSTEM.

2.1 Multiplying core, non-multi ,i: J ; reflectoi.

We consider a two-medir sphere with inner radius a and outer radius b and intro-

duce d = b - a. When the extri ilation distance is added to b or d we denote the increased

values by bz and dz, respectiv * -. The neutrons are assumed to be of one speed and to be

scattered isotropically. The inn r medium has a criticaiity factor q > 1, whereas for the

outer medium C2 < 1. The critici-!ity factor is related to the buckling B2 through the relation

tan(^) = B* (2.1)

When c > 1 the buckling B2 is positive, but when c < 1 it becomes negative. In that case we

introduce the diffusion length L through the relation



(2.2)

For a detailed discussion and numerical values see Sjöstrand (1975).

The neutron flux in the two media is given by

; 0 < r < a (2.3)

; a < i < b z (2.4)

Here, B2 is the buckling of the core and L the diffusion length of the reflector. We have

assumed that the flux goes to zero at the extrapolated boundary outside the sphere.

The boundary conditions of equal flux and current at the interface give

A A J

(2.5)

cos(Ba)-sin(Ba)] = ^j^l-^ cosh(£*)-sinh(£2)] (2.6)

where D] and D2 are the diffusion constants of the media. By division we obtain

DjIBa cot(Ba) - 1] = D 2 [ - £ coth(£*) - 1] (2.7)

Since the numerical comparison will be made on media having the same mean free path, we

assume already here that Di = D2. This simplification leads to

B cot(Ba) = - £ coth(jk) (2.8)

This equation will have a set of different solutions Bn. The right hand side (which we

denote -f) is a limited quantity. Since Bn increases with increasing n, the expression cot(Ba)

must then go to zero. For large n we therefore have

Bna -» j + (n-!)7i + 5 (2.9)

where n = 1,2,3... and 5 is small. Insertion into Eq. (2.8) gives

Bna tan 8 = af - (mr - \ + b)(b + f3 + ...) (2.10)



In the first approximation we have

5 = 7- **— (2.11)

Eq. (2.1) can be re-written as

Cn = tan-?(BnD ( 2 1 2 )

By insertion of the approximate value of Bn according to Eqs. (2.9) and (2.11) we finally

obtain (after having approximated tan-i(BnO with » — *r-j +...)

i _ 1 . af
7n

i _ .
2n 7n nft^n - 1/2)

Cn Ö71 2a/l ~
7l*(n - 1/2)

By further approximation we find that

( 2 1 4 )

where we have omitted terms of the order 1/n.
From Eq. (2.14) we see that the asymptotic value of cn is independent of the size and

diffusion properties of the reflector. This is to be expected, since the majority of the
"waves" will be inside the core and not much influenced by the reflector. The behaviour
will be similar to thai: shown schematically in Fig. 1 for a slab.

Table 1 gives numerical results obtained by Garis (1989) using Carlvik's method to
solve the transport equation. From the table we see that the high order c\-values (denoted
Cjn) for C2 = 0.9 and 0.5 come closer and closer together when n increases. However, it is
not possible to see if they converge towards the same value. The values according to the
approximate formula (2.14) deviate a little from the transport theory results. As an example,
for djl = 1 the approximation gives the decimals obtained from 4/n2 = 0.405, whereas the
transport theory gives 0.651 and 0.682, respectively for the sixth eigenvalue. In the actual
case represented in the table the next term in the approximation, Eq. (2.14), will be 0.147/n.
This term will not contribute more than about 0.02 for n = 6. However, the relative
difference between the approximation end the transport theory decreases with increasing n.

From Table 2 it is seen that the dependence on the thickness of the reflector decreases
when n increases. In Table 3 results are given for some systems with different inner
diameters. Also here, the agreement with the approximate formula is rather good.



2.2 Non-multiplying core, multiplying reflector.

In this case we assume that Cj < 1 and that C2 > 1. The equations for the neutron flux
are then

= ̂  sinh(£-); 0<r<a (2.15)

= Y 2 sin[B(bz - r)]; a < r < bz (2.16)

By using the interface conditions in the same way as in section 2.1 we obtain the condition

Dj [£ coth(£) - 1] = D2 [-Ba cot(BdJ - 1] (2.17)

With Dj = D2 the equation becomes

I coth(p) = -B cot(Bdz) (2.18)

In analogy to section 2.1 we write

6 (2.19)

Proceeding in the same way as before, we obtain

1 _ 1 , ,fd7
2n njfi(n1 _ , ,

2 n 2n njfi(n- 1/2)

- 1/2)

A difference from section 2.1 is that dz depends on the extrapolation distance zn in the

following way:

d ^ d + z,, (2.21)

From the earlier work by Garis and Sjöstrand (1989) we have evidence that cnZn/l approach-

es 3/4 when n, and therefore also cn, goes to infinity. If we assume that this is true also in

this case, use it in Eq. (2.20) and proceed in the same way as the mentioned authors, we

obtain



2n -7/4 . 4 n 00,

all +& ( 2 2 2 )

Also in this case we have a result which is independent of the size and diffusion properties

of the non-multiplying medium. Similarly as shown in Fig. 2 for a slab the "waves" occur

now in the reflector only.

In Table 4 we compare the approximate values from Eq. (2.22) with transport theory

calculations by Garis (1989) for Cj = 1 and 0. According to our theory, the eigenvalues for

large n should tend towards the same values in these two cases. However, from the data it is

not possible to draw any certain conclusions about this.

3. TWO-MEDIUM SLAB.

3.1 Multiplying core, even modes.

In the slab case (core half-thickness = a, reflector thickness = d) we first consider the

even flux modes in a system with ct > 1 and Cj < 1. Then the flux is

<J>!(x) = A!cos(Bx); 0 £ x < a (3.1)

<|>2(x) = A 2 s i n h ( ^ ) ; a £ x £ b z (3.2)

From the interface conditions we find in the same way as before that

DjB tan(Ba) = £* coth(£z) (3.3)

We know that the quantity f defined by

is limited. Therefore, it would have been natural to put Bna -»nn +5 when n ->». However,

it turns out that we must write

Bna -» (n - l)7i + 8 (3.5)



where n = 1,2,3,— to obtain the best agreement for small n. Now we can make similar

approximations as in section 2.1. Then we obtain

1 +
 f a

c • 2 ( rV. 1} ( "T?T (36)
Cn ^Jl , 2a// p o ;

T
or

Cn^^U + p (3.7)
n-w»

Table S shows some results for this case. As before, the agreement is rather good, but

there may be a systematic difference also here. In Fig. 1 the spatial variation of the flux is

given schematically for this case.

3.2 Multiplying core, odd modes.

In the case of odd flux modes Eq. (3.1) is changed to

<(>(x) = A! sin(Bx); 0 £ x £ a (3.8)

whereas Eq. (3.2) remains the same. Instead of Eq. (3.3) we then obtain

D ^ cot(Ba) = - £ * c o t h ^ (3.9)

In the case Dj = D2 this is the same as Eq. (2.8) for the spherical case. Therefore, as expec-

ted, the odd harmonic modes in the slab correspond to the modes in the sphere. Eq. (2.14)

will therefore be valid for the odd harmonic modes in a slab. If we combine Eqs. (2.14) and

(3.7) we obtain

j+

which should be valid for the even and odd modes together.

3.3 Multiplying reflector.

In this case we assume that ci <. 1 and C2 > 1. The flux can then be written as



<|>i(x) = A! cosh(£); 0 < x < a (3.11)

= A2sin[B(bz-x)]; a < x < b 2 (3.12)

From the interface conditions we obtain

tanh(p) = -£hB cot(Bd^) (3.13)

Here we denote

f = _ ^2 L (3 i4\
U} tanh(a/L) v '

and the equation is then

tanflJndj) = -fBn (3.15)

For large n—values we must have

Bndz ~* ? + (n—1)K + 8 (3.16)

where n = 1,2,3,... With similar approximations as before we finally obtain

2n-7/4^4 ,a nXCn

This formula agrees rather well with calculations by Garis (1989) in the cases when

Ci = 1 and 0. However, as for the sphere there seems to be a difference between the two

cases. The spatial variation of the flux is shown schematically in Fig. 2.

4. CYLINDERS.

4.1 Multiplying core.

To extend the above procedure to infinite cylinders (core radius a, reflector thickness

d) is straight forward. Here, we first take the case of an inner medium with q > 1 and outer

medium with C2 < 1. Then we have



4>i(r) = A!J0(Br); O S r S a (4.1)

= A2[lo(1bJL)Ko(T/L) - Ko(bVDIoO/L)]; a < r < bz (4.2)

where Jn is an ordinary and In and Kn are modified Bessel functions. The boundary condi-
tions give

D^J, (Ba) _ D^IofoAlK^a/LHKofoA^a/L)]
J0(Ba) LHo(bj/L)Ko(a/L)-Ko(b^L)Io(a/L)J

The quantity on the right hand side is limited. Therefore, when n, and therefore Bn,
goes to infinity we must have

Bna-ft, (4.4)

where pn is the nth zero of the function Ji. (Tentatively, we assume the trivial root zero to
be the first one.). But since Ji behaves like a cosine for large arguments (see e.g.
Abramowitz and Stegun (1972)) we have that

(4.5)

where n = 1,2,3» In the same way as before, we then obtain

all

Unfortunately, we do not know of any calculations with which this formula can be com-
pared.

In this connection it should be observed, that in our earlier work (Garis and Sjöstrand,
1989) we did not introduce the explicit expression for the zeros of Jo- If this is done, the
formula (Eq- 9 in the reference) for a homogeneous cylinder of diameter D will be

<4J>

This formula is then similar to the others for one-dimensional systems.



4.2. Multiplying reflector.

With Ci < 1 and C2 > 1 the equations for the flux will be

4>i(r) = A ^ ) ; 0 < r < a (4.8)

te(r) = A2[Yo(Bb2)Jo(Br)-Jo(Bb2)Yo(Br)); a < r < bz (4.9)

The interface conditions give

(4.10)
LI0(a)

The only possibility to have this equation fulfilled when B is very large is that the numera-

tor on the right side go;s to zero. From Abramowitz and Stegun (1972) we see that in such

case we must have that

where X is the ratio of the arguments in Eq. (4.10), i.e. = bja, and terms of the order 1/n

have been neglected. From this we find that

(4.12)

Proceeding in the same way as before we finally obtain

„ 2n -7/2 ^ 4

n-t»

5. SUMMARY OF FORMULAE

All the asymptotic cn formulae for the different cases treated by Garis and Sjöstrand
(1989) and above can be written as



(5.1)

Here a is the half-thickness of a slab or the radius of a sphere or cylinder. In the case of a

two-medium system a is the inner radius. When the reflector is multiplying we have in the

denominator the thickness of the reflector, d, instead of a. The quantities p and q are in the

different cases the following:

Homogeneous systems.

Sphere: p =

Slab:

Cylinder

Two-medium systems with multiplying core.

Sphere: p =

Slab:

Cylinder:

Two-medium systems with multiplying reflector.

Sphere: p =

Slab:

Cylinder:

2
1

2

2
1
2

Wr

2

2

2

q = 3/4

3/4

5/4

q = 1

1
3/2

q = 7/4

7/4

7/4

(for odd and even modes)

(for odd and even modes)

6. CONCLUSIONS.

The homogeneous medium results by Garis and Sjöstrand (1989) verified that the

numerator in Eq. (5.1) is correct for the homogeneous, spherical system. The calculations

were not good enough to verify the term 4/rc2 to a large accuracy. In the two-medium

results reported here there seem to be somewhat larger discrepancies. This is not surprising.

In the homogeneous case we based our results mainly on the assumption of an extrapolation

distance. In the two-medium case we have also used the diffusion theory interface condi-

tions in deriving the formula. A complete agreement with transport theory is therefore not to

be expected. Especially, we note a somewhat larger discrepancy for multiplying reflectors,

when the core has Cj = 0. This is, of course, not a good case for the application of diffusion

theory. It could be noted that Dahl and Sjöstrand (1989) in a comparison of time-eigen-

values from transport theory and the buckling approximation found similar, rather small

discrepancies.

10



The only systematic tendency we are able to see in the results listed in section 5 is the

following for the cases with cj > 1: For the sphere q increases from 3/4 to 1 when we go

from one medium to two media. For the slab we have the same change, and for the cylinder

a change from 5/4 to 3/2. Thus, in all three cases there has been a increase of q by 1/4.

Another interesting fact is that the formulae are identical for all the three systems with

multiplying reflector.
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Table 1. Transport theory and approximate (Eq. 2.14) eigenvalues cJn
of the inner region of a sphere when the outer region has c2 = 0.9 or
0.5. Inner radius and reflector thickness are 1 mfp each. The order
of the eigenvalue is denoted n.

n
Transp. Cjn for

c2=0.9 c2=0.5 approx.

1
2
3
4
5
6
7

1.817341
3.685190
5.66231
7.65497
9.6519
11.6505
13.650

1.920184
3.759562
5.71728
7.69880
9.6886
11.6822
13.678

1.4053
3.4053
5.4053
7.4053
9.4053

11.4053
13.4053

Table 2. Transport theory and approximate (Eq. 2.14) eigenvalues c in of the inner
region of a sphere for various reflector thicknesses ålt Inner radius Hi 1=1 and
C2 = 0.9. The order of the eigenvalue is denoted n.

Transp. theory q n for
fl
II

1
2
3
4
5
6
7
8

1.817341
3.685190
5.66231
7.65497
9.6519
11.6505
13.650
15.7

3

1.778260
3.667222
5.65150
7.64734
9.6461
11.6458
13.646
15.65

5

1.774287
3.665513
5.65048
7.64662
9.6456
11.6453
13.645
15.65

Cin
approx.

1.4053
3.4053
5.4053
7.4053
9.4053
11.4053
13.4053
15.4053
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Table 3. The eigenvalues q of seventh order for various spherical
systems with reflector thickness ålt ~ 5, different core radii vjl
and different reflector multiplicity C2.

1

2

3

0.9

0.5

0.9

0.5

0.9

0.5

Transp.

13.645

13.677

7.039

7.066

4.85

4.87

Approx.

13.405

6.905

4.739

Table 4. The eigenvalues C2 of seventh order of the reflector for
spherical systems with various core multiplicity Ci and reflector
thickness ält Values from transport theory are compared to
approximate ones from Eq. (2.22).Core radius is 1 mfp.

d/i

1
2
3
4
5

c p l

12.94
6.71
4.64
3.61
3.00

Transp.

ci=0

12.99
6.75
4.68
3.64
3.03

Approx.

12.655
6.530
4.489
3.468
2.855
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Table 5. The eigenvalues Ci of sixth order for even harmonic
modes in slab systems with reflector thickness d/£ = 5, different
core radii aj£ and different reflector multiplicity C2.

1

2

3

*-2

0.9

0.5

0.9

0.5

0.9

0.5

Transp.

10.644

10.684

5.54

5.577

3.9

3.89

Approx.

10.405

5.405

3.739
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Fig. I Schematic picture of the spatial behaviour of a high order flux mode
in a slab system with multiplying core and non-multiplying reflector.



Fig. 2 Schematic picture of the spatial behaviour of a high order flux mode
in a slab system with multiplying reflector and non-multiplying core.


