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ABSTRACT

In this paper we extend some properties of analytic functions on several complex vari-
ables 10 solutions of ovenletemiined systems of complex partial differential equations. It is proved
I h;n ma ny g lobal properties of analytic functions are true for solutions of the Vekua system in spec ial
cases. The relation between analytic functions and solutions of quasi-linear systems is discussed
in the paper.

1 . INTRODUCTION

In [8| I.N.Vekua has studied the system
(1.1) fiE = A[z)W + B[z)W,
and extended many properties of functions analytic in z € C to gen-

eralized solutions of (1.1), under suitable hypotheses of coefficients A(z)
and B(z). Therefore the generalized solutions of ( l . l ) are called generalized
analytic functions.

Follow this way during the Seventies many Mathematicians ( including
the author of this paper ) have developed Vekua Theory for the system:

(1.2) § | = Aj(*)W + B^W-J = 1, ...,«.n > 1;
and showed that solutions of this system, under suitable hypotheses on

coefficients A](z),Bj{z) , have a number of properties of analytic functions
on several complex variables (see 11,3,4,5,6,71).

The solutions of (1.2) are called generalized analytic function* on several
complex variables and this system is called the Vekua tyttcm.

In this paper we consider the systems:
(1.3) | £ = AA*W,
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where <p{W) is analytic in W.
Note that the system (1.3) is a special case of the Vekua system, whose

right-hand side depends linearly and analyticaly on W, while the right-hand
side of (1.4) is only an analytic ( but non linear ) fraction of W. In the
sequel the system (1.4) is called the generalized Vekua system.

In section 2 some properties of the system (1.3) are considered, as the
necessary and sufficient condition for the extence of a non vanished solu-
tion, the Cauchy integral formula, the Principle of maximum modulus and
Liouv i l l e ' s Theorem. It is proved that there exists a global'l-l" corre-
spondence between the space of regular solutions of (1.3) and the space of
analytic functions, while the same result in [7| is only locally.

In section 3 we give the necessary condition for the extence of a c1 -
solution of the system (1.4), prove the extension theorems and the Cauchy
integral formula for its solutions.

In section 4 we consider a special case of the system (1.4), and show
that some properties of analytic functions can be generalized for solutions
in this case.

To be submitted for publication.
Permanent address: Polytechnica! University, Dai hoc Bach khoa, Hanoi, Vietnam.

-2-

T r



2. THE VEKUA SYSTEM IN SPECIAL CASES

In this section we consider the system (1.3).
Suppose that the coefficients

where G is a domain of holomorphy in C".
Proposit ion 2.1

The necessary and sufficient condition for the existence of a non vanished
solution of the system (1.3) is:

( 2 1 ) alj = ^7'k ~ 1 > - ' " •
Proof
a. Let W(z) E c*(G) be a non vanished solution of (1.3). Cross-

differentiating yields:

Hence it follows (2.1).
b. Now suppose that (2.1) holds. Consider the system:
(2.2) §% = Ai(z);j = l,...,n
in G.
Since G is a. domain of holomorphy, this system is solvable in c°°(G)

(see |2]).

Take a fixed solution wo(z) € c°°{G) of (2.2) and consider the function:
(2.3) W{z) = «-•'•); c?0,
then we get a solution W(z)?t 0 for all z € G. Q.e.d.
In the sequel it is supposed that (2.1) always holds.
Let fl be an open subset of G and W € c*(fi) be a solution of (1.3). Set-
(2.4) *(«) = W{z)e~»°W
where uo(z) is a solution of (2.2) as above.

It may easily be verified that * is analytic in fl. From (2.4) it follows:
(2.5) W(z) = •(2)e"-<*>.

Conversely, let $ be a given analytic function in fl, then it follows im-
mediately that the function W(z) defined by formula (2.5) is a c°°-solution
of (1.3) in n. Thus we obtain:
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Propsit ion 2.2
There is a "1-1" corespondence between the set "V (n) of all e°°-solutions

( of system (1.3)) and the set H{tl) of analytic functions in fl.
Now let

D = £», x ... x Dn C G

be a polycylinder, where D, are domains in C(ZJ) with piece-smooth bound-

aries and
W{z)e V(D)nc(D).

Then <S>(z) (defined by (2.4)) € M(D) nc(D).
Applying the Cauchy integral Formula we have

for z = (zi,...,zn)e D.
From (2.5) and (2.6) it follows
(2.7) W{z) =

for z e D,

where

and
V{D) = dDx X ... x dDn.

Thus we obtain
Theorem 2.1
If D is a polycylinder in G and

W{z)ec(D)nV{D).

Then W(z) can be represented by formula (2.7) for z € D.
In the following, applying the Proposition 2.2 and Theorem 2.1 we can

prove some properties of generalized analytic functions on several variables.
Theorem 2.2 (Principle of Maximum Modulus)

If
W eV(D)nc{D),



then

\W{z) |< Af.ma*t€W>|W(f)|

for z e~D,
where M is a positive constant depending only on the ceflkients Aj(z)
of the system and on the domain D.

Proof
Let wo(z) e c°°(G) be a solution of (2.2),then uo{z) e c(D).
Set

mo = mins(:aDRt\w0{$)\

and
Mo = max(e9DRc\v0{$)}.

Prom (2.4) and the Principle of maximum modulus for analytic functions
it follows:

*(*) |=| W(z)

Hence

| W(z) |< e—.«

M,max!e9D \W(() \,
where M = e

M«-m«.
By definition, M depends only on Aj(z) and on D. This completes the

proof.
Note that Mo - m0 > 0, hence M > 1.
Now suppose that G = C and there exists a solution wo(z) of (2.2),

which is bounded in the whole of Cn. Then we have:
Theorem 2.3 (Liouvllle's Theorem)
If a generalized analytic function W(z) is continious, bounded in Cn and

vanishes at a point z, G Cn( in particular it may be accur that za = oo),
then W(K) = 0 everywhere.
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Proof
From (2.4) it follows that $(z) is analytic, bounded in Cn and van-

ishes at zo. By virtue of Liouvil ie 's Theorem in Complex Analysis we
have $(z) = 0. Take the equality (2.5) into account we have W(z) = 0
everywhere.

If W £ V(Cn) and bounded in C. then because of (2.4)we have *(z) =
c = const. Hence it follows:

Theorem 2.4
Every ccntinuous and bounded generalized analytic function W(z) in the

whole of C has the form:
(2.8) W(z) = «.«"•<•'; c = const.
where uo(z) is a solution of (2.2).
Remark
a. In the supposition of theorem 2.4, instead of the boundedness of

W(z) it is sufficient to demand that

W{z) = O(\zk\*),a<l

near the point zk = oo for every k = l,...,n ( by fixed the other variables
zifj ± *-(See |8j,p.l54).

2. These functions denned by (2.8) are of a special significance in the
class of functions V(CB). They play here roughly the same part as constants
in the class of analytic functions.
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3. THE GENERALIZED VEKUA SYSTEM

In this section we consider the system (1.4).
Suppose that the following conditions hold-.
(i) AM € c«{G)
(ii) <p(W) is analytic in W.
(iii) G C C" is a domain of holomorphy.
Note that (1.4) is a special case of the system
[j.ll rr= = Ji\Z,W I'.J — l , . . . , n ,

whose general theory was studied by Tutschke (see [l,7|). We apply here
the other methods to get some properties of the system (14), which are
not contained in [7).

Proposition 3.1
Assume that v?(W) ^ 0 and that the system (1.4) has a evolution.

Then the coefficients A>(z) satisfy the condition (2.1).
Proof
Let W 6 c*{G) be a solution of (1.4). Then
(3.2) •£%= = ¥±¥>(W) + .
^ ' otjotk outr ^ /

and

Since <p[W) / 0, by comparing (3.2) and (3.3) we have (2.1).
Suppose that <p{W) is denned in a simply connected domain of the

complex plane C and ip{W) ^ 0. Take an indefinite integral F(W) of ^ _
and set

(3.4) f{W) = c.cFlw\c = const.eC.
By definition, it is
(3.4) • /; = £.
Proposition 3.2
Let fi C G be an open set and K be a compact subset of fl, such that

n\K connected. If W(z) is a e2-solution of (1.4) in ft\/f, then the function
(3.5) Wf = f\W(z)}
can be extended continuously in the whole of II.
Proof
First we consider the system of the form (2.2) and note that ( as in the

section 2 ) it is solvable in c°°(G).
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Take a fixed solution wo(z) 6 e°°(G) of this system and set:
(3.6) •(*) = f[W{*)\e-"-W,
where W(z) is the given c'-solution of (1.4) in fl \ K.
Then *(«) is defined in ft \ K.
From (3.4)' it follows

for z e n \ K.

This means that $(z) is analytic in fi \ K._ Because of the Hartogs
extension theorem * has an analytic extension * in ft. Then

is the required extension of Wj(x) in fl. Q.e.d.
Now suppose that there exists / " l ( or at least there exists a single

valued branch of / " ' ) , then from Proposition 3.2 it follows
Theorem 3.1 ( HartogB extension theorem )
Every cs-solution of (1.4) in fl \ K can be extended continuously in the

whole of fl as a solution of this system.
Proof
Dcfint the function *(«) by formula (3.6), where W(z) is the given

solution in n \ K", then $(z) is analytic in fl \ K. From the definition we
have:

(3.7) /[JV(*)1 =•(*).«"•<•>
Because of the existence of / ' , we have
(3.8) W(z) = /-H^W'}-
Now define
(3.9) W{z) = rH*^)^'1}.
where $(z) is the analytic extension of ${z) in fl.
Then W(z) is defined for all z e fl.
Furthermore we have
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On the other hand, by definition (3.9) we have

f\W(z)\ = •(*)*"•«;

hence ( by virtue of (3.10)) it follows

dW f\W]

Thus, W(z) is a solution of (1.4) in fl.
Prom the definition it follows

W(z) = W{z)

The proof is complete.
Theorem 3.2
Suppose that
(i) f as in Proposition 3.2.
(ii)£> = Dt x ..._x Dn C G as in Theorem 2.1.
(iii) W(z) e c'(£>) is a solution of (1.4).
Then we have

(3.11) W{z) = r

for ze D,
where F(*,f) and T(D) are defined as in Theorem 2.1.
Proof
Applying the Cauchy integral formula for the analytic functions, then

from (3.8) it follows (3.11).Q.e.d.
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A. APPLICATION

As an example to applicate the results obtained in 3 we consider the system

dW
(1.4)' — = ^ ) . W » ; y = l,...,n.

In this case we have ^(W) = Wm.
In the sequel we consider only theeJ- and non vanished solutions of (1.4)'

and denote by V*(O) the set of such solutions in fl C G. Then <p(W) / 0.
Applying the proposition 3.1 we obtain:

Proposit ion 4.1
For the existence of a solution W{z) € *V*(G) it is necessary that the

condition (2.1) holds in C
Now set

F(W) = —

then F(W) is an infinite integral of
m

<p(W) = w-

Hence the function f(W) defined by (3.4) becomes

Without loss generality we may choose c — 1 and have

Suppose that W{z) G V*(fl).
As in (3.6) we define

(3.6)' •(,) = e l ^ r - 1 .

Then $ is analytic in D. By definition $ ^ 0 in fi , thus

1
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where >I*(H) is the space of non vanished analytic functions in Q.
Take a single-valued analytic branch of Ln$ (it is possible if ft is simply

connected), we have

(4.1) Wi~m= (1 - m){Ln*+ <*,,}.

Hence
(4.2) W = ( l - m ) ^ { Z , n * + w o } ^ .

Thus we have
Proposition 4.2
For a given W[z) 6 V*(n), there exists a function * £ X*(n) such that

W(z) can be represented by the formula (4.2).
As a direct corollary of (4.2) we obtain
Theorem 4.1 ( Hartogs extension theorem)
Let fl C G be an open set and K be a compact subset of fl such that

n \ K is connected. Then every W(z) € V*(fl \ K) can be extended to a
solution W(z) of the system (1.4)' in fl.

Proof
Define the function $ by formula (3.6)', where W(z) G V ( n \ K).
It is easily to show that * 6 A'(H \ K). Then \ is analytic in (1 \ K.
Because of the Hartogs extension theorem, $ and ^ can be extended

analyticaly in the whole of ft. Denote by $ the analytic extension of $,
then A is the analytic extension of £- Hence it follows that

0

for z e fl or

Taking a single-valued analytic branch of Ln$ and define

W = (i - m)r± ^

Then

Hence W is a solution of (1.4)' in n. By definition it is W = W in fl \ K.
Thus W is the required extension of W. Q.e.d.
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