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ABSTRACT

In this paper, the Cousin Problems for an Overdeiermined System of complex Panial Dif-

ferential Equations are considered. It is proven that, under suitable hypotheses on its coefficients,

(he Cousin Problems can be solved on the domains of C, which satisfy the same conditions as

ihose in Complex Analysis.
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INTRODUCTION

In this paper we consider the system:

(I-D

in a domain G of Cn.
Suppose that

e c°°{G)

and G is a domain of holomorphy.
Let fl be a subdomain of G, we denote by v(fl) the space of solutions

W(s) e e ^ D j o f (1.1).
Remark 1.1: The system (11) reduces to Cauehy-Riemann system

in C"* if all A,[z) = 0. In case n=l,ayitem(l.l) reduces to a special
case of Velcua-System, whose theory was developed mainly by L.Bers and
I.N.Vekua (see|l,6|). When n>-l system (1.1) is overdetermined.

It may easily be verified, that the necessary condition for the existence
of non trivial solutions of (1.1) is

(1.2)

Tn the sequel it is supposed that the condition (1.2) always holds.
Prom (L2) it follows that the system:

wt
 = AAz)

for j - l,...,n is solvable in the classe c°°{G) , ( see(3|).
From now on, we take a fixed solution

(1.3)

wo(z) 6

of (1.3).
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Let W(z) G v[
We set:

PRELIMINARIES AND FORMULATION OF T H E
PROBLEMS

Then

3*7
= 0 j = I,..., re.

Hence $(*) 6 //(R),where /f(R) is the space of holomorphic functions in
n.

Conversely, if *{z) 6 H(tt), then

is a solution of (1.1). Hence

W{z) =

v(n)

(1.4)

Thus we have a "1-1" corespondence between u(R) and H(U).
The formula (1.4) enables us to extend many properties of holomor-

phic functions to solutions of (1-1) aa the Identity Theorem, the Maximum
Principle, the Hartogs extension theorems.,.(»ee|4j).

It is of great Interest to have analogues of the Mittag-Leffler-, Weierstrass
-Theorems and Cousin Problems in Complex Analysis for solutions of (1.1).

The purpose of this paper is to discuss the statements mentioned above.

Definition 2.1:
A point z is said to be a regular point of the solution W if thero exists

an open neighbourhood U of z such that W c v{U); otherwise % is called a
singular point.

In the sequel we denote by v(R) the set of solutions W(z) of (1.1) in fl,
such that

*(z) =W[z)c~"' €

where M(R) is the space of meromorphic functions in R.
Note that, if W 6 ti(n), then W(z) is a solution, which has t.he singu-

larities as those of a meromorphic function in R.
Definition 2.2:
A domain R C G is called a non-extended domain for system (t.1) if

whenever we are given open connected subsets U c V c G with U C R,
such that Wfi extends continuously as a solution to V for all W G tj(R),t.fipn

v c n.
Remark 2.1:
For system (1.1), whose coefficients Aj{z) satisfying condition (1.2) a

domain is non-extended if and only if it is a domain of holomorphy (sec|4}).
Let {Ua : a 6 /} be an open covering of R.
We consider the following problems:
Problem 1:
Suppose that for each a 6 / , there is a Wa £ ^([/^Jsatisfying:

Wa ~ Wp e v{Ua n Ufl) (2,1)

Find W e v{U) satisfying:
W - Wa e v(Ua) for a € I.

Problem 2:
Suppose that, for each a € I there is a Wa c- v{Ua) satisfying:

»J 6 v(Ua n Ue).
Find a function W € v(R) satisfying:

(2.2)

(2.3)



£ € vtV.) (24)

for all a.
Remark 2.2:
Roughly speaking, Problem 1 (resp. Problem 2) enables us to construct

a global solution of (1.1) having local singularities (resp. Zeros).

In case Aj(z) ~ 0 those Problems reduce to Cousin Problems in Com-

plex Analysis.

RESULTS

Theorem I:
If fl is a non-extended domain for system (l . l) t whose coefficients A,

satisfying condition (1.2), then Problem 1 can be solved on fl.
Proof:
We set:

*„ = Wa.e-"-W{z) (3.1)
then • „ e M{Ua).
From (2.1) it follows:

•"• ~ *$ = (Wa - W/,)e-u'^ G H(Ua n Ui,). (3.2)

The condition (3.2) Bays that {$„} is the given data of the first Cousin
Problem for covering {Uo} of fl.

Because of remark 2.1, fi is a domain of holomorphy, then the first
Cousin Problem can be solved on it. Hence there exists a function $ £
M (ft) satisfying:

* - * « , € H{U9) 0 J )

for every a
Selling:

we have
W (3.4)

dt dz

Hence W € v{Vl).
On the other hand it is:

W - Wa = (* - •„).«;»-(•' € v{Un).

Thus W is the required solution of Problem l.Q.e.d.
Theorem 2:
Assume that all coefficients Aj(z) of system (1.1) satisfy (1.2); f! is a

non-extended domain and

H2(n,z) = o,
where H1(fl;Z) is the second cohomology group of ft with coefficients

in sheaf 7, of integers-valued functions. Then Problem 2 can br solved on
n.

Proof:
Let {Wa} be the given data of Problem 2, satisfying condition (2.3), set

Then * a e H(Ua). Because of (2.3) we have:

Hence {$„} are the given data of the second Cousin Problem, which can be
solved on fl by assumptions of the theorem. Then there exists a function
<t> f- ff(fi) such that

s r e M(Ua)

for every a G / .
Now we set

By definition it is

and

W =

e «(n)

- Wa = (» - n U».
Thus the function W(z) defined above is the required solution oF Problem
2. Q.e.d.
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Remark:
In case n=l by the same way we can get the generalization of the Mittag

Leffler and Weierstrass theorems for the Vekua Equation.
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