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ABSTRACT

Through a very simple treatment we have constructed a lower bound for the statistical
fluctuations of total survival probability of particles moving diffusively in a medium with ran-
dom traps. We show that the asymptotic behaviour of the total survival probability is a non self-
averaging quantity in that the fluctuations dominate the mean value.
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The problem of randi walks in a trapping medium has been extensively studied over

several years and now by itself is a classical subject [1-15], There are several physical realiza-

tions to these studies namely the mit -ation of optical (excitons) and magnetic excitations in solids

which terminate upon reaching a trapping site, diffusion controlled reactions, dielectric relaxation,

chemical binding of interstitial hydrogen in metals by impurities, etc. These studies have also been

extended to fractals [12], for interacting panicles [14,15] and very recently to the quantum do-

main [16-19]. In recent years wider novel connections of this problem to several other areas have

been realized [10,11, 20-22] which include self attracting polymer chains, Anderson localization,

biological evolution, optimization problems, fluctuations on growing interfaces, randomly stirred

fluid flows, etc.

All the previously studied models have given rigorous results [1-11] for the asymptotic

behaviour of the averaged total survival probability (average is over the ensemble of random po-

tentials or distribution of trapping centres as > -fined below) and the associated survival exponent.

However, these asymptotic studies (in the absence of correction terms) do not set the time scale at

which the predicted behaviour is to be observed in real physical situations. In this work we show

that in the asymptotic regime fluctuations of the total survival probability dominate the mean value

and hence it is a non self-averaging quantity. In such a situation the mean does not adequately

characterize the full dynamics of the physical quantity and for this one should deal with the full

distribution or all the higher moments of the survival probability. This notion of non self-averaging

behaviour for the physical quantities has recently been studied extensively in ill-condensed matter

systems (systems associated with underlying quenched disorder), namely quantum Ohmic resis-

tance in dirty metals [23], spin-spin correlation functions in spin glasses [24], random walk in

disordered chains [25, 26] etc. It has also been argued that such a non self-averaging behaviour

can induce several phase transitions in physical systems [24]. However, it should be noted that in

several other systems, the underlying quenched disorder is not sufficient to show non self-averaging

behaviour in physical quantities [27].

The basic equation for particles moving diffusively in a medium with traps can be written

as [11]

(dP{x,t)/dt) = DV\P{x,t) -\V(x)P(x,t) , ( I )

where P(x,t) is the particle density, V j is the d-dimensional Laplacian, D the diffusion constant
and V ( i ) the quenched random potential with given statistics. For simplicity, we take the random
potential V(x) to be unconelated at different spatial points and dichotomous in nature, i.e., it takes
values zero (0) and one (1) with probability p and (1 — p) respectively. For a given realization
of the random potential in the regions where V ( i ) = 0 , the particles move diffusively and in the
regions where V(x) = 1, the particles are captured with rate \ , (1 — p) represents the fraction of
trapping centres. The integral f P{x,t)dx should be interpreted as the total survival probability
and is not a conserved quantity.

One can notice readily that Eq.(l) is similar to the quantum problem of electrons moving

in random potentials. In particular, if we replace the time t by (— it), (1 / 2 m) by D and V( x)
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by — V(x) in the Schriidinger equation (by setting h equal to unity) we get Eq,(l). The attractive
potential in Eq.(l) corresponds to the repulsive potential in the corresponding Schrodinger equation.
If we assume the initial condition for P( x, t = 0) = N to be space independent then for a given i'*
realization of the random potential Vi( i ) the solution for Pi(x,t) can be written down explicitly in
terms of a complete set of eigen functions and eigen values of the associated Schrodinger equation
namely

Prfz.t) = (2)
B - 0

Everywhere the index i represents the results on a single i"1 realization of the random potential,
Oi = N f^V^{x)dx. The eigen values E\ in Eq.(2) arc all positive. The asymptotic behaviour
for P,(x, t) is dominated by the lowest eigen value. Now denning the total survival probability for
a single realization by Pj(t) = f Pi(x,t)dx and the ensemble averaged total survival probability
over all the realizations of random potentials by K\(t) - < Pj(t) >{<}, then the asymptotic
behaviour for K\ (t) is given by [ 10,11 ]

dEe-Btp(,B), (3)

where p( E) is the averaged density of states. It is well known that for dichotomous random poten-
tials the density of states at the lower edge (E = 0) of the spectrum has a Lifshitz singularity [28J
and is given by p(E) = txp(-c\E\-d/1). The constant c is proportional to in( 1/1 - p). Sub-
stituting this expression for the density of states in Eq.(3) and carrying out the integral by saddle
point approximation the leading time dependent term for K\ (t) is given by

Kx(t) =N (4)

where A depends on the material parameters such as p, D, d, >, etc., for details see [10]. This result
has been obtained in the earlier literature using several different methods [1-11], The given non-
exponential form describes the anomalously slow decay associated with large but rarely occurring
region of the medium which are free of traps (or correspondingly from the Lifshitz tails in the
density of states).

Now let us turn to the second moment of the total survival probability and for each real-
ization it is denned as P?(t) = {f Pi(x,t)dx}2. By definition P,(i ,() > 0, is a positive definite
quantity and hence P} (t) > / Pf(x,t)dx. Now using Eq.(l) we get

f P?{x,t)dx = /"(fa: X ^
L " m

« JTj(t) . (5)

By making use of the orthonormal properties of eigen functions and averaging over all realizations
of the random potential we get the lower bound for the asymptotic behaviour of the second moment
Ki(t) namely

K2(t) = N2 JdEe-2Etp(E) . (6)= N2 JdEe-2Etp(E) .
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Carrying out the integral as mentioned before we finally get

(7)

Notice that in the asymptotic regime the lower bound of the fluctuations (first cumulant) namely
{K2(t) - Ki(t)} is much larger than Kf(t). In fact the relative fluctuations {(.ru(t) - JC?(t))/
K\ (t)} diverge as t —> oo indicating the anomalous nature of the fluctuations. In earlier treatments
the authors [9, 10] have set different upper bounds for K\(t) below which the predicted averaged
behaviour is to be observable in physical situations. These upper bounds depend on the concen-
tration of trapping centres and the dimensionality of the system. The predicted [9] upper bounds
are in the range of 10 ~n to 10 ~61, and sometimes still lower [10]. One can easily verify that the
root mean square value of relative fluctuations in the above range completely dominates the mean
value. We have shown that the lower bound of the fluctuations dominates the mean value and hence
the total survival probability is a non self-averaging quantity. This fact implies that the studies on
the single realization of the random potential need not show in reality (in the asymptotic regime)
the non-exponential form predicted for the ensemble averaged result Of course, pure simulation
techniques always lead to an exponential decay at sufficiently long time [9].

Finally, we would like to state that our results are valid only for die asymptotic domain.
Basically the asymptotic behaviour is characterized by absolute values of the lowest eigen val-
ues which appear in the exponential term (non linear dependence) and moreover these values are
very sensitive functionals of the potential realization and hence we expect the results to vary from
sample to sample from a given ensemble. However, the evolution of the total survival probability
before this asymptotic regime (i.e., in the transient regime) involves several eigen values and eigen
functions of the random matrix and can in principle lead to a universal self-averaging behaviour
(depending on the universal characteristics of the eigen value spectrum of a random matrix). We
also believe that a non self-averaging behaviour (in the asymptotic regime) is generic to non-Debye
relaxation in glassy systems. In these systems it is usually assumed that the non-exponential decay
arises due to a parallel relaxation mechanism, in which each degree of freedom relaxes independent
of others. The system being random, the relaxation time (which characterizes the asymptotic decay
for each degree of freedom and depends on local conditions) is assumed to be a random variable
with an appropriate distribution function [29].
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