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ABSTRACT

The Debye-Waller factors in graphite for the atomic motions within the basal plane and

also across the basal planes have been calculated using the various lattice dynamical models avail-

able to date and a critical comparison is made with the existing experimental data from X ray and

neutron scattering studies. The present study reveals the need for further investigation on the nature

of atomic motion across the basal planes.
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L INTRODUCTION

Graphite is a model material depicting anisotropy in its structure, in the interatomic bond-
ing and consequently in many of its physical properties. This anisotropic nature allows it also 10
be an ideal host for the intercalation thereby bringing forth novel materials for energy storage and
other applications. Even though a variety of studies have been made on this host graphite lattice,
there arc still some issues which need more detailed investigation. One such is the anisotropic
Debye-Waller factors (DWF).

Experimentally Ludsteck ° investigated cm these by temperature dependent neutron scat-
tering and by Chen et ai. J) by X ray scattering without and with extinction correction. Theoret-
ically, some work has been reported3) on Kamatsu's model, but the comparison with experiment
was not explicitly made. Later Shinw-Ming Hsieh and Colella 4) made some X ray studies on the
means displacents (/& for the non-basal plane motion at low temperature to sec how it docs not
saturate to the value expected from zero point motion. In Ludstick's paper, comparison was also
made with a lattice dynamical study on a model by Young and Koppel s and seemingly satisfactory
agreement was seen. Later, Chen and Trocano " made a critical comparison of the two experimen-
tal studies giving rather close values of tAi hut quite different values for Un- In their analysis,
again they restricted their discussion to the theoretical model by Young and Koppel and concluded
that the discrepancy may be due to assumptions in the X ray analysis or to the deficiency in the
phonon model.

The work of Young and Koppel goes back to 1965 when no adequate phonon data on
graphite was available at the Brillouin zone centre to either make a realistic lattice dynamical model
or to make a direct comparison of the proposed model. Thus their model carried many inherent
drawbacks and inadequacies. Experimental dispersion relations at least for the low lying phonons
and a complete data on the phonons at the Brillouin-zone centre as also the elastic constants became
available later and many lattice dynamical models have been reported afterwards. Thus, to throw
more light on the DWFs especially Un from such recent and men: reliable lattice dynamical model
with an attempt to resolve the differences existing in the two experimental results, the present work
was pursued.

2. LATTICE DYNAMICAL CALCULATIONS

It is clear that when once the phonon frequencies for the mode (q,j) with q the phonon
wavevector and / the branch index are available as also the corresponding eigenvectors for the KtK

atom denoted by e{ K j * ) , the means square displacements Uaa( K) representing the corresponding
DWF, Ba( K) can be obtained from the ensemble average ^

coth (1)

at a given temperature T. N represents the total number of unit cells or the total number of phonon
wave vector points used in the summation for averaging. M represents the mass of carbon atom.
Thus we now turn our attention to estimate the phonon frequencies and eigenvectors needed in
Eq.( 1) for estimation of DWFs.

3. LATTICE DYNAMICAL MODELS

Apart from the already referred work of Young and Koppel, the lattice dynamical models
available till date are from the works of Maeda el al. ' \ Nicklow a ai. *>, who measured also
the phonon modes for low lying phonons in symmetry directions, of Mani and Ramani <0>, of
Ahmadeih and Rafizdeh n ' , o f Alldrcdgeero/. l 2 ) and the recent and complete work of Aljishi and
Dresselhaus13',

All these are based on Bom-Kantian models with varying approximations and assump-
tions. There is also the work of Gupta et al. 14) using an angular force model. The most elaborate
and general of these is the one by Aljishi and Dresselhaus invoking interactions up to fourth neigh-
bours within the planes and up to the fourth neighbours across the planes. The force constants
have been fitted to reproduce the zone centre phonons, the elastic constants and also the TA and
TO phonons at the M point Thus we shall base our calculations with their model here. The other
models can be easily incorporated into the framework of this model by feeding the input param-
eters appropriately. We shall however restrict our discussion with the models of Maeda et al., of
Mani and Ramani, of Nicklow et al. and also of Aljishi and Dresselhaus. The other models are
only marginally different from these and we expect the outcome would be within the predictions of
these presently used models. Further, even though we have made computations up to 1500 K we
shall restrict our discussion here with the room temperature values alone.

4. RESULTS

So we made the dynamical matrix (12 x 12 Hermitian) for the graphite lattice using
the model of Aljishi and Dresselhaus and ensured the reproduction of their reported results on the
phonon dispersion with their reported data. After that, Eq.(l) has been used to compute U\\ and
U-a for all the four carbon atoms within the unit cell. We noticed as expected that U\\ = Un and
f/33 was different. Since each carbon, again as expected had the same U\\ and Un we report the
values for one of them. The summation was carried out for 216 distinct but equally spaced q vectors
in the 1/8'* of the Brillouine zone which by symmetry generated 1000 wave vector points for the
calculation. In order to check that the results converged for this mesh of points, we also repeated
the calculations with the model of Aljishi and Dresselhaus alone for a bigger mesh of 1331 distinct
points generating 8000 points for summation. We noticed that the results were almost identical
ensuring thereby that the mesh of 1000 points is adequate for the ensemble averaging. The three



acoustic phonons « q = 0 were eliminated from the summation since they introduced singularity

in Eq.(l). However, their contributions wen: estimated using an approach similar to Buyers and
Smith 15) for cubic crystals. The details are given in the Appendix. It is noted that the contributions

from these acoustic phonons are almost negligible for the basal plane motion and the contribution

for the out of plane motion came to around 2.5%. The results of the calculations along with the

experimental results at 300 K are given in Table 1.

Table 1

Values of Means square displacement U\\ and Un m A2

Theoretical Results Experimental Results
Maeda et al. Nicklow et al. Mani and Ramani Aljishi and Dresselhauss Ludstig Chen et al,

Un 0.0016 0.0024 0.0024 0.0030 0.0031 0.0033

(6)* (2)

0.0454 0.0151 0.0268 0.0078 0.0090 0.140
(20) (3)

The number in parentheses indicates the experimental uncertainty. Eg. (6) = 0.0006

5. DISCUSSIONS

As can be seen from Table 1 the nature of agreement varies from model to model and

hence one should at this stage also look at the assumptions and approximations invoked in each

model for making a meaningful comparison. The model of Maeda et al. is approximate with

interactions only up to second neighbours and hence could not account even for some phonon

modes at q=0 as also the elastic constants. Thus one notices that the in plane motion is inadequately

incorporated with low Un whereas the out of plane motion is grossly exaggerated with a very high

value oft/33. It looks that similar trend exists in the results from the model of Mani and Ramani who

made force constant estimations by suitably borrowing the values from naphthalene crystal. In the

case of the results from Nicklow et al., the agreement of Un seems to be good with the X-ray value

whereas then; is inadequate agreement for Un. They have used an axially symmetric model for

describing the force constants which seems to be a gross approximation for an anisotropic crystal

like the graphite. The nature of force constants obtained in the model of Aljishi and Dresselhaus

which also accounts for the experimental phonon dispersion clearly indicate the absence of the axial

symmetry. In addition recently AUdredge et at. l2) have discussed the presence of some inadvertent

symmetries in the model of Nicklow et al. giving rise to additional degeneracies for some modes.

Even though this might not have a pronounced effect on the average properties like DWFs, it is a

point one should bear in mind when comparing the models. Such inadvertent symmetries are absent

in the model of Aljishi and Dresselhaus. The results obtained in their model agree very well with

the X-ray and neutron data for Un • But the U%i is slightly smaller and agree with the neutron data

within the experimental uncertainty. However the calculated value is far below the experimental

X-ray data. We have noticed also similar behaviour of [/» at low temperature on comparison with

the X-ray data from Ref.4.

Ai this stage we should consider why the model of Young and Koppel gave results sur-

prisingly in good agreement with the experiment especially with the neutron scattering data. The

inadequacies of this model have been discussed by Nicklow et al. in their paper, especially the

emerging zero C M elastic constants which would give zero phonon frequencies at q points away

from zone centre creating further singularities in Eq.l. However, the calculation of Un and Un

was done later by Ludsteck not by using Eq.(l) of this paper but by using the projected density of

states G\ \(w) and G±(w), thereby eliminating the otherwise existing singularities from the zero

Cu value. Further these values of density of states were read off from the published curves using

calipers which might have created some uncertainty. But all the while, one should notice that this

is a model with the parameters fitted to the specific heat data at high temperatures and hence may

be quite approximate to predict microscopic experimental results like the low lying Raman mode,

elastic constants and the phonon dispersion relations. Even for fining this high temperature spe-

cific heat they had to use a very large number of phonon wavevector points in the summation. The

need for such large number of phonon wave vectors is rather not surprising since the model had the

deficiency of explaining the low frequency part of the spectrum

Thus the present calculation on the model of Aljishi and Dresselhaus which has already

explained a variety of experimental data, reveals that the Debye Waller factors calculated using

the complete phonon data agree well with the experimental results especially for the basal plane

motion. The results for Un show good agreement with the experimental results on neutron data.

The present work thus analyzes this aspect from all the available lattice dynamical models and

hence it is hoped that it has given clear indication of the need for some reinvestigations on the

experimental studies especially for Un.
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Appendix
Contribution to the Debye Waller Factors from the acoustic phonons at q=0

We use the famous interconversion formula

and convert the summation in Eq.(l) by an integration over 1/1000 of the Brillouin zone for the
three acoustic phonon modes using the Debye approximation uj = CjQ where Cj is the appropriate
velocity of propagation of the elastic wave which depends on the corresponing elastic constants.
Approximating the coth factor at w —• 0 by jgj one gets the integral as

We shall now use the cylindrical symmetry and replace d? q ad 1 itrdrdt where q2 = r1 + z2. Then

I= 1 kB T ly^ef] f"~ f— dz
~ (2?r)3 v M \~(Cjz Jo Jo (r2 + z2)

Carrying out the integration one finally arrives at

when tan S = ^ ( 3 ) l / 4 • (o and c are lattice constants). The definite integral can be numerically
evaluated. After putting the values for the constants with appropriate units such that when finally
one puts the values of Cj in units of 10* cms/sec, we get the U in A2, the final formula becomes

0.0014295rx 10-

Thc quantitity in the square bracket should be calculated for the LA and 2 TA phonons after taking
a weighted average over the possible directions in which the zone centre can be approached. Fol-
lowing cylindrical symmetry it turns out that along the z axis we have either [001] or [001] giving
two directions whereas in the basal plane it is n directions with n tending to infinity. Thus the
weightage has to be taken with a total of 3n+6 acoustic modes. However as can be seen from the
expression above the maximum contribution comes from that direction for which Cj is the least.
In the case of graphite this is dictated by the lowest elastic constant C44. Bearing this in mind if
we look for the major contribution for Un we notice that it comes from the TA modes in the basal

planes since for the LA phonon in [100] direction the associated elastic constant is CJJ and is large
compared to C « •

You can have n such contributions from the n directions possible in the basal ptane. So
the weightage factor for the quantity in the square bracket is (n/3n+6) which in the limit n tending
to infinity is 1/3. It is observed that the eigenvectors are equally shared by the four carbon atoms
and hence the factor e2 become 0.25. If we substitute all this in the above formula one gets a
contribution 0.0002 A2 which is roughly 2.5% of total contribution in [/3j. On the same reasoning
the basal plane moiion contribution is predominantly from the two TA phonons from [001] and
[00i ] directions since the LA phonon contribution in the basal plane is dependent on other clastic
constants having values much larger than C44. Thus the weightage factor here is 2/(3n+6) which
when n tends to infinity becomes zero. Thus practially there is no contribution to Un coming from
the acoustic modes at q = 0 .
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