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ABSTRACT
fero and finite temperature quark matter is studied in a chiral
chromodieiectric model with quark, mesan and chromodieiectric
degrees of freedom. Mean field approximation is used. Two
cases are considered: two-flaver and three-flaver grark matter.
It iz found that at sufficiently low densities and temperatures
the system is in a chirally broken phase, with quarks acquiring
effective masses aof the order of 100 MeV. At higher densities/
temperatures a chiral phase transitionm occurs, ;nd the quarks
become magsless. A comparison to traditional nuclear physics
suggests that the chirally brokern phase with massive quark gas
may be the ground state of matter at densities of the order of a

few nuclear saturation densities.
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I. INTRODUCTION

Over the past few years various chromodielectric models

have become popularl'g.' These models are based on the old

:'uﬂlmui that the phenomenon of confinement can be described by

vanishing of the chromodielectric constant in the vacuum,

¢..2 0.~ In chremodielectric models the dielectric constant & is
treated as a dynamical effective fleld. Several attempts have
been made to justify these modeis, starting from QCD on the

ratticelr 1174

The form of the effective lagrangians that
follows from such considerations has, in general, the following

structure:

£ =T a"r"" s -Far /" 172 00" 0 - e, (1
xiere ¥ is the quark field, ¥ is the {dimensionless) chromo- '
dielectric field, p is some positive power, 4 is the quark mass,
t, is a scale of dimension of energy, U(x} is the 1-field
pctential, and L' contains terms with color octet fields, and
possibly cther effective degrees of freedom. The chromo-

dielectric constant is related to the chronodielectric field in

the following nu:mm.-l:']l

£ = ' . (2)
hence to ensure £ = 0 one requires that z _ = 0 . g-
The key element of chromodielectric models is that the .
effective quark masse, 471", becomes infinite in the vacuum, .
which in the case of baryons forces the quarks to be confined in “,

pag-like objects®™®, very much 1ike in the old MIT bag model.}3 =

[}



The differsnce is that in the case of chromoiieleciric models,
tha bag is generated sslifcomsistently &fhrough the interaction
with tie dvnamical field 1.

Since QCD passesses an approximate chiral symmeiry, any
reatistic effactive theory of strong interactions has te respect
thiis symmetrv. Chiral extensions of chromodielsctric models
have been propessd and studied in the context of meodels of

hadrons by ssveral authorsq's’a'g’lq‘

The modification in the
lagrangian (1) amounts to the replacement of the mass term by a
zhiratiy invarian£ form involving o and & mesons, and to adding
a suitabie o-n interacticon. Tte tagrangian of the chira!l

chromodialectric model which we are geing te study in this

aaxper has the form

I =% au;“ to+ gpli(o+03?«3)u faP 212 z;(a”z)2 - W{g) 4+

H

+ 172 (@¥a3® 4 172 (efEyi- U(o,m . (33

. S + - BT = H " T 1& o H t
Tte potuntial U{o,n) has the "Mexican #Hat” shape °, whick lecads

0 sponrlanecus chiral symmetry breaking, with o = —?r, whoeres
Yyacg !

Fgp = 92 MeV is the pion decay constant. The coupling constant g

is dimensioniess. The effective mass of the gquark in this model

eff
m

. = - g | (4)

In the vacuum, due to spontaneous chiral symmetry breaking, o is

+ «rr N .= a
nonzerc, and since 1.2 o, mq becomes infinite, as in the

nen-~-chiral medei {1).



The main purpose of this work is to study the chiral phase
transiiion generated by lagrangian {3). Our approsach parallels
tihe freatment of the fermion-meson system in the Walecka
modell7. Specifica!ly, we use the mean field approximetion,
i.¢. the effective meson and chromodielectric fields are treated
as classirel fields, and no guantum effects for the quarks are
included. We find that a*t sufficiently low densities and
*emperalures. the system is in a chirally broken phase, with
o » 0, and with massive quarks {cf, eqn.(4)). As the matter is
compressed, at some point a first order phase transition to a
chirally symmetric phase occurs, and at higher densities the
graund state of the system becomes just a gas of massliess
quarks, with o = 0 (in this work we ignore the effects of
current gquark masses).

The paper is organized as follows: In Sect. IT and III we
study the ze2ro temperature matter. Two cases are considered:
isospin-symmetric quark matter (Sect. 1I), with equal amounts of
up-and down gquarks, anrd charge-neutral guark metter (Sect. 111),
with egual amounts of up, down and strange quarks. The results
i Sec. I1I may be applied toc models of neutron stars. In
Sect. IV we study the two~flavor quark matter at finite -
temperatures. This situation may be realized in relativistic

heavy-ion collislons, as well as in the early universe.
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IT.  TWO FLAVOR MATTIR AT ZERQ TIMPERATVE
For simplicity of calzu.sticn, we make the assumption that
the =vstem is uniform. Thus. *he mean t and ¢ fields lLave
constant values throughout the whole space, and the pion field
vanisheslT. The valence quarks occupy hlane wave states of
positive energy, up to the fermi momentum kr' The expression to
minimize is the energy per baryen number,

7 [a*xsc2m?® (m:fsz+ B9 ek~ |X]) + T(o) = W)

L/N = - s (6}
rr3 j@ks2m)?® 6tk - |xD)

where } = 2x2x3 is the spin-flavor-color degeneracy,

elrf .
m 1=
1
given in (47, kF is the fermi momentum, and the ¢ and ;
patentials are given by
ITIz ’
U@ = =5 (o~ T, (7a)
S:R
we) = 172 M5 a5 1 17b)

Potential (7a} is the familiar "Mexican Hat"lﬁ, with the picn

Zield set to zero, and feor the case of m = 0. The quantity o,
is the mass of the o meson. Potential (7L) comsists just of a
mass term for the chromodielectric field.

The mode! seemingly has five parameters: g, m,: Hx, t, and
p. However, introducing a pew variable 1* = ero 1, potential
(7b) becomes just U(r') = 1/2 r". and the effective quark mass
(4} takes the form m:rr - -(gﬂzto)pafx'P. Thus, expression (6)

depends <ffectively on three parameters: L gﬁrxo and p. For



canvenience we denote
G = y‘g,"'lxl‘n » (B)

which is a free parameter of dimension of energy. Throughout
"hi+ paper ke use m, = 1.2 Ge¥”., The choice of power p is more
subt’'e, Various authors have their preferred choices of this
4,5,8

1
parameter, ranging from 1 » through 3;214 to -9, Here we

do no* want to make a judgement on which choice is better
sustified., We -resent resuite mostly for p = 2, however we will
aiso show the cualitative conciusions do uot depend cn the
specific cheice of p.
To f£ind the configuyration with mwinimum znergy per unit of
bhazryon nunmber. expression (6) is minimized wizk respect fto %7
rr

. . . . . - rr
and m: at a fixed value of k?. We use r' anpd m:

as
independen variables, rather than ' and ¢, to avoid divisions
.Y, The field o ic thus renlaced by
in egqn. {7a.. The results for » = I and
» = §.Z17 GV sre displaved in Fig. 1, where we plot %Lhe energy
per barvor rumber (a), and the value of mean fields and m:IF(b)
versus the volume per baryon number.

4t high densities the ground state is in the chirally

restored phase {solid line, labeled o = 0}, for which both m:rf

ard i vanish. In this case expression (6} has a particularly

simpie form

r [®ks2m® x ok - [R]) + B

ehiral

E/¥

e ra e e Ty Rl A

_ . (9) ,
/3 [&rs2m® 6tk - R : :
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W oTL 3oz m{Féfe has khe irmtarpratation of the velume density of
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the energy of the chiral:y symmetric vacuum. It plays the same

role in expression {9} as the bag constant of the MIT bag

13,19

In the iimit ot large densities, E/N behaves

4
mode 1 chiral

as Koo which 1s a feature of a relativisiic fermi gas. For low

densities, Z/N behaves as kr-z, and in fact the salid curve

ehiral
has a minimum around VsX = 1.3 fm’. However, the iow density
part of the solid curve is unphysical, since arcund

V/N = 0.5 tm® a phase transition occurs, and for lower denejties
the ground state of the system is In a chirally broken phase
{dash~dotted line in Fig. (la), labeled o w Q). In this phase

re

the values of m: and ', and, consequently, J, are no longer

zero Fig. (1h)). ]

Performing a standard-Maxwell’'s construction we cen find
tte densities at which the phase transition starts and ends.
They are dencoted by thin arrows in Figs. (la) ané (lt), The
jump in the energy per baryon number between the two phéses is
~20 MeV, hence the transition is a rather weak first order phase
transition. We note, however, that the "order parameters” in
Fig. (1h) change abruptly from zero in ihe chirally restored
phage to finite values in the chirally broken phase. In
particular, in the vicinity of the chiral phase transition the
value of ¢ is approx{nately -85 MeV, not significantly different
from the vacuum value of =93 Me¥, and ths effective quark mass
assumes values around 100 MeV. Such values are reminiscent of
“congtituent” quark masses, although in our case the number is

about three times smaller than one third of the nucleon .mass.




Xev = that similar values for m:‘r were found in the center of
barvon in chromodielectric models 8.

ASs we continu? to decrease the density, the dash-dotted
curve in Fig. {(la) flattens out, reaches a minimum around
¥/ = 2.3 fma, and then starts Yo increaze again. However, cur
calculation is not reliable in tnis rénge of densities. The
assumptiocn that the matter .an be described by plane-wive gas of
gquarks is acceptable for high densities, where we expect beryons
to be melted ints a quark gus. Un the other hand, we knox that
at the nuclear saturation density o, = .17 fm-a, which
corresponds to (Y/N)oh 6 tmz, ruclear matter consists of well-
formed nucleouns. which are thrre-qguark clusiers. One can use

geome“rical argumants to estimate the reange !n whiclhi one car

e et unclz-ered gas to be 2 good approxinstion., Using thae

[

sgera.:r ~harge redius of the nucleon, whose experimenteal value
is 0.72 fm. as “ne nJcieon recius, we fin2 thit the volume
oorupies by the lucieon is “i.6 fm’. which is roughiy a guarter
cf (V/X), . Thus we expect that at densities ~4 o, the nucleons
wil}l start to coverlap, and for Ligher densities will graduully
"melt"” into a quark gas. Consequently, we 2xpect that our
appro<imation is good fdr ¥/N less thap about 1.6 fm®. Beyond
fhis point the clustering effects become important. Ideally,
one would like to describe these effects within the model (3}, .
this is, however, beydnd the scope of thie paper. g:‘
Instead, at low densities we use for comparison a '
t-aditional nuclear matter calculation. For simplicity, we have ;

chiosen the Vautherin and Brink parameterization (SI')QO of
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symmetric nuclear matter. based on the Skyrme nuglear
interactions (dotted curve i1 Fig. (la), labeled "Xucleonic
Matier"). It is pot clear up tc what densities one can trust
this parameterization, but we hope one can still use it up *o
densities T 4 . Also, one cauld use a different equation of

statezl

, but since we are concerned with qualitative predictions
of model (3), such detailes would not change our general
conciusions.

Looking at Fig. (la), we note that at high densities the
quark gas phase has a lower =nergy than the nucleonic matter,
and, vice versa, at low densities tha nucleonic matter is the
ground st;te. There is a "clustering phase transition” at
V/S = 1-1.8 fm>. We perform a Maxwell’'s construction between
these two phases. The densities at which the clustering begins
and ends isldenoted by thick arrows in Fig. 1. We note that
this phase traneition should be taken with a grain of salt,
since the clustered, nucleonic matter is.not described within
our model, but taken from elsewhere. In a conaistent
description, this onset of clustering may occur =moothl_ .
without a phase transition. We perform the Maxwell's
construction merely to see at what densities we expect the
clustering effects to become important, aund find densities of
the order of 3-6 p,. Thie value is compatible with the number
obtained earlier from geometrical estimates. Looking back at
Fig. 1 (a) we can see that there is a range in densities,
approximately between 6 and 12 Py for which the ground state of

matter ls the massive quark gas, with a broken chiral symmetry.



Ic tauvinse the reader tiat our qualitative results do not
depen® on parametccs chosen, Fig., 2 shows E/N calculated for two
difterent vsiuer of G {(ir units of weV), with p = 2, and alsc a
calculation for p = 1. There is only one solid curve for the
rhirally restored phase, since Echhirul does not depend on G or
p (cf., eqn. 9). The effect ol increaéing G, at a fixed ¢, is a
decrease of the elLergy per baryqn number in the broken phase,
This cun ue seen comparing the dashed curve and the dot-dashed
curve iu Fig., 2. One can also see that a different choice of p
can be "com.ensated" by the ciuoice of 6, as the dashed curve and

the dot-d:.t-dasned curve in Fig. 2 are very close to each other.

The effe:t of changing the mass of the 7 is following: As

w, lncreases, in the chirally restored phase (egn. {(%})} the

value of B increases, hence E/X goes vp. In the broken

ehiral

phase, the increase of m, forces the o field to lie closer and
closer to iis vacuyum value —F“, and the value of E/N alsc goes
up.

The resvlts of this secticn are of pedagogical rather than
physical merit. Two-flavor mattér at zero temperature and at
densities cf the order of a few nuclear seturation densities is

not realized in nature. In the next two sections we will

discuss physical cases, applicable to the neutron star physics

LU

{Sect. 1III) and to relativistic heavy-ion collisions

(Sect. IV).

TP TI SECE We “ N g
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ITI. THREE-FLAVYOR MATTER AT ZERO-TEMPERATURE
High density mat.er is realized in centers of neutron

stars. This matter is charge neutral, and canr be described in
three-‘iavor quark mndelslg. Naw we apply the techniques of
Sect. T1 to this case. For simplicity, we assume equal amountis
of up, down and strange quarks, hence we neglect possible
admixtures of electrons and muons, and we ignore the current
mass of the strange quark. Such approximations are valid at

high densitieslg.

With the above simplifications, we can directly apply. the
formulas of Sect. II, changing the degeneracy factor 7 to
account fsr three flavors, » = 2x3x<3., The results are plotted
in Fig. 3. 1ln the present case, we use Pandharipande’s model22
of purc neutron matter as the traditional! calculation to which
we compare our results, Looking at Fig. 3, we notice that the
qualitative beliavior is very similar to the two-flavor case of
Fig. 1. The difference is that E/X for all curves is lower for
the three-flavor case, as expected from eqn. 6, and that the
¢:lustering "phase transition” ogcurs at higher densities,
between 7 and 9 Py - The massive quark phase appears at
densities “7 g , and continues up to densities ~12 P,1 Where the
chiral restoration takes place (Fig. 3).

Such high densities may be realized in centers of neutron

stars, however, this depends rather sensitively on the equation

-

of state of the nucleonic phase. For a soft equation of state

the central density of the neutron star is higher than for a

stiff equation of state. Therefore a soft equation of state

11



favors the appearance of a gquark phase inside the stor. In our
molel a neutron star would have & core of miassive guarks
(thiral!y broken phase), and, possibty, o smaller core inside,
made of massless quarks {chirally restored phase).  In this

paper we do neot quantitatively investigate this issuc.

1V, FINITE-TEMPERATURE TWO-FLAVOR MATVER

1n the present calculation we include only the thermal
excitations of quarks, and ignore possible thermal e~xcitation-
of the ¢ and x* fields. This pareliels the approximeiion of
ref. !7. a:though a cereful treatment should include thermal
excitations of all degrees of freedom.

For finite temperatures, the appropriate theimedynawic
potential to be minimized at fixed lemperature T, volume YV and

chemica! potential #, is the grand potential
al f { - M
T Vauim ey = -1y Jd’k/(:n)’{ln[ue‘” "VT] + 1n'[1+e‘“ ©)/TH

-V fog g (1)

where u is the quark chemical potential, ¥ is the antiquark
chemica! potential, v = (m:Pf)2+ k? is the quark
single-particle energy, and ¥ is the antiquark single-particie
energy. Due to baryon number conservation g = —-yf, and due to
the charge conjugation symmetry ¥ = v. The quantities Pgy and

P, are the contributions to the pressure from the o and 1’

fields. 1In the mzan-field approximation they have the form17

i2
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Py = = Loy DI' = - W(r) . (12}
Tone equilibrium conditions are

BQ,’aGi_T-v‘P =0 , ansazy? IT’V,# =0 . (13)

from which we find the equilibrium values of ¢ and x*. Thermo~
dyramical quantities can then be evaluated using standard

expressions. In particular, we use

P = -Q/V 1
E/N = 7 stk/(zu)a { v n(k) + ¥ n(k) }
N/V = 7 ]a’k/(m“ {n(k) - T(k) } {14)

where the quark and antiquark distribution functions are defined
through

a(k) = [1 + e“”"”T]ﬂ, ak) = [1 + e(;-ﬁ)/r]'l . (15)

Figure & shows the isotherme in the pressure - baryon
density diagram. The lowest curve i{s for T = 0, and the
interval between the isotherme is 50 MeV. The dashed lines
connect the Maxwell points, between which we have coexistence of
phases. Left of the dashed lines is the region of the chira]lf
broken phase, and right of the dashed lines is the region of the
chirally restored phase. Beyond the critical temperature

T, > 348 MeV only the chirally restored phase exists.

13



Two phase diegrams are piotted in Fig. 5, wilh ihe regions
of the chiraliy broken and chirally restored phases labeled
g = G, and 0 = 0, respectively. Figure {(a} shows the
temperature dependence of the baryon densitieE at the two
Maxwell pouints. The baryon dernsity at the eritical point,

= A48 Mel, is zero. Figure (b) shows the tempcrature

dependance ¢f the pressure st the phase transition. The shade'!
region in Tig. (5b) is excluded from the phase space. The
boundary corresponds to N/¥V = 0, and all thermodynamical states,
with positive or negative baryvon densitiesza. lie putsides 1he
shaded region. Note that the critical baryon density is zerns,
thus, the regions of the two phases are disconnected. and it is
not possible to pass from one phase to the other without a phase
transition (as for example in the case of vupor and water).

As in the zero-temperature case, we might compare our
results ic some standard nuciear matter celculetion, and
construct the "clustering phese transition” for finit
temperatures as well. We expec®t an appearsnce of the nucleonic
phase in tne disgrams of Figs. ¢« and 5. in particular, s
nucleonic region should be drawn in Fig. & (a) at jow dencsities
and temperatures. We have not drawn this region, since
calculstions of high temperature nuclecnic matter are subject to
large uncertsinties. Traditionally, one expects that the
hadrornization phase transition between gquark-gluon plasma and
hadrons occurs at temperatures of the order of 150-200 MeV. Our
results of Seci. II and the value of T_ = 348 MeV allow us to

speculate that the nucleonic region in Fig. 5 (a) would be

14
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contained in the chirally broken guark gas phase. 1In that case
the chirally broken phase with massive quarks will exist at high
tempsratures as well. Appropriate thermodynamic conditions to

generate this phase may be reached in heavy~-ion collisions.

V. CONCLUSIONS
¥e have analyzed quark matter in a chiral chromodielectric
‘madel, investigating in detail the chiral phase transition. We
have found that the quark gas phase with broken chiral symmetry
may be the ground state of matter for densities of the order of
a few nuciear Baturation demsities.
Although our calculation has been done in the framework of
a specifiz model, and many ej. plifying assumptions have been
used, the described behavior is of a genéral nature, common to
models with fermions interacting with a scalar field which
develops a vacuum expectation value. 1It. was First discussed be
Lee and Wick®" in the context of nucleonic matter. The

mechanism leading to the appearance of the "constituent”,

e e STng o

massive quark gas phase can be described as follows: at high
g; densities, where the quarks are massless, there is some
% additicnal volume energy in the system. 1f this volume enérg{
% _ gets reduced when the quarks hecome massive, than there is a
E' possibility of an overall decrease of energy per baryon number,
% and a phase transition. In our case this volume energy is

interpreted as the energy necesmary to break the chiral

15




condensate of the vacaum, and the quark magses are generated via
spontanzaus symmetry oreaking.

Jur calcuiation can be used to limit the range of
parameters of the chromoaielectric mocdel (3}. 1In particular, we
ao nat wxant the mode! curves in Fig. i (a) 1o drop below the
nuclear saturation energy, or to predict declustering for too
tow barvon densities. Such limits are useful in application ot

the model to bharyons.
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(a’

(B

Fig.

T_UFL CAPTIONS

fero temperature twe-Ilevur maiter, 7 = 0.217 GeV, p = 2.
Trnergy per barvon numter, EJ/N, plotted verrus the viiume per
barvon number, V/N. The solid line (0 = 0; is the chirally
restored guark-gas phese, the dasﬁ~dotted line (a0 = 0) ig
the chirally broken quark-gas phase, and the dotted line is
the nucieonic matter tf r=f. 20. The tuin arrows indicate
the densities vhere the chiral phase transition starts and
ends, and the thick arrows Indicate the densities at which

the ciustering starts and ends.

re

Effective guark mass, m: » the chromcdielectric field 1 /G

(division by G is introduced for convenience), and the
negative o field, plotted versus V/N. The line at 0 MeV in

the left part of the graph shows that these guantities

vanish ip tne chirally resicored phase.

Comparison of the predictions of the model for various
parameters, Solid Iine is the chirally restored phsase,
comman to all velues of € and p. Thee-cther lines are the
thirally broken phases for various choices of parameters.

Tne axes are as in Fig. 1 (a). Parameter G is in units of

Gel.
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Same as Tig. t {a) for the three-flaver case. Dotted line

s'.ws the newtrcn mai~zr of 9-=1, 22,

I~atherms in the pressure - barvon density :fiagram for the
two-flavor matter. The lowest curve is for T =z 0, and the
intervals between the isotherwms are 50 MeV. The dashed

linegs connect the Maxwell points. YValues ci model

-
parameters are the same as for ths zero-temperature case,

M)

k4
-

Phase diagrams for the tweo-flavor matter. lak.ls o0 = 0 and
g = 0 denote the regions of chirally broken ard .irally
restored phases.

Baryon density vs. temperature, The solid lipes are *!:
densities atr whizh the phase transition star*: =2 eni-,
Pressure vs, temper§ture. The shaded regicn in - - -haz=
space is inaccessible {see text), The critical point is

denoted by a dot. Pc is the critical press.re.
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