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Abstract 

A general treatment of the quantal harmonic oscillator 

wisih time-dependent nass and frequency is presented. The 

treatment is based on the use of soma time-dependent 

transformations and in the method of invariants of Lewis 

and Riesenfeld. Exact coherent states for such a system are 

also constructed. 
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I . INTRODUCTION 

The study of problems involving harmonic oscillators 

with time-dependent frequencies or with time-dependent l 

masses (or both simultaneously) has attracted considerable 

interest in the last few years1"". Apart from its intrinsic 

mathematical interest, these problems have invoked much 

attention because of their connection with many other 

problems belonging to different areas of physics like plasma 

physics, gravitation, quantum optics etc. For example, 

legrave and Abdalla" studied the harmonic oscillator with 

a constant frequency and a time-dependent mass in order to 

describe the electromagnetic field intensities in a Fabry-

Pérot cavity. Also, temos -•nd Natividade1* studied a harmonic 

oscillator with a time-dependend frequency and a constant 

mass in an expandind universe. 

In this paper we are .mainly concerned with the harmonic 

oscillator with both frequency and mass being arbitrary given 

functions of time.' Our main purpose is to exhibit, in * 

simple way, an alternative treatment for such a system. The 

treatment is based on the use of some time-dependent 

transformations and in the method of invariants of T.ewis »nd 

, Riesenfeld". Furthermore, we#also construct exact coherent 

states for the harmonic oscillator with time-dependent mass 

and frequency. '••.'.'"'••" •',-•' '-"-V' 

'.'.;•• A brief outline of the present paper is as follows. 
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In Sec. II, we outline our treatment. In Sec. Ill, ve 

construct exact coherent states. In Sec. IV, we calculate 

the uncertainty relation. Finally, some concluding remarks 
» 

are added in Sec. V. 

II - THE TREATMENT 

A. Time-dependent harmonic oscillator 

We start with the time-dependent harmonic oscillato'-

Hamiltonian • 

H(t) « — £ — + I M(t)wa(t}qa , (2.1) 
2K(t) 2 

where q and p are canonically conjugate and M(t) and w(t) 

are, respectively, the mass and frequency associated to the 

oscillator which are arbitrary real functions of time. The 

variables q and p satisfy the canonical commutation relation 

lq,pj » in . (2.2) 

The canonical equations o- motion are 

q • -~- lq,H(t) J » - E — , (2.3a) 
ih • M(t) 

P » ~ Ip,H(t)J - -M(t)w'(t)q , (2.3b) 

« iK 

which when combined yield the equation 

q + Y(t)q + wa(t)q - 0-, (2.4) 



where 
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Yít) » - -^-[InM(t)] . (2.5) 
dt 

Next we consider the .time-dependent canonical 

-transformation given by the generating function'1 

( ri/2 
- E - \ - HCt)T(t) qa t (2.6) 

M(t)/ 4 

where n is a constant mass. The transformation equations are 

Q « 3F/3P, p « 3F/Sq, from which ve obtain the new canonical 

variables 

•\ q (2.7a) 

SA 1 / 2p + (n»M(t))m ^ í q . (2.7b) p . /—S-A p + (n»M 
\M(t)j 

Here . we remark that the well-known Kan&i-Caldirola 

Basti itoni«na is recovered when M(t) => mexp(Yt) with 

constant Y. Also, note that lQ,P) « [q,pj which implies that 

the commutation relations remain the same in both coordinates. 

Then, under this transformation the Harailtonian (2.1) i* 

transformed in a new BamJltonian H, (t) -Hit) + 3F/3t which, 

in terms of the new variables, is expressed as 

• Í B,(t) - £ + HLOliil J» , (2.8) 

"'.'•• .- • 2« ' 2 ' 

where • 

{2.9) ft.(t) « w a ( t , . ( l i ü i + im) 
\ 4 2 ' 
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is the modified time-dependent frequency. Note that * the 

Hamiltonian (2.8) is of the form of that considered by 

Lewis and Riesenf elda. Here, let us recall that Levis and 

Riesenf eld have developed a general theory of explicity time- * 

dependent invariants for quantum systems characterized by 

explicitly time-dependent Bamiltonians. They have derived a ' 

simple relation between eigenstates of such an invariant and 

solutions of the corresponding Schrodinger equation and have 

applied it to the case of a harmonic oscillator with time-

dependent frequency. In the next subsection we briefly 

review the theory of Lewis and Riesenfeld for the system 

characterized by the transformed Hamiltonian (2.8). 

B. Time-dependent invariants and Schrodinger equation 

Let us now consider the Hamiltonian (2.B). It is well-

known that an exact invariant for (2.8) is given by,,a 

. Kt) - a j?aY + (pò - fQ)a l . , (2.io) 

which can be rewritten as 

I(t) « -A-imV/V (Pf-n/Q)1"] (2.11) 

where Q(t) s a t i s f i e s the equation 

Q + Q*(t)Q « 0 (2.12) 

and j>(t) i s a c~nurnber quantity satisfying the auxiliar: 

equation 
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f + 0*(t)j> » 1/p» . (2.13} 

The equations (2.12) and (2.13) together are known as 

Ermakov pairs. The invariant (2.11) was first derived by 

Ernakov** by eliminating wJ(t) between these two equations. 

It is clear that I(t) satisfies the equation29'2* 

£1 « l i + X [Zf B.] - 0 (2.14) 
dt 3t in 

and I « I. In order to make I(t) Hermit I an, we c'-.oose only 

the real solutions of (2.13). Further, the eigenfunctions 

$ (Q#t) of I(t) are assuaed to fona a complete orthonormal 
n 

set corresponding to the time-independent eigenvalue A„. 

Thus 

I*B(Q,t) = XB*„(Q,t) , (2.15) 

Now consider the time-dependent Schrodinger equation 

ih ̂  - H.(t)V , ' (2.17) 
it ' 

with 

H (t) « - i -ii + n£!ltl Q» . (2.18) 
2m 3Qa 2 

where P » -tft3/3Q has been used. The solutions TB(Q,t) of the 

Schrodinger equation (2.17par« related to ta(Q,t) by the 

relation" 

TJQ,t) - •"•<l,#.iQ,t) , (2.19) 
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where the phase functions a (t) satisfy the equation 

K ^ L ^ L - <*BUK-i--HlCt)|V . (2.20) 

Then» since each of TBsatisfies the Schrodinger equation, 

the general solution of (2.17) nay be written as 

T(Q,t) - I c„elaa(t)*B(Q,t) , (2.21) 

where the ca are time-independent coefficients. 

C. Solution of the Scbxodinger equation 

In this subsection we are mainly interested in solving, 

by a particular direct method,. the Schroâinger equation 

(2.17). To this end we proceed as follows. Consider the 

unitary transformation0'2* 

ü » e-i«pQ7<»p 

Under this unitary transformation the operator 

into I' according to 

X» - uiU+ , 

where we find by straightforward calculation that 

2m 3oa 2 

with 

(2.22) 

I changes 

(2.23)-

(2.24) 

0 - Q/p (2.25) 
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Then, the eigenvalue equation (2.15) is mapped into 

I'tJCo) - XB*»(o) , r .26) 

where 

K " pm°*» <2*27) 

The factor p 2 i s introduced i n t o (2.27) so tha t the 

normalization conditions 

/^•BdQ - /$n
,**;d0 - 1 • (2.28) 

hold. By using (2.24) the eigenvalue probleni (2.26) becomes 

[. J l?- l i + B oxL*Co) - * $'(0) (2.29) 

2a 8o* 2 J • • • 

which i s an ordinary one-dimensional Schrodinger equation 

whose solut ion i s given by 

where . 

A t-f»(n+|) 

and BB(Q) is the usual Berrai te polynomial of order n. Thus, 

by using (2.22)/ (2.27) and (2.30) we find that 

. . (2.31) 
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Hence, the soli**ions *B(Q,t) of the transformed Schrõdinger 

equation (2.18) is given by 

T.(Q.t) » e ̂  » 1 e a i» f 

where the phase functions an(t) are givea by
1*'* 

(t) » -( n » - ) / • ' dt' . (2.33) a 

Here it is interesting to observe that the solutions (2.32) 

for the equation (2.17) have also been obtained by KhandeJcav 

and Lawande2* by using Feynman path integrals. 

Let us now introduce the time-dependent transformation21 

/ \1/2 

/*t) « ( -S- \ x(t) , '2.34) 
\ Kit)/ 

where x(t) is a real function of time which is to be 

determined. Then using (2.7), (2.9) and (2.34) the equation 

of motion (2.12) is converted into the original equation 

(2.4) and the auxiliary equation (2.13) into the equation _ 

x * Y(t)x + wa(t)x «j — E - \ / x ' . (2.35) 
\M(t)/ 

The exact invariant (2.11) is transformed to the form 

(t) - -i- pq'x"** (px - Mxq)*| . (2.36) 
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Thus, (2.36) is an exact invariant for the Hamiltonian (2.1) 

with p given by (2.3a) and q(t) and x(t) satisfying, 

respectively, the equation? (2.4) and (2.35). For Mtt) s roB 

cte we recover - the invariant for the time-dependent 

Hamiltonian where only the frequency is allr «red to change 

with time11. Note that in this case tne function (2.6) 

generates the identity transformation. 

On the other hand, by using (2.7a) and (2.34) the 

unitary operator (2.22) is converted into 

0 » e L J , (2.37) 

and the invariant (2.24) into the fcrm 

2m 3qa 2\x/ 

which has the same form of (2.24). Also, in terms of the 

original variables, the eigenfunctions ta(q,t) of X(t) are 

given by 

# 

Note that for M(t) «ne the above solution reduces to that 

obtained by Khandekav and Lawande . Now, the solutions 

T, (q*t) of the Schrõdinger equation for the original system 

may be written as 
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*.(q.t» » •i*mit\l<*S-) » ' (2.40) 

where the phase functions oM(t) are now given by 

o | t | « . ( í t i ] / 2- úf . (2.41) 
n - * 2 / * Mit^x'tt') 

Here it is interesting to note that when M(t) •«, w(t)-»w, « 

constant and x(t) * x, « constant *• l/wf (which is a 

particular solution of the auxiliary equation (2.35)* the 

solutions (2.39) become 

(2.42) 
rimw. x1'2 

X H 
a [m •] 

which is the solution of the Schrodinger equation for the 

time-dependent harsonic oscillator of mass m and frequency 

w#. Further, in this'case the phase functions (2.41) are 

given by 

aB(t) « -^n + - W t , (2.43) 

so that by substituting (2.42) and (2.43) into (2.40) we 

recover the time-dependent solutions of the Schrodinger 

equation for the usual time-independent oscillator. 



Ill - COHERENT STATES 
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To obtain coherent states for the harmonic oscillator 

with time-dependent mass and frequency we proceed as follows. 

Consider the operators A and A given by 

It may be easily verified that A and A satisfy the 

commutation relation 

tA,A+J • AA+ - A+A - 1 . (3 2) 

The invariant operator given by (2.24) can now be written 

as 

!• - n ( A A + * i ) . ' (3.3) 
2 

How, Hartley and Ray* have shown that coherent states for I* 

have the form 

where a (t) is given by (2.33) and a is an arbitrary complex 

number. Note that when w(t) -»v( and />(t) "*/,« l/v̂
l/I «-he phasei 

c Itl are eíwen hv 12.43) • fn this fi*m. th» >nh*riy»t states •+ 
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•'(Q,t) become the correct coherent states for the usual 

time-independent harmonic oscillator. The states $^(c,t) 
» 

are eigenstates of A with eigenvalue a(t)r i.e.. 

A+£(o,t) » *(t)«£{o(tr » (3.5) 

with o(t) given byB"u 

a(t) - ae2la>M , (3.6) 

where 

o,(t) » -A/—££!- . * (3.7) 
2 f p»(t») 

1/2 

Note that when w(t) *w, and o(t) •*fa sl/w, the eigenvalue 

(3.6) becomes o(t) « aexp(-iw,t) which is tha usual result. 

The coherent states for the time-dependent harmonic 

oscillator (2.13) are obtained by the inverse transformation 

on $^(J/t). They are given by 

' #B(Q.t) - /
m e ^ Q t ( ^ * ; ( a # t ) . C.8) 

Next, following Ray54, we show that (3.8) are coherent states 

for the time-dependent oscillator (2.18). Transforming (3.5) 
* 

via the inverse transformation we find that 

**aiQ,t) - a(t**tt(Q,t) , (3.9) 

where 

a - U+AU (3.10) 
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A straightforward calculation reveals that 

a -f -±r\ \K{*\ + i(pP - nQpn ., (3.11a) ,(iTt"Ç)+i**"**)l 

which are exactly the operators associated with the invariant 

(2.11) which was originally introduced by Lewis*. These 

operators factor the invariant (2.11) as 

I - ti(a+a + - ) . <3-12> 
2 

This result nay also be obtained by applying the inverse 

transformation on (3.3). 

The operators a and a nay be written in terns of q 

and p as 

a * l a ) [»(*)•/"" "^'J' ,3-"" 
• M - f r ) [ n / S \ - i(xp-Mxpf| . (3.13b) 

In terns of the original variables we also nay express the 

coherent states (3.8) as 

^ I \M(t»/ I 
(3.14) 

» A — . . - . . . . i . , . . , »*..«• « - / y / » I.** » 7 « 19 -ià\ I9 .2SI and 
• « M M M É 
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(2.38)). The states (3.14) are coherent states for the time-

dependent system described by the Bamiltonian (2.1). These 

states satisfy the eigenvalue equation 

t 

a$0(q,t) - a(t)*<a(q,t) (3.15) 

where a and a(t) are given, respectively, by (3.13a) and 

(3.6). In this case, the equation (3.7) becomes 

< H ( t ) « - i / 2L dt». (3.16) 
2 r M(t')x*(t*) 

Kote that when Kit) »m*cte the states reduce to the coherent 

states of the time-dependent harmonic oscillator where only 

the frequency is allowed to change with time . 

IV - THE UNCERTAINTY RELATION ' 

By using (3.13) we may express q and p as 

q - xf-M' (»f + «) / (4.1a) 
\ 2m / 

From (3.15) and (4.1a) we find that the expectation value of 

q in the state ̂ (q^t) is given by 

* ' • " ' . • " ' " ' ' 

<q> i p M s Ü í l l 8in(<|{t) +6 ) , (4.2) 

where 4 is the argument of the complex number a and 
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w(t) " -2c,(t) - /' 2 at' . (4.3) 
r MltMx'lf) 

Ke also get that the expectation value of the invariant 

(3.12) in the state i_(q,t) is given by 

<I> - h(jo|* + i ) . (4.4) 

On the other hand, it is known1',2T that the solution to the 

equation of motion for the classical time-dependent harmonic 

oscillator 

q + Y(t)q + wa(t)q « 0 (4.5) 
*̂ cl cX 0 

can be expressed as 

qcX- B,x(t) sinlf(t) + « ] , (4.6) 

where B, is a constant and x(t) satisfies the auxiliary 

equation (2.35). In this case, the invariant I ft) is defined 

in the same way as (2*36) but using classical variables. Now, 
* 

JLTI the Glauber limit" '* fi + 0 , | o | + ••», such thatt»Ja |" •>. finite. 

Thus, the expectation value of q in (4.2) is exactly the 

solution for the classical time-dependent oscillator with 

invariant (see (4.4)) Í|o|* - < I >-n/2. 

In what follows we wish to calculate the uncertainty 

relation. After some calculation we find , that the 

uncertainties in q and p is the state #0(qrt) are 

*+*m ifi-
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2 Vx* ma / 

Thus, the uncertainty product i s expressed as 

Cap) - ^ ( l + £ & x a x a ) m (4.9> 
2 \ m* / 

ttq) 
m' 

and, in general, does not attain its miniraum value. However, 

for a time-dependent oscillator, we cannot expect to find 

strictly coherent states, i.e., (Ag)(&p) * n/2 for all time 
* 

t. On the other hand, we have already shown that the states 

$-(q»t) are equivalent to well-known squeezed states whose 

characteristic feature is the squeezing. Furthermore, the 

fundamental property of squeezing is that it is a tine-

dependent phenomenon*'. Now for M(t) «m^cte the uncertainty 

product (4.9) reduces to that obtained in Ref. 29. Also, 
l/j 

when M(t) »m and x(t) * x#» 1/w, the uncertainty relation 

(4.9) attain its minimum value. In this case, the operators 

a and a given in'(3.13) reduce, respectively, to the usual 

annihilation and creation operators and the states •_(q,t) 

become the correct coherent states for the time-independent 

harmonic oscillator. .;> '-'••'• ••:-•••'•.'•' „•'« ••'.'.'••-

V - CONCLUDING REMARKS 

t In this paper we have, presented an ; alternative 

treatment for the problem of the quantal harmonic oscillator 

with time-dependent mass and frequency. The present 

treatment is based on the use of a. time-dependent canonical 
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transformation, an unitary transformation, an auxiliary time-

dependent transformation and in the method of invariants of 

Lewis and Riesenfeld. We also have used the procedure 

developed in Fef. 26 to construct coherent states for 6uch 

a system. These coherent, states have been expressed in terms 

of the eigenstates of the invariant I{t) and are more general 

than those obtained in Ref. 29. 

The treatment discussed here may also be applied to 

other time-dependent systems. As an example, we consider the 

nonharmonic system described by the Kamiitonian 

H(t) - — E L + A MltJw'ttM* + — H ! _ g[S\ (5.1) 
2>l(t) 2 M(t)xa »x' 

which possesses an invariant given bya 

H t ) - — U p x - M x q ) V m a q V + 2»g(q/x)) . (5.2) 
2m 

where x(t) satisfies the auxiliary equation (2.35). Then, 

following the same steps'as those of Sec. II, we convert the 

Hamiltonian (5.1) in the forra ; * 

Ba(t)'-^-4SSLJ£lQ»+J!Lg(Q//, ; (5.3) 
.'•"..••'.'• 2 » 2 o * ...... ' 

where ft(t) is given by (2.9) and p(t) satisfies the equation 

(2.13). The invariant (5.?) is converted in the form 

I(t) - i | | P ; - m / Q ) ' * « V / * • 2«g(Q/p)). (5.4) 
•' • " -; :''" ','"" • • " 2fll ...-_, v y' .-,; \ ...̂  • ... ._ i ;•; ;*; % 

On the other hand, Hartley and Ray" have'used the procedure 



18 

employed in the subsections B and C to solve the Schrõdinger 

equation for the transformed Hamiltonian (5.3). Thus, we 

can use the transformations (2.7) and (2.34) in their results 

. for obtaining the solutions for the original system, i.e., * " 

the system describe by the Hamiltonian (5.1).- Also, 

Khandekav and Lawande9 have used Feynman path integrals and 

the method of Lewis and Riesenfeld to solve the quantum 

problem described by (5.3) for the case when g = p*/Q*. 

Furthermore, Ray* has constructed coherent states for time' 

dependent systems described by Hamiltonians of the fom 

(5.3)* Then, it seems that would not be any problem to 

construct coherent states for the time-dependent systems 

associated with (5.1) using the same technique presented in 

this paper and that of Ref. 26. 

Finally, we remark that Jannussis and Bartzis33 have 

also constructed coherent states for the harmonic oscillator 

with time-dependent mass and frequency. However, the approach 

used by these authors is considerably different from the 

presented in this paper. We also mention that it may be 

interesting to compare pvc treatment with those dev .loped by 

Leach', Abdallau and Colegrave and Abdalla*. 
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