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ABSTRACT

A procedure to obtain the parameters of the constitutive equations used to describe the
shear-thinning behaviour of polysaccharides is presenied It is shown that the existence or not of a
master log viscosity-log shear rate curve, for all concentrations, is independent from the constitu-
tive equation used to describe Ihe data. Once the master curve is constructed it can be used to obtain
the parameter of the constitutive equation with a higher accuracy, since the experimental range is
extended. Some application to experimental data on polysaccharides, reported in the literature, are
presented. A fitting procedure to usual constitutive equations is given based on the master curve
and on its first derivative. Finally, the applicability of a method proposed recently in the literature,
to obtain the parameters of a constitutive equation for polysaccharides, is discussed in detail.
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1. INTRODUCTION

The experimental log viscosity ( TJ) against log shear rate (7) curves, at different concen-

trations ( c), for polymeric solutions are normally obtained only in a limited range of the variables.

Several decades in log n and log 7 arc needed, however, to determine the physical parameters in-

volved in the shear-thinning behaviour. In fact, the fitting of the experimental curves to a certain

constitutive equation cannot be made without ambiguity if not enough decades are available, af-

fecting the accurate determination of the parameters involved in the constitutive equation. These

parameters include the physical processes controlling the shear rate and concentration dependence

of the viscosity.

In the particular case of polysaccharides, it has been shown (Morris ei al., 1981) that

the log TJ - log 7 trajectories seem to fit on a generalized shear-thinning curve or master curve,

since all the experimental data could be located into a single log( v/v,) against log(7 /7 , , ) curve,

irrespective of chemical type, molecular weight, solvent environment or concentration. %, is the

shear rate at which viscosity is reduced to T ^ / I O , where TJ, is the maximum "zero-shear" vis-

cosity. This master curve was based on a given constitutive equation, used to describe the data.

The existence or not of a master curve, however, is a property of the experimental log n - log 7

curves, independently from the constitutive equation used to describe them. In fact, it is possible 10

determine the master curve, at each concentration, before any attempt to fit the data to a given con-

stitutive equation. Moreover, Morris (1990) has recently proposed a general equation to describe

the shear-thinning behaviour of conformationally disordered ("random coil") polysaccharides, at

concentrations above the onset of coil-overlap and entanglement (i.e. above c*). In fact, accord-

ing to this author, the log n - log 7 trajectories can be matched, with reasonable precision, by the

equation:

)076] (1)

where 7 t /1 is the shear rate at which viscosity is reduced to tj , /2 . Furthermore, the values of tj,

and 7 l /2 can be derived from, respectively, the intercept and the slope of a simple linear plot of TJ

against TJ 7 0 7 6 .

It is the purpose of this paper to discuss Ihe conditions for the existence of a master curve
in the log TJ - log 7 diagram, which are independent from a fitting to a given constitutive equation
like, for example, Eq.(l). The procedure to obtain the master curve is presented and once this curve
is obtained, directly from the log rj - log 7 curves measured at different concentrations, it can be
used to fit the experimental data to different constitutive equations proposed in the literature, which
is not a trivial problem. The master curve usually extends significantly the experimental range of
the variables.

Finally, a more accurate fitting procedure to some constitutive equations proposed in the

literature and, in particular to Eq.(l) will be presented. This detailed fitting shows that a simple

linear piot of TJ against TJ 7 0 •7S, to obtain tj,, and 7,^, is not generally applicable and might lead 10

wrong values for the parameters that characterize the shear- thinning behaviour of a given solution.
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THEORETICAL BACKGROUND

2.1 Conditions for the existence of a master curve

The necessary and sufficient condition for the existence of a master curve in the log TJ -
log 7 diagram is that the experimental curves, measured at different concentrations, are related by
scaling (Hart etal., 1975). This scaling property means that it is possible to superpose by a transla-
tion (A 7, A log rj) anyone of the curves onto any of the others, in such a way that the overlapping
segments of each curve match within experimental error. This is shown schematically in Fig.l,
where two curves in the log T) - log 7 diagram, at different concentrations (c), are indicated. If
these curves are related by scaling then when the points A,B are translated loA',B', respectively,
along the direction given and by making the increments (A 7, A log rj) and (A log 7', A log ij ),
respectively, the following conditions must be fulfilled (Povolo and Fontelos, 1987):

(i) Points of equal derivatives must be superposed.

(ii) The slope of the translation path must be independent from the variables, that is:

A log rj A log V
A log 7 A log -V constant (2)

(iii) Since the translation is rigid, the square of the hypotenuse of the triangle denned by the
increments of the variables log 7 and log t) depends only on the increments of the parameter c, that

M(c) = (A l o g i ) 1 + (A log*,)1 = (A log 7 V + (A

where M is a function of c.

(3)

An important point to be stressed is that when the individual log TJ - log 7 curves are
plotted parametrized in c, means also that any function that depends only on the concentration
remains constant if c = constant. This is the reason why in Fig. 1 it was indicated c = constant
or h( c) = constant, where h( c) is a general function that depends only on concentration. If the
scaling conditions are fulfilled, then the log 7 - log T) curves, at different c, define a one parameter
family of curves. Furthermore, it has been shown (Povolo and Fontelos, 1990) that the general
form of a family of curves related by scaling, specialized for the case under consideration, is given
by:

F ( l o g t j - ^ l o g 7 , l o g 7 - ^ / i ( c ) ) = 0 (4)

where F is a general implicit function and ft = constant is the slope of the translation path in the
log 7 — h (c) diagram, at constant t).

Finally, it has been shown also (Povolo and Marzocca, 1983) that the scaling conditions
impose some restrictions on the theoretical model, which can be expressed as

(5)

where T]0 , \ and T depend on the particular constitutive equation considered and / is a general
function.

2.2 Fitting of experimental data to constitutive equations

Many constitutive equations have been suggested in the literature to fit experimental
log rt~ log 7 curves. Three of them will be considered in this paper: the one proposed by Cross
(1965), another one proposed by Carreau (1968) and the third one proposed by Sutierby (1966). The
limiting viscosity for infinite shear rate («») will be considered zero, which means that rj *> tin,.

i) Cross equation

This constitutive equation is expressed by:

n_ m _ 1 (6)

Eq.(l) is a particular case of Eq.(6) with q = 0.76 and \ = 1/7,,,. A fitting procedure of the
experimental log T) - log 7 curves to Eq.(6) might be the following: On differentiating this equation
it is easy to show that:

(7)
< i l o g 7 ~ p ~ l

where p indicates the derivative of the log 17 - log 7 curves. If (>7) 3> l,Eq.(7) reduces to

P=-<I (8)

showing that Eq.(6) gives a straight line of slope — q in a log TJ - log 7 plot, when (X7) ;> 1.
Moreover, on rearranging terms, Eq.(7) can be expressed as:

log[ —p/tjj = qlog7 + logfgX'/tj,,] . (9)

Then, a plot of the experimental log ij - log 7 curves and of their derivatives in the way suggested
by Eq.(9) should give a straight line of slope q. Once q is known, the rest of the parameters can be
determined from Eq.(6), written in the form:

r, = - (10)

since a plot of TJ against 7'TJ should give a straight line of slope - A ' and intercept n,,. This is the
representation sugested by Morris (1990), with q = 0.76, to obtain IJ0 through an extrapolation to
7'n = 0 . The problem with Eq.(lO) is that both 7 and i\ vary in several orders of magnitude and,
consequently, a representation in a linear scale is not adequate. A more appropriate procedure to
be used to determine the parameters \ and rfc is suggested by Eq.(7). In fact, if the derivative of
the experimental curve takes a certain value p, at 7,, then:

.= 1 (ID



Finally, once q and X are known, it is easy to determine TJ,, by using Eq.(6).

ii) Carreau's equation

This constitutive equation can be expressed as:

leading to

P s

Eq.( 13) shows that for (X7)2 > 1, then

P = *

Then, the log tj - log 7 trajectories are linear at high (X7) with a slope k. Furthermore, on
rearranging Eq.(8) gives

fc(X-y)2

l°g[-p/72] = J l °g(X2*/ i2 / t) •

(12)

(13)

(14)

(15)

Eq.(15) indicates that a plot of log[ - p /7 2 ] against log i) should give a straight line of slope | ,
Onee k is known, the rest of the parameters can be determined from the linear plot suggested by
Eq.(13) written as

f ' * £ ' * » ? / * » . (16)
As for the case of the Cross equation, the problem with this representation of the data is that both
7 and t] change by several orders of magnitude, A better procedure to obtain X and TJ, is by using
Eq.(13) written as

7,

where pl is the value of the derivative of the experimental curve for 7 = 7,.

iii) Sutterby's equation

This constitutive equation is expressed by:

»j _ ["orstnh(X7)l*

__~L — j
leading to

f X7 1
p = 3 I •—' 1

It is easy to show that for (X7) > 1 Eq.(19) reduces to

P = 3 L T T T - T - l ] - » - « [ ( X 7 ) > H .
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(17)

(18)

(19)

(20)

Then, p tends to — a if ( X'j) is very large, that is, the log rj - log 7 trajectories tend to be linear with

a slope -s.

The problem with Eq.(l 8) is that it cannot be handled analytically, 10 give a simple expres-
sion between 7, TJ and p, that can be used to obtain the parameters X, n» and a from the experimental
data. This can be solved, however, in the following way: Eq.(19) can be written as

log f-£l = log [l r
I si I orsi

(21)

leading to a unique curve, for all values of a, as shown by curve (a) of Fig.2. If the derivative of
the experimental log TJ - log 7 is plotted as log( —p) against log 7, in the same scale as Fig.2, then
the two graphs can be superimposed, and moved relative to each other along both axes, until the
best visual fit is obtained. The values of X and a may then be calculated directly from the relative
positions of their coordinate frames.

2.3 Scaling conditions for the constitutive equations

Eqs.(6), (12) and (18) are of the type of Eq.(5), where the parameter P is c, k or s re-
spectively. Furthermore, they can be written in the form of Eq.(4) since, for example, Eq.(6) can
be expressed as

(22)

This equation has the form of Eq.(4) if — i £n tj, = In X + constant, and q = constant. Similar
considerations can be made for Eqs.(12) and (18). It can be concluded that if the experimental
log rj — log 7 curves at different concentrations are described by any of the three constitutive equa-
tions considered, then a scaling behaviour might be present if 4 or k, or a are constants, respectively.

3. APPLICATIONS

The concepts developed will be applied to actual experimental data reported in the liter-
ature. Fig. 3 shows the log i\ - log 7 trajectories reported by Navarini etal. (1990), for an aqueous
solution of an extracellular polysaccharide from the cyanobacterium cyanospira capsulata (CC-
EPS) with 0.1 M Na Cl at 25". The polymer concentration (g/litre) is indicated by the numbers
on each curve. A close observation of Fig. 3 shows that all the curves are related by scaling along
the translation path of slope n = -0 .93 . The master curve constructed by translating the rest of the
curves onto the curve for c = 5 g/litre is shown in Fig.4 where the translation path and the average
curve drawn through the data points are also indicated. Similar results, but translated along the co-
ordinate axis, would be obtained if another curve of those shown in Fig. 3 is selected as a reference.
The existence or not of a master curve is a property (with a physical meaning within a particular
molecular model) of the experimental curves, independendy of the particular constitutive equation



used to describe them. The master curve usually extends the experimental range, that is, if the
curve for c = 5 g/litre of Fig.3 could be measured in a more extended range of -7, ihe curve of Fig.4
would be obtained. The master curve can be used to determine the parameters of the constitutive
equation more accurately. To illustrate ihe procedure, Ihe three constitutive equations considered
in the paper will be used, since it was shown that all of them satisfy the scaling conditions.

From Eqs.(8), (14) and (20) it is clear that the linear portion of the curve of Fig.4, at high

shear rates, does not give any information on X and TJ0, or on the type of constitutive equation. The

only parameter to be obtained in this region is g, or it, or a. The slope of the linear portion of the

curve of Fig.4 is of the order of - 0 , 8 , so that 9 ~ 0 .8 , it ~ - 0 . 8 and a ~ 0 8.

On considering the fitting to the Cross equation, die plot suggested by Eq.(19) should
lead to a straight line of slope q. The values obtained from the average curve of Fig.4, plotted in
this way, lead to a reasonable line with g = 0.73, a value which is not far from the one obtained
from the slope of the linear portion of the curve of Fig.4. If an attempt is made, next, to obtain
the parameters X and TJ, by plotting TJ against (-7*1)) (see Eq.(10)), the data of Fig.4 do not lead to
a straight line. This is illustrated in Fig.5 for q = 0.76 (the value suggested by Morris). Similar
results are obtained for q = 0.73 or q = 0 .80. The two possible straight lines that can be drawn,
indicated by the broken straight lines of Fig.5, at high and at intermediate values of TJ, lead to values
for n, which are higher or lower than the value suggested by the saturation of the master curve of
Fig.4 at low shear rates, that is, TJ0 ~ 261 Pa.a. On assuming q = 0.76, the curve of Fig.4 gives
p, = - 0 32 for 7, = 1 x 1 0 - 1 * - ' , and Eq.(ll) leads to X = 658 s. Finally, with this value of X,
Bq.(6) gives rj, = 278 Pa.a for i = 1 x IO~3 s"1 and i\ = 161 Pa.s. This value for tj0 is not too
far from Ihe one suggested by Fig.4. It should be pointed out that Eq.(l 1) should be used far from
the linear portion of Fig.4, where p is best defined since, as pointed out before, the limiting straight
line at high -7 does not give information on TJ,, and X. Finally, if the method proposed by Moms is
applied to the data of Fig.4 it must be assumed that TJ, is known. On taking the limiting value from
Fig.4, that is, TJ, = 261 Pas, then 7,,, = 1.85 x lO"3*"1 , X = ^ = 541 a, which, as expected,
is similar to the value obtained by using Eq.(l 1). Using \ n for j gives probably a belter average
for the whole curve, since the values of p involve errors, in such a way that Eq.(l 1) should be used
for various pairs of p, and ->,, to obtain an average value for X.

The data of Fig.4 could not be fitted to Carreau's equation since the plot suggested by
Eq.(15) shows a strong curvature indicating that this equation does not describe the master curve
properly.

The last possibility for the three constitutive equations considered in this paper is offered
by Sutterby 's equation. The full circles of Fig.6 indicate the derivates of the average curve of Fig.4
against the corresponding shear rates. These daia were plotted in the same scale as for Fig.2 and
the two graphs were superimposed to match the experimental points with the theoretical curve. A
pair of values obtained for log( - p / s ) and log(7) from this matching are indicated by the dotted
lines in the same figure. The following values are obtained for the parameters: X = 4217 s and

f -w-wwrn '

3 = 0.67. Then Eq.(18) leads to n, = 253 Pas, which is very close to the value suggested
by Fig.4. Since the method used to obtain the parameters for Sutterby's equation involves errors,
particularly for a, they were readjusted to obtain the best fit to the experimental master curve. A
similar readjustment was made for the parameters of the Cross equation. All the readjusted values
are given in Table 1. Finally, Table 2 compares the measured values (ij), and those calculated with
Cross (Tjc) and Sutterby's equation (TJ,), with the parameters given in Table 1. It is seen that both
equations fit very well the experimental master curve of Fig.4.

4. DISCUSSION

According to Table 2, the master curve of Fig.4 can be well represented either by the
Cross or Sutterby's equation with the parameters given in Table 1. The problem, however, is that
both equations are semiempirical and the experimental curve is probably described by a different
equation which give similar results in the range of the variables considered. In addition, completely
different values are obtained for X on using one equation or the other. In fact, as shown in Table
1, the value for X of Sutterby's equation is almost an order of magnitude higher than for the Cross
equation. Since X is a parameter that involves Ihe physical mechanisms producing the measured
shear-thinning behaviour, it is important to determine which one of the two equations approximates
better the real function that describes the log TJ - log 7 experimental curves. This can be done
by comparing the derivatives of the measured curve with those predicted by the two constitutive
equations. A comparison with Sutterby's equation was already shown in Fig.6. The master curve
for the derivative of the Cross equation depends on the value of f since according to Eq.(7):

log( -p/q) ~ q log(X-V) - log[ 1 + (X<T)«] (23)

This equation, for g = 0.76, leads to curve (b) of Fig.2, showing that S utierby 's equation describes
better the derivative of the experimental curve. In summary, it can be stated that Sutterby's equation
gives more reliable results, since it describes the log 77 — log 7 measured master curve and its first
derivative. Then, the values of the parameters obtained by using this equation should be used to
make a further analysis of the results, like physical significance of the translation path, relationship
between X and T)o, etc. A complete analysis will be performed in a forthcoming publication.

Some comments should be made on the applicability of the method proposed by Morris
to obtain rj0. His method is based on the use of the plot suggested by Eq.(lO), with <j = 0 76. As
it was shown in Fig.6, the procedure cannot be applied to the master curve of Fig.4 since the plot
shows a strong curvature. Furthermore, if an attempt is made to use the procedure for the curve
for c = 5 g/litrc of Fig.3, the result shown in Fig.7 is obtained. It is clear that the plot is not linear
and the straight line drawn at higher TJ, extrapolated to Tj-V076 = 0 leads tot], = 512 Pa.a,avalue
which is inconsistent with the one suggested by the master curve for this concentration. A log tj ~
log 7 curve for a concentrated poly saccharide solution of lambda carrageenan (Q.I M Na Cl) at a
concentration of 1.5% w/v, reported by Morris etal. (1981), will be considered as another example.
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The experimental data are shown in Fig.8 and the plot suggested by Morris in Fig.9. Again, a
sdong curvature is present and it is very difficult to define a straight line for the determination of
t)0. In summary, it can be stated that the extrapolation method proposed by Morris has no general
applicability and the results obtained by such an extrapolation should be considered with caution.
The main problem with extrapolations of functions, which approximate the real unknown function
in a given interval, is that they might lead to serious errors when used beyond the experimental
range of the variables. It should be taken into account also that the Cross equation involves three
parameters: X,*), and q. If q is fixed, for example at 0.76, in a certain region of the master curve
for q = 0 76, T], and \ can be changed at will and the measured curve can be fitted into the
master curve. In other words, the measured curve is somewhat forced to fit the master curve. This
is illustrated in Fig. 10 for the curve for c = 5 g/litre of Ftg.3. The full curve of Fig. 10 is the
normalized master curve for the Cross equation with g = 0.76. If t)0 = 10 Pa.s is assigned to the
upper curve of Ftg.3, then Eq.(10) gives \ = 6.2 a and the measured curve can be included into
the master curve, as shown by the dots of Fig. 10. On assigning T)0 = 100 Pa.s to the same curve
of Fig. 3, Eq.(10) gives \ = 136 Pas, and the curve included into the master curve is shown by
the full circles of Fig. 10. The fitting will be better if the parameters TJ0 and \ are chosen in such
a way that the measured curve shifts to the right in the normalized diagram. In other words, the
parameters determined for an individual log n — log 7 curve are less reliable the more is tj away
from n,. This problem is reduced when a master curve is constructed from the individual curves
by using the scaling conditions. Moreover, the curve of Fig. 8 can be fitted with less ambiguity
into the normalized master curve, on assuming that»), is given by an extrapolation of the data to
low shear rates, leading to the values shown by the open circles of Fig. 10. This is possible due to
the fact that n, can be obtained directly from the individual curve, that is, n, is known. Finally,
some comments will be made on the fact that master curves can be obtained for polysaccharides,
as pointed out by Morris (1990), either by using 7 ly j, \ , or •),, where 7, is the shear rate required
to reduce the viscosity to / tj,, as the normalizing parameter for the shear rate. If the experimental
curves are related by scaling they will be described by Eq.(4) which can always be written as:

F( log 7) - ft log (7/7,) + /1 log 7,, log( 7/7,) - 0h( c) + log 7,) = 0 (24)

Since p and 0 arc constants and 7, is constant for each individual curve, Eq.(24) can be written
implicitly as:

-0Mc))=O. (25)

Then, the log TJ — log (7/7,) curves will show also a scaling behaviour with the same translation
path. The master curves obtained for different 7, will be the same except for a shift along the
horizontal axis. This is general and does not depend of the specific form of the constitutive equation
used.

5. CONCLUSIONS

A procedure to be used to fit the experimental log TJ — log 7 curves, obtained at different

concentrations, to a given constitutive equation was presented. The procedure is based on the
construction of the master curve by applying the scaling property to the individual log tj - log 7
curves, obtained at different concentrations. The master curve extends the experimental range
and allows a more accurate determination of the parameters involved in the constitutive equation.
The procedure have been applied to some data for polysaccharides, reported in the literature and
three usual constitutive equations have been analized in detail. Furthermore, it was shown that
an extrapolation method proposed recently in the literature, to obtain the maximum "zero-shear"
viscosity directly from each individual log t) — log 7 curve, has not general applicability.

Finally, even if the procedure presented in the paper was applied 10 solutions of polysac-
charides, it is of a more general applicability and can be used for other polymeric solutions.
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Table 1 FIGURE CAPTIONS

Equation

Sutterby

Cross

Ma)

4217

541

T),(PO.*)

282

261

Parameter

s = 0.78

9 = 0.76

Table 2

log<7(a-')

-4.0
-3.5
-3.0
•2.5
-2.0
-1.0

0
1.0
2.0
2.5

log TI(Pa.a)

2.42
2.37
2.21
1.98
1.74
1.15
0.44
-0.35
-1.15
-1.57

log Tjc(Pa.8)

2.37
2.32
2.20
2.02
1.75
1.08
0.34
-0.42
-1.18
-1.56

log ij,( Pas)

2.44
2.38
2.22
1.98
1.69
1.05
0.37
-0.33
-1.05
-1.41

Fig. 1 Two log t) — log •? curves at different concentrations related by scaling along the trans-

lation path of slope ft.

Fig.2 Normalized master curve for the derivative: (a) For Sutterby's equation; (b) for the Cross
equation with q = 0.76.

Fig.3 Steady shear viscosity against the shear rate for CC-EPS solutions in 0.1 M Na Cl.

Polymer concentration (g/litre) is indicated on each curve.

Fig.4 Master curve obtained from Fig.3 by translating the rest of the curves onto the one for

c = 5 g/litre, along the translation path indicated.

Fig.5 Plot of the data of Fig.4 according to Eq.(lO) for q = 0.76.

Fig.6 Comparison between the derivative of the master curve of Fig.4 (full circles) and the

normalized derivative (curve) for Sutterby's equation.

Fig.7 Plot of the data for curve c = 5 g/litre of Fig.3 according to Eq.(10) for q = 0.76.

Fig.8 log t) - log 7 curve for a concentrated solution of lambda carrageenan ( 0 . 1 U Nd Cl)
for a concentration of 1.5% w/v (Morris tt al, 1981).

Fig.9 Plot of the data of Fig.8 according to Eq.( 10) for q = 0.76.

Fig. 10 Normalized master curve for the Cross equation with q = 0.76. Data of curve for c = 5

g/litre of Fig.3 for TJ, = 10 Pa.a (dots) and TI,, = 100 Pa.a (full circles). The open

circles are for the data of Fig.8 with TJ0 obtained from an extrapolation to low shear rates

and>.= 1/7VJ.

13 14

r r



p-tanQ

Fig.l

-1

-3

-5

2 - 1 3 4

15 16



5 •
4 .

3«

' • • : : • : • : .

• • • •

• • •

as ••• . •••

1 2

17

- 3

Fig.4

T T



I 250

200

150

100
\ Fig.6

50

\
\

Fig.5

19 20



t
m

21

9

-1

Fig. 8

22

T I T I



• too
A,

•00

400

200

2000 4000 MOO <000

Fif.9

-2

Pig. 10

23


