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ФОРМУЛИРОВКА ГАМИЛЬТОНСЗОл МЕХАНИКИ С ЧЕТНОЙ

И НЕЧЕТНОЙ СКОБКАМИ ПУАССОНА

В работе исследуется возможность построения нечетной скоб-

ки Пуассона и нечетного гамильтониана по заданной динамике Б

фазовом суперпространстве-четкой скобке Пуассона и четному

гамильтониану, так что переход к новой структуре не меняет

уравнений движения.
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A possibility is studied as to construct the odd Poisson

bracket and odd Hamiltonian by the given dynamics in phase

superspace - the even Poisson bracket and even Hamiltonian,

so the transition to the new structure does not change the

equation of motion..
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Introduction

In the recent years, in the field theory studies, certain

interest has been attracted to the odd Poisson bracket - the

Butten bracket [1,2,3] • In particular, D.V.Volkov et al. have

been working out a concept, according to which the odd Poisson

bracket is an initial object for superhamiltonian mechanics

[4,3]» In Ref.[4] these authors have noted that in the formu-

lation of classical supersymmetric Witten mechanics the Witten

hamiltonian

W(Q,) is superpotential

may be replaced by a more elementary one:

H = Qi ,
(2)

(Q
t
 = - pe

2
 + Wty)e, , Q

2
 = P01

In this севе, from the even Poisson bracket giving the dynamic*

of the system (1 *



one should turn to a specially chosen odd bracket j" , \ con-

structed in [4] such that' equations of motion would not

change :

In the case W(a) = Q, in (1) ( harmonic superoscillator) the

bracket {
 ;
 } takes a canonical form: | , \ = | , j

The superalgebra of the motion integrals

с -
 a
'
 Q
z _ с

г = -g"n bi

will preserve its form:

where

In this work we'll try to generalize the statement of [4]

for the case of arbitrary supersysmetric mechanics*

The use of the odd bracket for the description of dynamics

see also in [5] •



Let H be the supersymmetric Hamiltonian in (2n,m )-di-
_2n,m

mensional phase euperspace с with coordinates

(Pi,.-»Pn
)
^«,-»^nfei|--»

e
m >

 i n w h l c h t h e
 system dynamics is

given by canonical even Poisson bracket:

Can we reformulate the system dynamics in terms of odd

Poisson bracket, i.e. to construct a new (odd) Hamiltonian И

and new odd bracket f , ]• (not necessarily canonical) such

that the motion equations would be unchanged, i.e.

for any function j- on the phase space?

In Section 1 we'll remind the definitions of the Poiason

bracket in superspace (for details see [6,7]).

In Section 2 we'll arrive at results of Ref.[4] by a more

geometric manner»

In Section 3 we'll suggest an explicit construction of the

{ , Л bracket satisfying (7) for an arbitrary supersymmetric

Hamiltonian H . Here the role of the new Hamiltonian will be

played by the supercharge of Hamiltonian H : H = Q where

In Section 4 we'll construct solutions of Eq.(7) for one

class of integrable superhamiltonian systems.

1. Recall some definitions.

{ , j
 i s

 called an even Poisson bracket on the phase

superspace E "'
m
 if for functions of definite parity on E "'



(superanticommutativity condition)

<
8b
>

(the Leibnitz differentiation rule)

(the Jacobi identity)

In (8) p(f) is the f function parity. The action of

on inhomogeneous elements (functions of uncertain parity)

continues by linearity:

To the nondegenerate even Poisson bracket there corresponds

the nondegenerate differential closed even 2-form which, for

example, for the canonical bracket (6) has the form:

«*Z<*PiAeU>i - Z l W e * )
2
. (3)

We arrive at the definition of the odd Poisson bracket

(the Butten bracket) if in the definitions (8a,с) we make

The bracket ( , ]• is nondegenerate if for any nonconstant

function + there exists such function Д that { f , %} Ф 0



everywhere replacement P(f)~" P(f)
+
1 •

 I n t n e
 С ̂ n, 2n )-

dimensional phase space to the nondegenerate Butten bracket

there corresponds the nondegenerate differential closed odd

2-forra. Locally, such a form (the analog of Darboux theorem)

always may be reduced to the canonical form [8] (similarly as

the even form to that of (9)):

1=1

To the canonical form (10) there corresponds the canonical odd

bracket:

In the superspace with the even (odd) Poisson bracket the

system's dynamics is given by the even (odd) Hamiltonian H .

Equations of motion have the form:

2. Return now to our problem. The construction of the odci

Dracket •[
 ?
 ]• and the new odd Hamiltonian H satisfying

(7) is especially simple if the supersymmetric Hamiltonian H

has a sufficient amount of integrals of motion (see for de-

tails the end of Section 4). Precisely this situation is the

case for the Hamiltonian (1) in [4] - in the (2,2)-dimensional

phase space there is one even motion integral H and two odd

Q.1 , й
г
 , and {GU,UJJ}

0
= 2Ц»Н . We'll obtain { , }[

(constructed in [4] by direct solving the differential



equation (7)) by defining it on the basic functions:

where f and Q are arbitrary functions of the motion integ-

rals Л j is even and Q is odd\ Ъ is the "time" - function

such that

To
t 1'

the bracket { V there corresponds two-form

If we put H
 =
 GL% just like in [4] , then the relation

(7) will be fulfilled, because it is evidently fulfilled for

the basic functions

- ,/
The arbitrariness in the definition of the | , | bracket

in Ref.[4] arising in the direct solving of differential

equations (7) corresponds to the arbitrariness in the choice

of f and ^ functions in (11) and t in (12) (the V may

be added to by an arbitrary even function of the motion In-

tegrals H,Gt
t
,Q

2
). We'll satisfy the relations (5) too, if

we also put

8



(14)

3. Turn now to the general case.

Let H be a supersymmetric Hamiltoniari. The uvnauxi cs if

determined by the canonical Poiason bracket (6), Let Q, be

the odd integral of motion:

{H
;
Q}

o
=0

Without violating generality we may assume that GL is a

supercharge:

(a ,GL I = гн
 ( 1 5

)
I Jo

Indeed, (G,Q.\ ^ 0 , since the bracket (6) is sign-defined in

the odd sector and hence x({Q,Q}
0
) = IIx(f§r) г (-Цзт) >0 ,

where X(h) is the number part of superquantity h . There-

fore, the replacement of Q. by TQ1
QI~ ^2H will bring to (15).

<To the motion integral whose "square" is nonzero

( { Q.
 f
 Q. } ф 0 ) there corresponds the supertransf ormation of

the action which adds to the lagrangian a full derivative).

The main observation is that if ( , T is the even Poi.sson

bracket and Q^ is the set of even and o^ ia the set of

odd functions, then



satisfies the relations (8a), (8Ъ) for the odd bracket

fP(f)""" P(f)
 +
 i *-

n
 (

8a
»
c
))»

 an<
^ UB^ 6 1

* certain conditions imposed

on CL{ and 0C1 (in particular» if all commutators {
a
i >

a
j} »

jajjOtrl , (at̂  ,odj| are constant) also the condition (8c);

i.e. { , } i
n
 (16) is the odd Poisson bracket* We'll search

for the solution of Eq.(7) using the ansatz (16).

For example, for the supersymmetric Hamiltonian H with

supercharge Q. we take (16) putting a = >Гн~ , <* = - тгг- >

(17)

The bracket (17) may be identically rewritten in the form.»

(па;

Prom (17) it is obvious that

That is the transition to the odd bracket (17) together with

the transition to odd Hamiltonian H = GL does not change the

motion equations.

Of course, the bracket (17) has one serious drawback - it

is degenerate. However, note, that in constructing our odd

bracket we always have certain arbitrariness (see, e.g. Sec-

tions 2 and 4), since we practically keep to motion equations

alone. In a class of all brackets satisfying (7) at a fixe'd

10



choice H = Q. of the new Hamiltonian the bracket (17) is

extracted by the condition of maximally possible degeneracy.

It is interesting to notice that in the usual case (if

there are no fermion variables and both { } and •[ ]•

connected by ansatz (16) are usual Poisson brackets) the

straightforward calculations give us that concommutant of

these two brackets is equal to zero, i.e.

Ь { i } } {^'i^}}
 + cvclic

 permutation « 0,

where

4. Certainly, the substitution (16) can be used to con-

struct an odd bracket, less degenerate than (17), and a new

odd Hamiltonian such that the system's dynamics would not

change.

Consider, e.g., the following class of dynamical systems:

dynamics on the (2n,m )-dimensional phase superspace is de-

termined by the Hamiltonian H and canonical Foisson bra-

cket (6); here there are a even integrals of motion

3«,3
t
, ... , 3n and m odd (̂, , ..., ̂

m
 , and

We'll call such systems integrable. It can be readily shown

by elementary calculations like those carried out in the

standard symplectic geometry (see, e.g. [9] ) that the phase

11



space is divided into ( 4,0 )-dimensional tori Т ( 3ю,

determined by the conditions 3i
 =
 3lo , Цы

 =
 ЧАС • *

case into the vicinities of any torus T one can introduce

the coordinates («ft,--,fn ) so that {3i ,¥к}
0
= SLK, {ft , <Jet}

0
 =

a
{ft » ¥к}

а
=0 • Clearly, H = H(.3i, •••; 3n) - Indeed, n vec

tor fields I d 3
K
( I d D

K
; йЗ(1с1Лк ,f|) = dt3(f(f|)̂  are tan-

gential l о (П,0 )-dimensional tori T and dH(.Id.3t<;)
 r
 {И, Зк }

P
=C

hence H = H < 3i ,fyc). On the other hand, ^ t
 =
 {

Н
) ^ } о " °

hence H = H (t), ,.--,̂ n) .

In the case m > n , for integrable Hamiltonians we can

construct a less degenerate than in Sect. 3 odd bracket {
 }
 ^

and odd Hamiltonian H , both satisfying Eq. (7) as follows.

Consider the odd bracket (16), putting

and introduce the new odd Hamiltonian

H - Z<Bi(3)C}L , O8)

where CO

Then

Obviously,

i.e. Eqs. (7) hold.

Note, that for integrable Hamiltonians in ( 2n , Zn )-di-

12



raensional phase space we can directly construct the nondegene-

rate odd bracket so that the odd Hamiltonian-supercharge of

the former Ramiltonlan would describe the system dynamics.

We'll generalize the construction formulated in Section 2.

Let t
b
 be such functions that

..,n
 ( 2 0 )

ансз;% , ансз;
 N

For example, ?. = -%r (*>п
 =

 a3
. )

Determine { , } by relations on basic functions ?,,...,T
n
,

V-.a^Qi, ..., a
a n
 ( Q«

e
 ViH^^-V"»

2
"
 are super

~
charges, [ G^ , Q

p
}
0
 = 2 бссрН )

and introduce the new Hamilton!an

Й = Q,+ Qp+ . - + Q n (22)

which is a supercharge of the former one { H ,H }
0
- 2nH

C3early, Eqs.(7) at determination (21) of the odd bracket

•[ 1 and at determination (22) of the odd Hamiltonian H

will be satisfied automatically, since they will be obviously

satisfied on basic functions t^
}
 3j, , Q*

t
 , Q^ + n (t = 1,..-,n)

At such determination of the new bracket the algebra of

13



integrals of motion will not change its form:

if we put immediately after H = Q1
 + • • • * Q.n

H n s 1 this construction transforms into one formulated in

Section 2.

Of course, the determination of the bracket (21) as well

as of the bracket (11) in Section 2 contains arbitrariness in

the choice of 2n even and Zn-\ odd functions of integrals

of motion. When replacing in the determination of the bra-

cket (21)

provided that Z- g^ = 0 , where f̂  , ̂ are even, g^ are

odd functions of integrals of motion, Eqs.(7) will not be

violated.

This work suggests two ways of constructing an odd bracket

and odd Hamiltonian which just like the former even bracket

and even Hamiltonian describe the system dynamics. The first

way consists in constructing nondegenerate bracket by giving

it on canonical basic functions in case if the system possesses

a sufficient amount of integrals of motion. The second way



consists in direct expressing the odd bracket through the

even one by means of the ansatz (16).

In conclusion, the authors would like to express their

gratitude to D.V.Volkov, V.Gershun, V.A.Soroka, V.I.Tkach for

highly fruitful discussions, and also to R.P.Manvelyan,

R.L.Mkrtchyan, T.Khovanova, A.S.Schwarz for useful remarks.
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