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ABSTRACT

A simple ansatz that "Nuclei not too near closed shells
are as deformed as they can be within a single major
shell" appears to quantitatively reproduce the quadrupole
deformations of even-even nuclei. The energy-weighted sum
of the low-lying E2 strengths is found to be remarkably
regular in its overall behavior.

I. INTRODUCTION

The deformation of the nuclear ground state is a property that can

be deduced in even-even nuclei from the B{E2) T value for the first 2+(2i)

state. We recently published a compilation of such B(£2)T values (in

units of e2b2) for ~280 even-even nuclei. This compilation also con-

tains the energies E (in keV) of the 2\ state for these nuclei together

with energies, but not B(E2)1 values, for an additional 180 nuclei.

Armed with this compilation, we subsequently carried out a rigorous

test of the various systematic/ empirical, and theoretical relation-

ships that have been proposed in connection with these B(E2)T values.

We also generated some models and new systematics of our own. Buoyed by

the success of these models in reproducing the measured values, we used

them to make predictions for those nuclei lacking experimental B(E2)T

values. These predictions have also been published.
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In Ref. 2, one of our goals was to obtain a general understanding

of the B(E2)T systematics in terms of simple schematic models [Interact-

ing Boson Approximation (IBA), single-particle "SU(3>", single j, etc.].

In a more recent paper,4 we have presented the B(£2)T systematics given

by the relatively new Fermion Dynamic Symmetry Model (FDSM). We have

also discussed the B(E2)7 trends that result from the intrinsic deforma-

tions of nuclei estimated either via the Nilsson Model with asymptotic

quadrupole deformations in a major shell or via more elaborate state-of-

the-art "universal" calculations of ground-state nuclear shapes.

In addition to the B(£2)T values for the 2\ state, we also consid-

ered in Ref. 4 the energy-weighted sum of the B(E2)T values for all 2+

states up to an excitation energy of 2.3 MeV in even-even nuclei with

A>60 for which experimental information is available in the literature.

II. GLOBAL SYSTEMATICS

In Refs. 2 and 4, we showed that the B(E2)T values can be obtained

from a simple relation

B(£2)T = (2.6±0.6) E~l Z2 A"2/3 . (1)

A knowledge of E is all that is required to predict, except near closed

shells, the B(E2)T value of a desired nucleus with better than 25% accu-

racy. The energies E of the first 2+ state are now known for -460 nu-

clei and their predicted B(£2)T values have been listed in Ref. 3

II. REGIONAL SYSTEMATICS

Regional systematics refer to the variation of the B(E2)T values or

the deformation parameters /?2 within each region bracketed by the magic

numbers (28-50, 50-82, 82-126, and 126-184). The deformation parameter

P2 is, to a good approximation, related to B(£2)T via

(2)

where RQ is usually taken as 1.2A1'3 fm. The single-particle (sp) value



is given by j32 sp = 1-5 9/2. We found that this quantity could be para-

metrized within each shell by

(3)

where the valence number of protons(neutrons) Np(Nn) is defined as the

number of particles below midshell and the number of holes past mid-

shell. The constants C, D, and a that gave the best fit to the data for

each region were given in Table A of Ref. 3. This parametrization de-

scribed the existing data quite well and thus formed a good empirical

basis for predicting new values which were also given in Ref. 3.

III. SCHEMATIC MODELS

To understand the underlying physics, we invoked the central idea

that the pp, nn, and pn effective interactions give rise to an intrinsic

state of the nucleus. The yrast levels of a well-deformed nucleus

(i.e., more than four nucleons) are, to a good approximation, levels

with definite J projected from this intrinsic state. The square of the

intrinsic electric quadrupole moment, QQ = {epQp + enQn)r of this state is

proportional to B(E2)1:

B(£2)T = (1.2xl0~5)A2/3(C)2[Qp+(en/ep)oJ , (4)

where C and (en/epj are constants for a particular region. The factor

(1.2xlO"5)A2/3 arises naturally and corresponds to (5/16n) {h/ MO))2, where

(ft/MQ)) is the oscillator size parameter, M is the nuclecn mass, and

TiG) = 41 A"1/3 MeV. We enquire simply what different models have to say

about the Qp and Qn values that go into Eq. (4).

In the simple IBA model, the mass quadrupole moment Qp(Qn) is pro-

portional to Np(Nn). This approach works reasonably well in reproducing

the B(£2)T values in the rare-earth region but appears to be too crude

in the actinide region. lachello5 has recently suggested a modifica-

tion, namely

2QS
s = p or n, (5)
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where 2Q s is the maximum allowed number of particles in each shell, and

Ns is the smaller of Ns and (2Cls-Ns). We refer to this as "modified

IBA".

Following Elliott,6 if we ignore spin-orbit splitting, the 50-82

shell can be simulated by an "s-d-g" shell corresponding to the (4,0)

representation of SU(3) . The quadrupole moment spectrum is particularly

simple (see Fig. 10 of Ref. 2) except that the simulation can accommo-

date only 30 particles instead of the required 32. We circumvent this

problem by stretching the distribution of Q values given by "SU(3)" over

the correct number of states. The numerical values for different shells

are given in Table C of Ref. 3.

"7 fl

A major shell can be simulated ' by a simpler "shell" consisting

of a large single-j orbital with identical degeneracy. The quadrupole

moment spectra [normalized to the corresponding stretched "SU(3)M spec-

tra] for the various shells are also given in Table C of Ref. 3.

The quadrupole moments given by the stretched "SU(3)" model and the

single-j model can also be averaged for use in Eq. (4).

An inspection of the Nilsson energy levels as a function of defor-

mation shows that beyond y32 = 0.15 the slopes of the energy curves become

almost constant for most of the levels. This constancy implies that the

quadrupole moments (given by the slopes) of the Nilsson orbits change

very little beyond /J2 = 0.15. The spectrum of the quadrupole moments of

the Nilsson states with large deformation can be generated quite easily

and these values can be inserted (after taking the Pauli principle into

account) into Eq. (4) to generate, in turn, the B{B2) T values.

The Fermion Dynamic Symmetry Model10"14 (FDSM) evolved out of the

search for a microscopic basis for the IBA. Despite some differences in

the tacit assumptions regarding the underlying physics, the entire group

structure of the IBA is included in the FDSM. We have discussed this

model at length elsewhere particularly as it pertains to the the B(E2)T

values. In the exact symmetry limits, the FDSM yields easily calculable

Qp(Qn) values as a function of Np{Nn) depending on the choice of the

group. These Qp(Qn) values (reduced E2 matrix elements) replace the Qp{Qn)

values (intrinsic mass quadrupole moments) in Eq. (4).



In our work, universal models refer to attempts1 to calculate

the various properties of a large number of deformed nuclei through a

unified macroscopic-microscopic approach in which the ground-state de-

formation is obtained by minimizing the total energy of the nucleus with

respect to the shape coordinates. The required sp levels are generated

either by a folded-Yukawa potential (as in Ref. 15) or by a Woods-Saxon

potential (as in Ref. 16). The sp wave functions, obtained at equilib-

rium deformation, are used to calculate the total mass quadrupole moment

Qp of all the protons in the nucleus, which is just the sum of the

quadrupole moments of the individual proton quasiparticle orbits. The

resulting Qp value is inserted in the expression,

to deduce the fl(£2)T value. Because this model calculates the electric

quadrupole moments of all protons and not just the valence ones, it is

not necessary to employ effective charges, as was done earlier, to simu-

late the contributions due to the deformation of the core.

Now that we have a variety of models for estimating the Qp and Qn

values, we can apply Eq. (4) to calculate B(£2)T values. These models

require at most three constants that can be determined by least-squares

fits to the data in a particular region. The B(E2)T trends for the rare-

earth region are shown in Fig. 1. A variety of models with very differ-

ent starting points, assumptions, and calculational difficulties are all

capable of reproducing the overall trends in a satisfactory manner. For

nuclei that are stable or are close to the line of stability both the

magnitude and trend of the B(E2)T values are determined simply by the

harmonic oscillator shells occupied by the protons and the neutrons.

However, for nuclei far off the stability line, the higher oscillator

shells may become increasingly important. The existence of these sys-

tematics does not obviate the need for new measurements. On the con-

trary, more than a quarter of the currently known1 B(E2)t values carry

an uncertainty of greater than 10%. Measurements for nuclei off the

stability line are especially needed, and if the results are confirmed

and they indeed happen to disagree with the systematics, new physics is

likely to emerge.
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Fig.l. Measured B(£2)T values and predictions in the rare-earth region.
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Fig.1(continued). Measured B(E2)T values and predictions in the rare-
earth region.
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IV. LOW-LYING E2 STRENGTHS

Our earlier fit for the 2\ state, Eq. (3), can be rewritten as

ExB(E2)7 = (2.8±0.5) Z2A~2/3 keV. e2b2 (13)

if the fit is restricted to those. A>60 nuclei for' which experimental

information is available not only for the 2\ state but also for the

22,2o,2y,.. states. The energy-weighted sum-rule E2 strength (EWSR) is

given by (see, for example, Ref. 1)

=7.13 22A"1/3 keV. e2b2. (14)

The quantity ExB(E2)T for just the 2\ states expressed as a percentage

of the EWSR becomes simply (39±7)A~1/3 . Thus, our estimate, arrived at

in an empirical fashion, is in excellent agreement with the estimate

= 40A~1/3 made by Bohr and Mottelson17 on more general grounds. The data

for selected nuclei are shown in Fig. 2 in which the E(,A\)fE(2\) ratio was

used to separate the rotational (>2.7) and vibrational (S2.7) nuclei.
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Fig.2. For selected nuclei, EXB(£2)T expressed as a percentage of the
energy-weighted sum rule strength. The open symbols represent the
strengths of just the first 2+ state, the closed symbols the measured
total strengths for all 2+ states below 2.3 MeV.
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Another interesting question concerns the fractions of the EWSR

strength exhausted by the sum of all known low-lying £2 strengths, say

below 2.3 MeV. This cutoff energy is a compromise between selecting as

high an energy as possible on the one hand and ensuring that the

selected energy region has been adequately explored in Coulomb excita-

tion measurements on the other. The summed strengths are also shown in

Fig. 2. They are, on the average, -135% of the respective 2* strengths

in rotational nuclei and -107% in vibrational ones. The total strengths

are remarkably constant in the A = 60 to A = 170 region, dip to zero at

A = 208 due to double-shell closure, and increase again (almost symmet-

rically) for the actinides. Smaller dips are also expected due to the

N = 50, Z = 50, and N = B2 single-shell closures.
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