
I,—45008

DE90 017634

AXIAL ASYMMETRY AND THE IBM
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ABSTRACT

The intimate relation between the IBM and axial asymmetry,
appearing in its dynamical symmetries, in numerical calculations, in
bandmixing effects, and in extensions to the model, is discussed.

INTRODUCTION

Despite the fact that the IBM is commonly perceived as an abstract
bosonic model, there is an intimate and deep connection between axial
asymmetry and the IBM. This connection appears both in the dynamical
symmetries of the model and in numerical calculations for nuclei
intermediate between symmetries. It ranges from the y instability
characteristic of the O(5) group appearing in both the U(5) and O(6)
dynamical symmetries, to the small asymmetry reflected in bandmixing
effects. It also plays a central role in one of the most important extensions
to the IBM.

This paper will explore this connection, focusing on the geometrical
implications of various aspects of the IBM. The discussion will be limited
to the IBM-1 and its extensions and to even-even nuclei. For background
on some of the topics discussed here, the reader is referred to Refs. 1-4.

This is not the place to describe the IBM in detail. However, a few
brief introductory remarks are pertinent. The model5 is founded on the
collectivity of heavy nuclei on the one hand, and the intractability of Shell
Model calculations for most of these nuclei on the other. It represents an
extreme truncation of the Shell Model which singles out correlated pairs of
fermions coupled to total angular momentum 0 (s bosons) and 2 (d
bosons). An important extension to the IBM, connected with triaxiality, is
the introduction of g bosons, or, correlated nucleon pairs with total angular
momentum 4. The s-d IBM Hamiltonian consists of terms reflecting the
boson energies, and terms representing simple (at most 2-body) interactions
between the bosons. It can be written4-5

H = end + aoP+P + a j 2 + a2Q2 + a3Tg + a^\ (1)

where the coefficients a\ are parameters of the model and the operators
contain different combinations of the boson creation and destruction



operators s+,d+,s,d. It is useful to explicitly define the operator Q since it
also appears in the expression for E2 transitions, T(E2)=aQ, where a is a
boson effective charge. Q is given by

Q = (s+d + d+s) + x(d+d)<2> (2)

where X *s a parameter discussed below. The other details of Eq. 1 are
unimportant for the discussion that follows except to note that the most
complex terms involve operators with at most four creation and
destruction operators, such as d+d+dd. The six-dimensional space spanned
by the five components of the d boson and the one component of the s
boson leads naturally to a description5 of the IBM in terms of the group
U(6). This algebraic structure can be decomposed in three so-called group
chains corresponding to the three "dynamical symmetries" for which the
IBM is perhaps most famous, namely SU(3), a specific type of deformed
rotor, U(5), a rather general anharmonic vibrator, and O(6), a y-unstable
rotor. These three dynamical symmetries have characteristic level spectra,
quantum numbers, and selection rules determined by the specific
subgroups appearing in each chain and are obtained by numerically
choosing only specific terms in Eq. 1. Specifically, the SU(3) limit is
obtained when the Q°Q term is non-zero and % = -1.32, U(5) when e is non-
zero, and O(6) when ao is finite or, in a special case, if &2 is finite and % = 0.
Nvidei intermediate between these symmetries can be most easily described
in terms of a symmetry triangle4 (Fig. 1) in which the three symmetries are
denoted by the vertices and transitional nudei between them by legs of the
triangle. Figure 1 indicates both the symmetries themselves and the key
coefficients producing them in terms of the Hamiltonian of Eq. 1. Phase
transitions between the symmetries are simply obtained by varying the
ratio of the two relevant coefficients. Thus, for example, the SU(3) to O(6),
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Fig. 1. Symmetry
triangle of the IBM.
From Ref. 4.
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Fig. 2. Levels of the y-unstable or Wilets-Jean model7 displayed in a
"phonon-like" manner to illustrate the role of the quantum number A and
in terms of quasi-band structure of ground, y, and higher bands. The
Davydov triaxial model8 of ground and y bands is shown at the right.
Based on Ref. 9.

or rotor to Y-unstable rotor, transition is obtained by varying the ratio
or, alternately (see below), the parameter % appearing in the operator Q2.
One last feature of the IBM which is critical is its automatic incorporation
of finite valence particle number effects. The number of bosons in the
model is obtained as half the number of valence protons plus neutrons
counted to the nearest closed shells. The predictions of the IBM vary in a
characteristic and automatic fashion6 as a function of the boson number, N,
even if other parameters are held constant. We shall see some of the
ramifications of this later. The reader is referred to Ref. 4 for a recent
review of the IBM-1.

Finally, in these introductory remarks, it is useful to display a
characteristic difference between two types of axial^4 asymmetric nuclear
spectra, and to define our terminology. Figure 2 compares the ground and
"y" band level sequences in the Wilets-Jean y-uns table model7 and in the
Davydov triaxial model8 for 7=30°. By axial asymmetry in this paper we
refer merely to the presence of a finite Yrms while by "triaxiality" we refer to
rigid asymmetry at a fixed y, that is to a nuclear potential V(y) that has a
deep minimum for some y. The Wilets-Jean model is the limiting case of a
completely y-flat or y-unstable potential in which y oscillates freely between
0° and 60°. The energies go as A(A+3) where A is a characteristic phonon-
like quantum number, defined for the low lying levels in the figure. The
Davydov model, in contrast, has a deep minimum at y=30°. The
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Fig. 3. Plot of Es/E(2i) for the rare earth region. On the right are predictions
of several models. Based on Ref. 9.

comparison of the two spectra is interesting: the ground bands are rather
similar but the y band has completely opposite energy staggering in the two
cases. This, in fact, is the most obvious distinction between y softness and y
rigidity that I am aware of. In the Wilets-Jean model the y-band levels are
arranged in couplets as 2y, {3y,+4y), (5y, 6y), ... while in the Davydov model
the couplings are (2y, 3y), (4?, 5^),...

It is useful to quantify this difference in staggering. To that end we
define a measure9 of the energy staggering, Es, as:

ES = (3)

The ratio Es/E(2j) is a characteristic quantity which serves as a useful
signature of different models. Es is negative if E(4y) - E(3y) is less than E(3y)
- E(2y) and positive otherwise. + Thus,+for example, the Wilets-Jean y-
unstable model with degenerate iy and 3y levels has a maximally negative
Es while in the Davydov model Es is positive and grows with y. Figure 3
shows the empirical data for Es/E(2,) for all rare earth nuclei on the left.
On the right theoretical values are given for the symmetric rotor, the



spherical harmonic vibrator, the Davydov model for various y values, the
Wilets-Jean y-unstable model and for a series of IBM calculations with
cubic terms to be discussed later. (For the case of the spherical harmonic
vibrator we define the "quasi-y band" as the 22 two-phonon state and the
3j and 42 three-phonon states. The latter two, of course, are degenerate
and, since the phonon spacings are equal, Es/E(2j) must therefore be
negative with a magnitude unity.)

The comparison with the data is interesting and suggests that axial
asymmetry in this region is due to y softness not triaxiality. None of the
deformed rare earth nuclei shows any tendency toward the rigid triaxial
limit. All values are either at or slightly below the symmetric rotor limit.
At the beginning of the deformed region there is a clear transition from the
spherical vibrator toward rotor structures while the drop in Es/E(2x) in Pt
reflects the onset of strong y softness in these nuclei.

THE IBM AND ITS GEOMETRICAL INTERPRETATION

In the present context, the most pertinent feature of the IBM-1 is that
it has no triaxial solutions. That is, the geometric potential corresponding
to any IBM-1 Hamiltonian either has a minimum at y=0 or is y flat: V(y=0)
<. V(y*0). Nevertheless, as indicated earlier, the IBM is intimately
connected with the concept of dynamical asymmetry. We treat below first
the dynamical symmetries of the IBM and then numerical calculations that
break these symmetries.

O(6)--y Unstable

The eigenvalue equation for the O(6) limit5 is

E(a,t,J) = Ao(a+4) + BT(T+3) + CJ(J+1) (4)

where A,B,C are parameters related to the coefficients in Eq. 1. The term in
A, with the characteristic quantum number a, is of little interest in the
present context. The term in B, representing the effects of the subgroup
O(5), separates levels according to a quantum number x, which is identical
to the quantum number A, and gives the characteristic Wilets-Jean
spectrum. The last term, in C, merely gives a small degeneracy splitting to
the levels of a given i. The limit is equivalent to the Wilets-Jean picture
(Fig. 2, left) except for the explicit effects of finite boson number in the
former: this has no effect on low lying low spin energy levels but does
affect the magnitudes of allowed transition matrix elements. Excellent
manifestations10'11 of the O(6) limit are now known in 196Pt and in the Xe-



Ba nuclei with A=l 24-134. In these nuclei the characteristic selection rules
AT=±1 and Aa=0 are very well obeyed. Allowed transitions are strong, and
forbidden ones are either weak or unobserved. The x selection rule in O(6)
arises because the T(E2) operator is defined to be a generator of the group
(i.e., x=0 in Eq. 2). It has recently been shown12 that the introduction of
small % values in T(E2) can account for the weak forbidden transitions that
are observed and that it is possible to reproduce rather well many
branching ratios involving forbidden transitions.

U(5)—Anharmonic Vibrator

This limit is rather general and encompasses not only the harmonic
vibrator but a wide variety of anharmonic spectra as well. Since the U(5)
group chain contains the same group, O(5), that appears in the O(6) chain it
also corresponds to a y-unstable potential13. The principal difference
between O(6) and U(5) is that the O(6) potential has a minimum at a finite
value of the quadrupole deformation P while the U(5) potential is
symmetric around P=0. Nevertheless, the presence of the O(5) group in
both limits at times makes the empirical distinction between them
difficult. This issue is beyond the scope of the present paper and not
particularly relevant to the question of axial asymmetry. Suffice it to say
that characteristic differences between O(6) and U(5) show up1 4 in the
absolute magnitudes of B(E2) values, and in the properties of certain low-
spin higher-lying states corresponding roughly to the concept of P
vibrations of a deformed y-unstable nucleus.

SU(3)~Symmetric Rotor

The SU(3) limit represents a symmetric rotor but with important
constraints4-5 '15: it is a special case with degenerate P and y bands and
forbidden transitions from either band to the ground state. Clearly, neither
feature characterizes most empirically-observed deformed nuclei and,
therefore, their treatment in the IBM requires substantial amounts of SU(3)
symmetry breaking, in the direction towards O(6). Perhaps15 the nuclei
closest to the pure SU(3) limit are the Hf and Yb isotopes near neutron
number N=104.

The potential corresponding to the SU(3) limit is shown in Fig. 4
labelled by x=-1.32. There are three important features of this figure, two
characterizing all the curves, including SU(3), and the other characterizing
the deviations from SU(3) (% * -1.32) which will be discussed below. The
most obvious is that the potential allows for considerable zero point
motion in y and, therefore, even the strict SU(3) limit allows dynamic axial
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asymmetry and a finite yrms. Secondly, though not evident in the figure,
the steepness of the potential depends on the boson number N, growing as
N grows. In the infinite dimensional limit the SU(3) limit goes over to the
geometrical concept of a rigid axially symmetric rotor. (This, incidentally,
is typical of the IBM: all of its predictions approach those of their
geometrical counterparts as N-»°°.) We shall return to this point
momentarily.

As stated above, the treatment of realistic deformed nuclei in the
IBM involves deviations from the strict SU(3) symmetry. These are most
easily accomplished by a formalism known as the Consistent Q
Formalism16 or CQF. In discussing Eq. 1 we commented that one way to
traverse the transition leg from SU(3) to O(6) was to use the SU(3)
Hamiltonian H=aiJ2 + a2Q2, and to vary the parameter % appearing in the
operator Q from its SU(3) value of -1.32 to the O(6) value of 0. While this
does not give the most general form of the O(6) limit it involves fewer
parameters than other approaches and gives a constrained O(6) limit that is
identical with that found empirically. It is also a formalism particularly
suited to study axial asymmetry in the IBM. Since the O(6) limit is
characterized by a yhns=30° and a y-flat potential while SU(3) has an axially
symmetric minimum and a rather small yrms (see Fig.. 4), one might expect
that the SU(3)—»O(6) progression could be viewed in terms of ever-
increasing values of y and that there might be a correlation between % and
geometric models involving variable y. This speculation is correct1 and
can be most easily demonstrated by comparing the predictions of several
observables in the Davydov model with those in an SU(3) to O(6)
transition in the IBM. (The use of the triaxial Davydov model is somewhat
inconsistent here in simulating a transition from a nearly axial symmetric
rotor to a y-unstable potential but it is well known that many predictions of
y-soft models are close to those of triaxial models provided that yhns in one
is equal to the fixed value of y in the other: in any case, this procedure has
been validated by more formal methods17.) Figure 5 shows this
comparison giving the values of three observables against y on the right
and against % on the left. The remarkable feature ia that each observable
passes through exactly the same values in the two progressions and
displays very similar shapes. Clearly, for each observable it is trivial to
obtain a y«-»x correlation giving the value of y corresponding to any %
value. When this is done for several observables nearly the same
correlation is found in each case confirming that this is indeed a reasonable
physical correlation. The results1 are given in Fig. 6 which shows that, not
surprisingly, %=0 corresponds to y=30° while % values approaching -1.32
correspond to smaller and smaller values of y. Interestingly, y does not go
to zero even in the SU(3) limit: this reflects the point we made earlier in



-1.5

Fig. 6. Y<-»X correla-
tions deduced1 from
comparison of the
observables in Fig. 5.
N=16. Results for
another boson num-
ber are shown for
one observable. The
curve labelled 0g is
an analytic result for
the ground state
from Ref. 17. Based
on Refs. 1,4, and 17.

the context of Fig. 4 that even in SU(3), the potential V(y) has a finite slope.
We also commented then that the potential becomes steeper for larger
boson numbers. This is also evident in Fig. 6 where, for one observable,
the y«-»x correlations are shown for N=12 and 16. The y values are slightly
smaller for the larger boson number and, as noted earlier, will tend to 0 in
the SU(3) limit for very large N.

BANDMIXING, THE IBM, AND AXIAL ASYMMETRY

It is well known that interband E2 branching ratios in deformed
nuclei deviate from the Alaga rules and that these deviations can be
successfully interpreted in terms of small amounts of bandmixing.
Traditionally this bandmixing is parameterized in terms of a quantity Zy,
which is directly proportional to the y band-ground band mixing
amplitude. Figure 7 shows a plot of Zy values extracted from such analyses
of a number of deformed rare earth nuclei. The most obvious feature is
the parabolic behavior with Zy minimizing near mid-shell. This is not
unexpected since that is the region where the energy scales of vibrational
and rotational excitations differ the most and therefore the rotation-
vibration coupling is the least.

Bandmixing is also an inherent property of the IBM. It has two
sources2'6. First, it is an automatic consequence of finite boson number
and, indeed, vanishes in the infinite boson number limit. Secondly,
bandmixing arises in IBM calculations for realistic deformed nuclei as a
consequence of SU(3) symmetry breaking. The detailed origin of y-ground
bandmixing is an interesting consequence of these two concepts. In the
SU(3) limit, the p and y bands belong to the same representation and,
therefore, are allowed to mix for finite N. IBM Hamiltonians



0.16 -

0.12 -

0.08-

0 .04-

Fig. 7. Empirical
Z y values for
rare ear th
nuclei. Based on
Refs. 4 and 6.

incorporating deviations from the SU(3) limit primarily introduce a AK=0
bandmixing: AK=2 mixing is an order of magnitude smaller. Yet, the AK=0
bandmixing of the P and ground bands indirectly leads to y-ground mixing
through the p-y admixtures already present even in the SU(3) limit: that is,
the admixtures of the y band in the p band are "transferred" to the ground
band by the p-ground mixing. Clearly, then, the mixing depends both on N
and on %• This is illustrated in Fig. 8 which shows a plot of Zy extracted
from IBM calculations for two different boson numbers as a function of %•
Small x values are characteristic of the vibrational or O(6) nuclei near
closed shells, while larger % values, closer to -1.32, characterize the
deformed rotors near mid-shell. It is therefore obvious that, in going from
the closed shells toward mid-shell, Zy will decrease both as a consequence
of increasing N and because of the changes in x- It is not surprising then
that IBM calculations6 reproduce rather well the empirical systematics in
Fig. 7. An important point is that, in the IBM, this systematic change in Zy
across a shell is essentially automatic, and not introduced in an ad hoc way
to account for the bandmixing. ;

The relevance of the present discussion is that band mixing (K-
mixing) is essentially equivalent to axial asymmetry. That is, a given K
mixing amplitude is directly related to a specific y value. Both, for example,
can be correlated directly with E2 branching ratios such as
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B(E2:2r-»21/B(E2:2r-»0i)--see Fig. 6.10 of Ref. 9. Indeed, the y-g mixing
amplitudes extracted from such branching ratios in the Davydov model, in
the bandmixing formalism of the rotor model, and in the IBM, are similar.

TRIAXIALITY AND THE IBM: CUBIC TERMS

We have noted that the geometrical analogs of the IBM-1 always
correspond to potentials which are either y flat or have minima at y=0°.
The IBM-1 contains no triaxial solutions. This is clearly a limitation in
flexibility and several approaches have been developed to introduce
triaxiality into the IBM. Two, which we shall not discuss here, are the IBM-
2, which explicity distinguishes proton and neutron degrees of freedom
and naturally gives triaxial solutions, or the introduction of g bosons into
the IBM. The third (which has links to the g boson concept) is the
introduction of higher order terms in the Hamiltonian of Eq. 1.
Specifically, a cubic term18

(5)

is equivalent to adding to VIBM (y) an additional potential with a
minimum at y=30°. This term has remarkably strong effects3 even for very
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small coefficients 63. To show this, we present a series of calculations in
the O(6) limit of the IBM including the term in 63. Figure 9 illustrates the
energies of the first excited state and low-lying y-band levels as a function of
the characteristic parameter 63/B. It will be recalled that B determines the
scale splitting of levels in the y and ground bands (see Fig. 2): thus, 63/B is
a measure of the strength of the cubic terms relative to those producing the
characteristic O(6) energy spectrum. The detailed definition of 83 used in
this paper is that embodied in the IBM code of P. Van Isacker. The figure



shows that as 63/8 increases, the levels and staggering of the y band deviate
progressively from the y-unstable limit and approach the Davydov picture
(compare Fig. 2). The typical energy staggering of the y band changes from
one extreme towards the other. This suggests, of course, that the
parameter9 Es/E(2^) that we discussed earlier might be an appropriate
measure of the effects of 83/B. The numbers within ellipses in the figure
are the values of Es/E(2j) obtained from the calculated energy levels.
These values were included in Fig. 3 along the curve starting from the
Wilets-Jean y-unstable limit at the bottom right of the figure. Perhaps the
most remarkable point in all this is the extremely small additional
potential required to produce these changes in energy levels. Figure 9
(bottom) shows IBM potentials,V(y), for different 63/8: even for the largest
value used in the top part, which already produces a y-band staggering
spectrum quite different from the y-unstable limit and almost midway to
the Davydov picture (for y = 30°), the change in potential from the O(6)
limit is at most only a few percent. Interestingly, small deviations from
complete y instability rapidly increase Es/E(2j) towards values typical of
deformed nuclei whereas, to obtain Es/E(21) values significantly greater
than those of the symmetric rotor, requires potentials rather deep in y and
with large yrms values as is apparent from the Davydov calculations in Fig.
3. The y-band spectrum changes rapidly with small excursions from y
instability and very slowly thereafter. In concluding this discussion we
note a very recent development, discussed19 in these Proceedings, in which
numerical calculations such as these can be reproduced analytically
through very sophisticated techniques developed by A. Leviatan. The
reader is referred to his article for additional details.

The addition of cubic terms to the IBM is not only of academic
interest but resolves the discrepancies3 between the predictions of the O(6)
limit and the empirical energies of nuclei that otherwise manifest these
predictions so well. This is illustrated for 196Pt in Fig. 10 which shows the
empirical levels in comparison to O(6) predictions and to those obtained
with a cubic term 03/B=1.63 corresponding to a maximum deviation from y
instability at y=30° of approximately 3%. Not only does this slightly y-
dependent potential correctly account for the energy staggering in the y
band but at the same time it greatly improves the predictions for a higher
lying 0+ band. Similar improvement has been obtained3-20 in the Xe-Ba
6(6) region, especially for 128Xe, and in the deformed Xe isotope 120Xe.
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CONCLUSIONS

We have tried in this paper to summarize a few aspects of the
intimate relation between the IBM and axial asymmetry both in the context
of the exact dynamical symmetries, especially SU(3) and O(6), and in regard
to numerical calculations of nuclei intermediate between these
symmetries. The connections among bandmixing, axial asymmetry, and
the IBM were also drawn out and a universal correlation between y and
IBM calculations between SU(3) and O(6) was described, as was the
introduction of triaxiality in the IBM through cubic terms in the
Hamiltonian.
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