BRO19850%1

UNIVERSIDADE DE SAO PAULOD

INSTITUTO DE FiSICA

CAIXA POSTAL 20516
01498 - SAO PAULO - SP
BRASIL



PUBLICAGOES

IFUSP/P-778

&

[ g

THE BRST FORMALISM AND THE QUANTIZATION
OF HAMILTONIAN SYSTEMS WITH FIRST CLASS
CONSTRAINTS

J. Gamboa

Instituto de Fisica, Universidade de Sdo Paulo and
Centro de Estudios Cientificos de Santiago, Casilla 16443,
Santiago 9, Chile

V.0 Rivelles
Instituto de Fisica, Universidade de Sao Paulo

Abril /1989



THE BRST FORMALISM AND THE QUANTIZATION OF
HAMILTONIAN SYSTEMS WITH FIRST CLASS CONTRAINTS

J.GAMBOA
Instituto de Fisica ,Universidade de Sao Paulo,C.Postal 20516 , CEP 01498 .S.Paulo ,
SP .Brasil and Centro de Estudios Cientificos de Santiago . Casilla 16443 , Santiago 9
.Chile.

V.O.RIVELLES*
Instituto de Fisica ,Universidade De S3o Paulo , C.Postal 20516 ,CEP 01498, S.Paulo ,
SP .Brasil.

* Partially supported by CNPq



INTRODUCTION

Gauge invariance plays an important role in the present theoretical physics .In the
past gauge invariance had permited to solve important problems in quantum field theory
and particle physics(1].

Along the hamiltonian lines the gauge symmetry appears when the theory under
study has first class constraints{2].

We suppose that some theory is given with first class constraints 0.{p,g) = 0 ,then
we say that ¢,(p,q) is a first class contraint iff,

{%e, ] = C510 (1.1)

here [,] means Poisson braket.(1.1) is usually called in the physical literaiure "gauge
open algebra” because generally (1.1) is not a closed algebra(in the sense of ordinary Lie
algebras).Here C;,; in general is not constant.

Algebras like (1.1) describe systems such as the relativistic particle.strings ,mem-
branes gravitation,etc( and of course, their supersymmetric relatives ).

The quantization of these theories is plagued with difficulties, for this reason it is
necessary to study new quantization methods for wich these systems can be studied.

In the last ten years it has been discovered a general quantization method which
permits to study these systems. This method, called Batalin-Fradkin-Vilkovisky(BFV)
formalism is reviewed briefly in section 2. Section 3, is devoted to study simple appii-
cations . Here the quantization of the relativistic particle and the relativistic spinning
particle is worked out in detail. Several points not discussed in the literature are point
out and we find the correct expression for the Feynman propagator in both cases.Section
4 contains conclusions and an outlook.

2.- The BFV Formalism : Review

In this section we review the BFV formalism[3]. As it was explained in the intro-
duction , this method is a procedure for quantizing systems with first class constraints
and is the most general method know today to treat this class of systems.

We consider a dynamical system described by a phase space F; whose coordinates
are (pi.¢'),i=1,2,3,... N; the canonical hamiltonian is Hy, and the dynamical system is
subject to M first class constraints @, satisfving the algebra ( 1.1).

The action for this system taken be:

(11 .
S= [ di(pig’ - Ho~A*¢s), 2.1

where the)\* are lagrange multipliers. Then,in the BFV formulation, we consider that the
lagrange multipliers can be treated in the same foot as the canonical variables (p,q).This
oblige us to introduce conjugate canonical momenta to A,,say 7,4, such as:

Aa, 7] = 82 (2.2)
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Then , in order that the dynamics of the theory does not change they must be imposed
as new constraints.i.e.

x* =0 (2.3)

In the BFV notation,the set of 2M constraints (0, . x*) it denote by G, and they obviously
satisfy the gauge algebra

[G.‘ G.l = K:‘Gg- (2-4)

In the algebraic sense.the procedure of treating the Lagranges multiplier in the same
foot that the coordinates (p,q). is equivalent to replace the old phase space F; by an
other phase space F; ,such that :

F, — F;:(p,q) ® (74, 20) (2.5)
The next step in BFV construction consists in incorporating a pair of canonically
conjugated ghosts (1. P*) for each constrained (with opuest statistic),i.e,
{"I’ 'lb} = o' {P.v P.} = os

{ne,P*} = -6} (2.6)
thus, the phase space is replaced by :

(P.g) — (P 9) + (%4, 1) + (Pay74) (2.7

The hamiltonian structure (2.7) has remarkable properties .We would like to enu-
merate some of them:

2) In (2.7) .we replaced the local gauge invariance by a global symmetry. This name
is due to Becchi,Rouet,Stora and Tyutin who discovered a similar symmetry in the
context of Yang-Mills theory [4,5].

The BRST symmetry is a name given by the physicists to a symmetry deeply rooted
in cobomology theory(6].

b) the symmetry generator Q (usually called called BRST charge ) for a theory with
the gauge algebra (2.4) ,has the form:

1
Q=1"C.+ -2-‘P.K:¢q'q‘ +--- (2.8)
(2.8) is anticonmutative and is ,by construction, nilpotent,i.e.

{@,Q}=0 (2.9)

¢) At quantum level, in the extended phase space (2.7) , there exists the following
theorem proved by Fradkin and Vilkovisky (3].
Theorem



Let a hamiltonian system with G, constraints be described by the effective action
Sess given by

sc[[ =/ dNPc“I' + "cp‘ + 7% - Ho - {Q,i}}). 2_10)

where Q is the BRST charge and ¥ is an arbitrary function (gauge fixing function). Then
the path integral:

Zy = /D}lcxp[is.ljl. (2.11)
whereDy is a Liouville measure ,is independent of the choice of ¥ .i.c.
Ze = 2.

This remarkable theorem is useful to prove the unitary of theories and permit to
calculate off-shell propagators (generally a complicate problem ). For a demostration of
the theorem , see ref.[3].

3.-APLICATIONS

The massive relativistic particle is described by the following action:

—m / " Vo, @3.1)

In the hamiltonian formalism it is easy to verify that there exist the following con-
straint :

H= %(p’ +m?)=0 (3.2)
and the canonical hamiltonian Hy = p,2” — L is identically zero.
This is a general caracteristic of generally covariant systems .1t is easy to verify using
[z5,2,) =0 = [p,.p,).
[z0.9”] = 5}, (3.3)
that the constraint a.lgébra (3.2) is
M, H]=0 (3.4),
and by consequence , (3.4) is a first class algebra. Thus , to quantize the relativistic
particle, we can use the BFV formalism developed in the section 2. The extended phase
space (2.7) in this case is :
(Pur ") D (7N N) 2 (P 9. P.7)
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where N is a Lagrange multiplier , =x their canonical momenta and theP’s and n's are
the anticonmutative ghosts that in this case satisfy :

{n.P}=-1={3,P}.
{n.7} = {P.F}
The action in the extended phase space now is :
" . -
S= dr(sxN + 0P + P + p*1, + {Q,¥)) (3.5)
h

using the (2.8) prescription , the BRST charge is:

Q=M +Px (3.6)
and the fixing gauge function is chosen in the form:

¥ = PN (3.7)

The choice of ¥ , according to the Fradkin-Vilkovisky theorem ,is arbitrary , nev-
ertheless here it is convenient the election (3.7) because it is equivalent to choose the
proper tirue gauge N = 0. This gauge choice is consistent with the reparametrization
invariance. Using the Fradkin-Vilkovisky theorem , we obtain :

Zy = / DN DzanD‘f’DﬂD'PDp"Dz,.

‘, . - . -
.expli | dr(xwN + 7P +iPp,i* + NH + PP)]. (3.8)

f
The (3.8) integrals can be calculated imposing the following BRST invariant bound-
ary conditions :
z(t1) = 21,2(t2) = z2,
() =0 =n(t2),7i(ty) = 7(t2) = 0,
#(t;) = #(t2) =0 (3.9)

Integrating xy ,we obtain the §[V] factor and the integration in ghosts momenta
give the usual expresion for the transition amplitude in the proper time gauge [7].
To integrate in z, and p, it is convenient to eliminate the zero mode associate to

N(t) ,then we write :
N(t) = N(0) + M(t) (3.10)

where we have the following boundary condition for M(t)
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M0)=0. (3.11)
Using (3.10) the &[.N] factor can be writen as:

§[M] = / dN(0)6[M(t) — N(0)]det(D,)~". (3.12)

thllSt (3'8) becomes:
Zy= / dN(0) / DndijDz, Dp*det(3,)™

ty
expli | dr(p*z, + N(O)H + )] (3.13)
f

The determinant that appears in (3.13) is indetermined and it can be taken out of
the path integral as a factor absorbed by an overall normalization.

Following Teitelboim arguments (7], the integral in N(0) can not be taken in the
range{ —00, 00) because we are obliged to choose only a classical trajectory. This obser-
vation is physically very satisfactory and it is crucial to obtain the correct result.

Integrating on 7 and 7j ,we obtain det(—9?) This expression can be calculated using
the boundary conditions (3.9) and (-function regularization. The result is (¢; — ¢;) and
the integral (3.12) is :

L i3
Ze=N' / dT / Dz*Dp, expli / dr(p*s, + N(O)H)] (3.14)
0 f
where T = N(0)(t; ~ ¢;) and A is a normalization constant. The integration oo P is

gives:

Zy =N'/° JI’/Dz’exp[t df(zN(o)z + = m’N(O))] (3.15)

note that the effective action in (3.15) is precisaly the einbein version of the relativistic
particle.To integrate in (3.15) we make the following change of variables:

(1) = 25+ St~ 1) +47(0) (3.16)
(3.16) is consistent with (3.8) iff:

v (t:) =0=y¥(ty). (3.19)
Using (3.16), (3.15) yields:

Zyg=\" / dTdet(—L c.'xp(i((éz;—)2 +m?T)) (3.18)

V(O)
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The determinant in (3.18) can be calculated using (-function regulanzation and the
boundary condition (3.17) the result is :

%,
5o’ =T

Thus, (3.18) is:

_ ? 2
Zo =N [ aTF explic Gy + 7500 -

_ d%p expip(za—=2) _
—MI(ZI’)B 17"+m:-i¢l -

= G(zy — 23;m?).

This expression is the Feynman propagator for the relativistic particle. Recently,
two diferent derivations of this result has been obtained in the Lterature [8,9). Also
Giannakis, Ordonez, Rubin and Zucchini have obtained similar results using the lagrangian
formalism [10).

SPINNING PARTICLE
The massive spinning particle is described by the followins constraints[11]:
M= 306" +m?) =0,
S=6p, +mbs =0 (3.19)
where 0, and fs are grassmanian variables that obey the following algebra:
{0,,0°) = 15,
{05,05) =i (3:20),

and the even variables, satisfy the algebra (3.3).
Using (3.19) and (3.3), it is easy to verify that the constraints algebra is:

(", H) =0,
in,5]=0,
{S,8} = 2iM. (3.21)
It is easy to see using (2.8) that the BRST charge is:
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Q=M+ Prn+ S+ P, +iPcc (3.22)
where (7,7, P, P) are the ghosts coordinates and the ghosts momenta (anticonmutative)

associated to ¥ and (¢, &, P., P.) are the coordinates and the ghost momenta (conmuta-
tive) associated to S. The conmutative ghost algebra is :

le.P)=1=¢7| (3n)
and zero in the other cases. x) is the canomical momenta of the fermionic Lagrange
multiplier A.
The fixing gauge function ¥ is chosen as :
® = PN 4 )P, (3.23)
Using the Fradkin-Vilkovisky theorem, we obtain:

Zg = / DN Dxyy DA\Dx, Dy DPD3DPDP.DeDP.DcDI, Dés Dy? Dz,

ty . . - . - . : . g -
expli | dr(swN + ixa + 5P + 5P + Peé + P - %o'o, - %a,o,+
h

ppi® + NH +AS — PP+ PP, — 2iPc)))] (3.24)

In order to calculate (3.24) we impose the following BRST invariant boundary con-
ditions:

:(‘l) = 3]9’(") =T
n(t1) =n(t2) = (t1) = c(t2) = 0,
ii(t1) = ii(t2) = &t:) = &t2) = 0,

I’N(fl) = l’”(lz) = lg(l]) = l’;(fg) =0

3" (t) + (1) = ¢*,

3(0s(0) +05(12)) = s (324)

Integrating over xy, 7, P, P, P, P, and P, , we obtain:

Zy = / DN N DADnDjiDéDcD9, Dé; Dp” Dz,

U [ " . I3 : .
SINJs[A expli | dr(p,#® - %a'a, - éa,o,+
]



+NH 4+ AS + 3 + 2icki — &) 3.27)

(3-27) is the hamiltonian expression for the path integral in the proper time gauge.
As in the relativistic particle case. we would like to eliminate the zero modes. For
this reason we write the analogous of (3.9).

N(t) = N(0) + Ad(t).
ANt) = X(0) + (1), (3-23)
where we have the following "boundary conditions™:
M) =0,
((0) =0. (3.29)

The equivalent of the equation (3.10) is:

§{AT) = / dN(0)[M(1) - N(O)}det(d,)"",

o161 = [ SONIc(e) - Moplder(@, ) (3.30)

Such as in the relativistic particle case, the determinants that appears in (3.29) are
indetermined because we have not sufficient boundary conditions , nevertheless, in this
case the bosonic and fermionic determinants are precisely cancelled. Replacing (3.29) in
(3.26) and using Teitelboim arguments to choose one classical trajectory, we obtain:

2y = f' dN(0) / dM0) / DnD#DeDcDé, D Dy” Dz,
[ ]

Y . i, i
expli A dr(pyz” — -2-0’0, -3
(for the integration in A(0) we do not write the integration range because such concept
does not exist for the Berezin integral).
Using the boundary conditions (3.25), the ghosts can be explicitly calculated. Inte-
grating in P,:

0505 + +NH + AS + 7 + 2ichi) — é8)) (3-31)

Zy = / dN(0) / dX(0) / D6,D6,Dr,

[}
. " i i A(0)0,2*  mAM0)0s
i | 420 2%%+ =30 * Vo)

In (3.32) the effective action is the one-dimensional supergravity action if N (0) and A(0)
are interpreted as the graviton and the gravitino respectively.
Muking rhe change of variables:

2
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(0 =+ Tt -t .

(t) = 151" + ¥7(2),
0(1) = 1 + W), (3.33)
and using (3.25), the comsistency imply:
¥(t) = 0= y(ts). | 334)
Using (3.33), (3.31) gives:
2
Zy = [ (o) [ o esiic'S F. =T, "‘°’};(';',“" + "':,‘(':,’)"‘ )

/D!"GPI f ‘f(m - -W - %f’s&"s)l
Integrating in y(t) and A(0) , we obtain :
2
Zy = [ —a.-F(‘m.A:’ + nns)avll(— + TT - ie)]

J"r expip(z: —z,),

= (2') 7 +m? —ic (7137,P5 + ms). (3.35)
(3.34) is the Dirac propagator [8].
CONCLUSIONS

In this paper we bave studied the quantization of hamiltonian systems with first
class constraints using the BFV formalism.

Using the two exsmples studied above , we see that the BFV formalism is a powerful
method for quantizing theories with gauge freedom.

For most complicated theories.such as strings and membranes (that are minimal
surfaces in the proceeding sense ) , the problem is not solved .The main difficulty is thac
at the quantum level there are anomalies .This problem is complicated and it is a very
importast one .Using the BFV formalism this problem is not understood at the path

integral level .
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