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Abstract

The W and Q2 dependence of the transverse momentum of the forward-going hadrons in deep
inelastic interactions is presented. The derivation includes first order QCD and the hypothesis
that the produced partons fragment independently.

'Fysikum, Stockl , ns Universitet, S-11346 Stockholm, Sweden



1. Introduction
When a high energy lepton is scattered off a nucleon, Quantum Chromo-Dynamics (QCD)

predicts that the quark hit by the lepton might radiate a gluon, in analogy- with the brems-
strahlung process in QED. In addition, it is also possible that the incoming lepton scatters off
a quark or an anti-quark in a virtual loop on a gluon-Une, thereby kicking a quark-antiquark
pair out of the nucleon. The moments of the distribution of the transverse momentum for these
partons emerging from a deep inelastic lepton scattering have been known to first order already
for a decade [1]. Although these predictions constitute a valuable test of QCD in a different
class of processes than the scaling-violations of the nuclear structure functions, few experimental
studies exist to date. Presumably the reason for this is that to determine the properties of the
structure-functions only the out-going lepton need to be studied, but to determine the parton
transverse momentum the produced hadrons must be analysed. This in turn implies that the
non-perturbative hadronization process must be taken into account. Most studies of the final
hadronic system in Deep Inelastic Scattering have not reached further than to compare the
data to heuristic simulations of the hadronization procedure (most notably the -Lund string
fragmentation model).

In this paper, I indicate how the transverse momentum on the parton level might feed
through to the hadrons, showing up as correlations between hadronic transverse momentum,
the invariant mass of the hadronic system and the forward multiplicity. To arrive at these
results, I derive a few analytical results on the properties of the partonic transverse momentum
(hitherto only known as integral expressions). I also show that with only a small set of general
assumptions for the fragmentation functions, definite quantitative predictions can be made,
such that the running coupling constant can be fitted to data.

2. The predictions for transverse momentum on the parton
level.

The transv ?.• i lomentum relative to the current direction of a hadron produced by lepton
scattering cai •- rmatically be written as :

Px = i\ ... ... + BPlpTm + CpXQCD (1)

The term A\ti rig is the transverse momentum arising from fragmentation of the quarks and the
gluons into \\\ Wnal state hadrons. The term Bp^rrm is the result of the transverse momentum
of the stru-/ carton prior to the interaction coming from the primordial momentum and from
Fermi mot \ The contribution Cp±QCD stems from perturbative QCD effects where the vector
boson eithi. hits a quark which radiates a gluon, or hits one branch of a 99-pair made by a
gluon. The c agrams are given in figure 1. The factors A. B and C in (1) indicate how the three
parts are pr. yagated to the final state : A Lorentz-transformation from a system in which the
jet has the P ne longitudinal momentum as in the laboratory, but no transverse momentum to
the laboratory frame has 7 = p±QCD/W}et and 7/? = y/U'?e, +P*lQCD/Wjet [2]. It then follows
that

(2)



wherein 2?, is the energy of the hadron in the first system and WJet is the invariant mass of the jet
that the parton gives rise to. Thus, at a given WJtt the fraction of perturbative and primordial
transverse momentum propagated to a final state hadron is proportional to the CMS energy of
the hadron, and the hadronization transverse momentum distribution is Lorentz-dilated in the
direction of p±prtm + p±QCD.

In testing QCD one is interested in measuring the perturbative transverse momentum P±QCD •
This part can be calculated in perturbative QCD, and it will rise approximately linearly with
W, as can be seen from the general formula for the moments of p\ [1] :

= £/«(*, *02)W' + 0{a]) (3)

where the coefficients fi(x,y,Q2) are given by :

°(*,y,Q2)

+ £)*,-*(§) + (i - *)*"*(?)]'+ (4)

)G(z,Q*)[(\ - y £ C c ]
potrs

The upper sign applies to neutrino and the lower to anti-neutrino scattering. In charged lepton
scattering, the corresponding term vanishes. In neutrino scattering the term £ (e\- + e2

A) is
pairs

4; if the incoming particle is a charged lepton it is 10/9 (assuming that the number of active
flavours are 4). The functions Fj, F3 and G are the nuclear structure functions and the functions
A' are defined by

K?(z) = j(P-±*^YTa(:,u)du (5)

with

& £? <*>
(k is the four-momentum of the incoming parton, and pj is that of either of the two final ones.)
In these variables we have that

and for the functions Fo,which are the appropriate differential cross sections for scalar, trans-
verse and longitudinal virtual photons scattering off quarks or gluons, we get [l] :

Fl(z,u) = -Fl(*,«) = 2eveACF§ [^ t -z)(? I jff + 2z« - 2(1 -

I f (*, u) = (el + e» )ft J I*2 + (1 - z)2] [i + T 4 U " 2]



By inserting (8) and (7) into (5) and performing the integral, one finds that

= Dm(x)(f + I)[l-3x + 4x2-2x3]

= CFDm{x)m[x(l-x)]

= Z? ro(x)2m[x(l - x)2] ' <9>

Following eg. Duke and Owens [3],Martin, Roberts and Stirling [4] or Gliick, Hoffmann and
Reya [5], I assume that the structure functions can be parametrized by functions of the form

Fi(x) = £

F3(x) =

Inserting this parametrization and the result (9) into (4) , the form of f,(x,y,Q2) can be
calculated analytically (Appendix A) :

E
k

2F1(nJ - q}k(Q
2) , sjk{Q2) + 1 , *i*(C2) + f + /, + 2 ; 1 - x)]}

Here jFi is the hypergeometric function, and the other factors are given in table 1. The sum
over k is to be understood as a sum according to (10) over the terms in the parametrization
of structure-function, appropriate for each value of j (cf. table 1). It is interesting to note that
asymptotically, as m grows, fm goes to (Appendix B) :

/
. *v rzL— # i i ••• i i J 4 ' n u n • * .

m,oo =

(12)

- x + x2)+2y(l - Jj)(l + x) + 2(1 - |

using the known asymptotic formulae for the B- and ^Fi-functions. In the formula, Smin(Q2) ' s

the lowest exponent in the 1 - x terms of the structure-function F\, Am\n is the coefficient of
this term. Thus the form is a term constant in m times a pure exponential in m multiplied by
a power of m. As an example figure 2 shows various projections of f\. In general the ft show
little x-dependence for x > 0.20, and the y dependence is also small.



Table 1: The terms in eq. (11).
An empty entry indicates that the value is the same as the previous value in the same

column.

j Pj{m) Hj{y) s}k q}k l: n} r, kjk

1 2CF(5m/2+l) 1 - » + ^ *ik(Q2)
2 -CFm
3 2CF (m/2+l)
4 CFm 1 - y
5 C F (m/2+l ) Ty(l - y/2) s3k(Q

2)
6 CFm/2
7 CF 2 2

sGk(Q
2) qGk(Q

2) -1 0 0 AGk

-1

0
-1

0
1
2
2
0
1

0
1
2
1
0
1

An

Au

f

9 -3P8(m) 1 1
10 4P8(m) 2 2
11 -2P»(m) 3 3
12 £ ( 4 + e^)m 1 - y 1 3 1

pairs

3. The prediction for observed transverse momenta

The transverse momentum due to the hadronization process of the partons will make the
two resulting jets intermingle. Therefore one cannot measure p±QCD by identifying it with the
total transverse momentum with respect to the current of each of the two jets in the current
fragmentation region. However, the behaviour on the parton-level presented in the previous
section will still imply certain features on the hadronic level.

I have studied how the behaviour on the parton-level feeds through to the hadrons. In
particular, I have calculated what implications (3) has on the average |pj.ou<l °f the produced
hadrons in the current fragmentation region. The vector p±out is the momentum component
perpendicular to the lepton plane. This observable has several advantageous properties : Using
the lepton plane as the definition of the transverse direction rather than the current itself, one
gets an experimentally well defined variable. This is because the lepton plane can be found
using only the directions of the leptons, whereas current also depends on the 4-momentum
of incoming lepton. In the case of neutrino scattering, the energy of the the neutrino is not
known, thus making the determination of the current prone to uncertainties. Since the current
lies in the lepton plane, one knows that Pj.ou, is also perpendicular to the current. By using
the absolute value of p^out o n e has implicitly divided the forward hemisphere in two parts.
Each of these parts will on average contain more particles from the jet of the parton on the
corresponding side of the lepton-plane, than from the jet of the parton on the opposite side.
Therefore an residual QCD effect will remain at the hadron level. In addition, the averaging of
the two sides tends to cancel the effect of pj.p r i m , since it is a contribution to the total forward
going system (i.e. if it increases the pj. on one side of the lepton plane, it will decrease it on
the other). Since the initial PxqcD is on average evenly divided on the resulting hadrons, it
is straight-forward to calculate what effect the multiplicity of the hadronic fragments has on
the observed Pxou(

 l. Taking due care of experimental effects and the decays of the primary

'At this stage it is appropriate to point out that since the hadronic transverse momentum due to three-jet
events decrease with N and increase with W, and N rises with W, it is conceivable that in quite a large range in
W, one will not see an effect by observing the total flpj.0,,,1) as a function of W. Since the rise of pj.QCD with



particles this multiplicity can be experimentally determined. Clearly, since the lepton plane
and the event plane (the plane containing the quark and the gluon) are not perpendicular, the
contribution to p±Out from the QCD processes is smaller than it is to the transverse momentum
measured in the event plane. However, the two planes are not strongly correlated, so on average
the reduction is simply by a factor (sin(0)) = 2/JT (the angle B is the angle between the event
plane and the lepton plane).

Thus, (Ipxoutl) is a promising estimator from an experimental point of view. Its theoretical
properties are also quite favourable, in that it demands a minimum of models in extending
the parton formulae of the previous section into ones containing experimentally observable
quantities. In fact, with the definition above, only two general assumptions are needed for the
fragmentation in order to be able to derive how the pxout depends on measurable quantities
and a, . These are

1. The transverse momenta from hadronization have a W-independent Gaussian distribution
with standard deviation a.

2. The expectation value of the transverse momentum of a jet is equal to the transverse
momentum of its parent. Note that the this requirement allows the transverse momentum
to be unconserved within the jet in any particular event; the conservation is only required
on average.

In addition, it is assumed that the distribution of Pxprtm is an W-independent gaussian as
well. The first step in deriving the effect of QCD jets on |pX o u , | is to calculate an analytical
expression, h(p±QCD , Nj ; <r), for the conditional expectation-value of pxovt » given PXQCD an<^
the number of forward going particles (Nj) at zero p± m ( figure 3). Reference [2] gives the
details of the calculation of h, and I quote only the result:

*t( 1 )

wherein the function 1 is defined by:

-*fa ^ ^ (14)

The factors k and b are given by

bsty/l + <r2/*2 and k = yf(Y*) (15)

The variable Y2 is defined as

where E{ is the energy of a particle in the CMS of the jet it belongs to. By introducing p±pr,m
into (13) , the expression becomes:

2x N, 4x
, 1 o , o p r t m ) N

i.e. it retains the structure of (13) , but with the function t replaced by T given by:
W is linear but the rise of A' is only logarithmic, an effect would eventually show up with increasing W. Note
that an effect should be observable in any W range if one studies |Piou,l at a f ixed multiplicity.



T(x,Nr,a,cpTim) = - £ - £ \o*y/l + xV(Nfbk)* + <r2
pTlJ[(2N f)*b

The parameter a' is given by:

For typical values of b,k,Nj and z , the square root in the term in square brackets in (18) is
close to one. The factor b is also always close to one. Therefore the term is approximatively
equal to a', so that T(z,#/;<7,<Vtm) * t(x,Nf,<r'). Finally, the explicit dependence on PXQCD

is removed by integrating (17) over the distribution:

r) - (20)

The integration can be carried out although actual the form of the distribution of PXQCD ls

unknown 2 . This is be achieved by expressing H{px()CD-,N].a^apTim) as its Taylor-series in the
variable PXQCD an<^ instead integrating each term over the distribution of PXQCD • The result of
the integration is seen to be a sum of moments of PXQCD • Using (3) for the moments the result
of the averaging can be expressed as :

/i(*,y,Q2)H"' + cö(iV/.a,ffprilB) (21)
1 = 0

Here c, are the coefficients of the above mentioned Taylor expansion of H(x,n]o,ovrtmy In
order to bring (21) back in the shape of a Taylor series, one would like to be able to express
/ , W" in an exponential form in i (since c, by definition Taylor coefficients of the known function
H). In fact, the fi(x,y,Q2) are well parametrized by

/ . (* , V,Q2) = «!&', + a2b\ + a 3 ^ (22)

for all values of m, as can be seen in figure 4. (This is no surprise, since from eq. (12) , it is
known that asymptotically the form of / , approaches an exponential.) The coefficients in this
parametrization are slowly varying functions of Q2. Substituting (22) into (21) gives

(\P±M,\) = gf [ £ «(JV/;*,«Vi»)«i(W + £ Ci(Nj;a,apr,m)a2(b3WY+
li=0 i=0

(23)

§ ( / v ) ( ) | /; <7,ap r i m)
i=0 J

Using the fact that a(Sf,a) are the Taylor coefficients of the function H(pxQCD,Nj.p) the
sums in the above expression converge to the function H, but now with bW replacing px,jCD :

(IPi.,.,1) = ^G(W,Nj-1a,aprim) + co(N,.a,aPrim) (24)

where the function G is given by
2In principle the distribution is of course given by (3) , since it completely determines the Taylor expansion

of the characteristic function (the Fourier-transform of the distribution). In practice this can not be used in the
present case due to computational difficulties.



(25)
a3H{b3W, Nf; a, <rprim) - [a! + a2 + a^CQ(Nj; a, < v , m )

The function G is shown in figure 5. Thus (24) connects quantities that are measurable in each
event with a ( , whereas (3) contained PJ.QCD, which is not accessible to direct determination.
This is gained on the expense of including two extra parameters, a and apTim.

4. Discussion
Numerically calculating (24) , reveals the following properties of the transverse momentum

out of the lepton plane:

1. With all other relevant variables constant, (lpi^.,1) decreases with i for x < 0.15, and is
independent of it above 0.15 ( figure 6a).

2. At fixed W, (IPJ.^,,1) decreases with multiplicity ( figure 6b). The rate is determined of
a.

3. At fixed multiplicities, (Ipx^.l) increases with W ( figure 6c), and more specifically as
ifaG. At high W, G oc W, so if W is large (\pXeu,\) increases linearly with W itself. The
particular shape of G as a function of W at lower values of W is determined by a.

4. The slope of the rise of (|pxM,|) with W decreases with Q2( figure 6c). The particular
shape of this decrease is through the QCD RGE determined by \QCD-

5. If there is no primordial transverse momentum, (|pj.oul|) depends on W and Nj by the
ratio W/Nj ( figure 6d). The uncertainty in TV/ due to detection inefficiencies and decays
will introduce a W-dependent correction to the shape, and primary transverse momentum
will introduce a multiplicity dependent one.

Thus, to confront the model to DIS data, one should sub-divide the data sample in bins of
W,Q2, and multiplicity.

The first assumption leading to (13) (W-independence of the fragmentation px) has been
used in most Monte-Carlo prescriptions used to describe lepto-production. This includes both
the Lund model, and the Feynman-Field independent model. Furthermore, stated in our present
way, it can be directly confronted to data, by simply fitting a given sample sub-divided in W-
regions.

The second assumption used in the derivation is, on the other hand, not necessarily true for
any model for hadronization. For instance, in the Lund model the average transverse momen-
tum of the jets is systematically lower than that of the partons. The assumption used in the
derivation can however be more generalized. The crucial point is in that the extra transverse
momentum introduced by the hadronization must not depend on W. One finds that for the
Lund model this is true even though the average transverse momentum is not conserved. In
fact one finds that for p±QCD > 1 GeV, it is possible to write

However, from a closet study of G of (25) , it is clear that it will be hard to find the value of £
from data, since G is more or less proportional to W. This will imply that a possible £ different
from unity will multiply a, itself. Therefore the only handle available to disentangle the two is
the Q2-dependence of as.



5. Conclusions
I have pointed out a possible way of testing the first order QCD prediction for the trans-

verse momentum distribution of partons emitted in the forward region in deep inelastic lepton
scattering. The necessary assumptions on how the partons fragment into the detected hadrons
turns out to be few, and can be specified by two parameters. Thus, it seems conceivable that
the out-lined procedure can be of great value in testing QCD in a class of processes that hith-
erto have only been studied by means of complex fragmentation simulations, such as the Lund
Monte-Carlo programs.

I have also presented a further analytic elaboration of formulae for the moments of the par-
ton transverse momentum distribution, which will ease the formulation of the mathematics of
needed for actual fits to DIS data.



Appendix A

Derivation of equation 11

Inserting (9) into (4) , the /-functions can be written as

r ()

"•<** • (rh)* i ^ ^ Ä * " ' (26)

with the function g defined by

g(z;m) = 2CF ( l - y + ^j h + CF(l - y)ml2

(27)

pairs pairs

The functions /] to 75 are defined by the following expressions:

f f + (f + 1) (f )

/a = JF3(^Q2) [(3f + 1) -h f f + (f )2] t1 - ^ " ' *§• (28)

The integrals I\, /3 and I4 are all of the type

and can be brought to the form

IS I

(30)

T^c, / F,(z, Q*)z-\z - z)9-*dz + -4^dt f Ft(z, Q7)z-3{z - x)f~1dz
X 1 x X 1 x

The integral Ij can be written

i

h=-4zijFl(z,Q2)z-2(z-x)'?dz (31)
x

and h as
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1

h = -4^ I G(z,Q2)z~3(z - x)?+ldz
x* ' J

Thus all the integrals are of the generic form

i

(32)

(33)

with

n, 6 { 0 , 1 , 2 , 3 U € {-1,0 , l} ,r; € {0,1,2,3}

Using the parametrization of the structure functions given by (10), the generic integral becomes

fer /*'"(i-
7 ' i

(34)
k i

Here the exponents s, and q, are functions of Q2. Doing the transformation | ~ ̂  = <, we get

1 — X \ -"•+«•*
( 3 5 )

To proceed, we do the transformation 1 - 1 = u to get

(36)

Using formula 3.197.3 of [6], we write this as

/ l -*\? (l-i)''+1+**
Jik - kit I - — ) i ~ B(«jfc -

m

i - qik,$ik + 1,«i* + — + U + 2; 1 - i ) (37)

Substituting this into (30), (31), or (32), and then into (27), we find that g can be divided
in 12 different terms (each of which contain a sum over k). Identification of the coefficients, the
polynomials in y ox m and the exponents gives the values in table 1. Inserting the expression
for g into (26) , one notes that the i / ( l - x) terms cancel, which completes the proof of eq.
(11).
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Appendix B
Derivation of the asymptotic expression 12

To derive the asymptotic expression in eq. (12), we note that using Sterling formula,

(38)

In the last step we used that (1 + l /m)m - » e a s m tends to infinity. We also noteihat [7]

1 ' 2

(39)

(or for faster convergence T(SJ + l)((m + Sj)/2)~*>~1. From this we conclude that as m in-
creases, only the terms in the sum in eq. (11) that have the lowest value of the exponent s
will contribute. Since s is the exponent of (1 — z), this means that the dominating distributions
are those that have the largest contribution at high x. Thus we assume that the gluon and
sea-quark contributions can be neglected, so that the sum over j in (11) extends from 1 to 7
(cf. Appendix A). From neglecting the sea it follows that F\ « 2F3. For simplicity, we denote
the lowest power of 1 - a; in F\ by «„„„.

The general properties of the hypergeometric functions are such that [8]

a Fi (o ,6 ,m ,« - l ) - 1 (40)
m-too

We can now write

/m.00 = § V ^ ( J ) m ^ 7 5 jC Pi(m)Hj(y)x^(l - x

The sum over A; extends over the terms in the parametrization of the structure functions that
have the lowest exponent to the (1 - 1) factor. Noting from table 1 that the polynomial P7 is
constant in m, we neglect this term compared to the other six, which all becomes proportional
to m as m tends to infinity. Using this and that F\ = 2F3 for high a;, so that k3, - ku for the
terms that remain at high m, /„,,«, becomes



12

fm,oo —

- y

- x)'""°CFx

i2)+2y(l - ^)(1 + x) + 2(1 -
(42)

Denning 52 fcu = A^n, this completes the proof of eq. (12).
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Figures

Figure 1 : The diagrams contributing to events of three-jet type.

Figure 2 : Various projections of the function fi{x,y,Q2):

a. As a function of i at at y = 0.5, G2 = 5.0,15.0 and 25.0 GeV2 . This figure
shows that the function is almost independent of x, if x > .15 .
b . As a function of y at x = 0.24, Q2 = 5.0 . This figure shows that the function is
almost independent of y.
c. As a function of Q2 at x = 0.24, y — 0.5. The curves indicate that the Q2

-dependence is quite small.
d. As a function of i at at y = 0.5, Q2 — 5.0, for u, F, and e as the incoming lepton.

Figure 3 : The expectation value of Ipj.^, | as a function of pxQcr, • The width of the
gaussian fragmentation distribution is 200 Mev, and that of the primordial transverse
momentum is 400 MeV. Solid, dashed, dash-dotted and dotted lines shows the functions
applicable to forward multiplicities 3, 4. 5 and 6 respectively.

Figure 4 : The values of the /-functions of eq. (3) as a function of the order m, at
*B = 0.5, ye = 0.5 and Q2 = 5.0GeV. The dotted line is a fit of the form given by (22)
, and the solid line is the asymptotic expression (12) .

Figure 5 : G vs W/Nj in the anti-neutrino case for Q2 = 5.0 GeV, x = 0.5, y = 0.5
and for :

a. Different values of Nf (3, 5, 5 and 6 for solid, dashed, dot-dash and dotted
curves, respectively.). The value of a is 200 MeV in all cases, and aprim is 400 MeV
b. Different values of a (100, 200, 300, and 400 MeV for solid, dashed, dot-dashed
and dotted curves, respectively.). The value of Nf is 5 in all cases, and apTim is 400
MeV

Figure 6 : |pxou, | as a function of different variables:

a. As a function of x.
b. As a function of Nj.
c. As a function of W at different Q2.
d. As a function of W/Nj at different Nj.

In the plots W = 5 GeV, Q2 = 5.0 GeV, x - 0.25, y = 0.5, Nj = 4 and \QCD = 200
MeV, if nothing else is stated.
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