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Abstract 

We examine the problem of stability of Einstei J Yang-Mills black holes, studied recently 
by Straumann and Zhou in the framework of lineatized perturbation technique. It is pointed 
out that the existence of the exponentially growing radial mode, found by Straumann and 
Zhou, does not nece*::*rily signal instaoility because the unstable mode may not be acceptable 
due to its singular behaviour at the horizon. In particular, we show that the lowest-energy 
colored black hole is linearly stable against radial perturbations. We show also that the SU(2) 
Reissner-Nordström solution with mass M and magnetic charge l/g is dynamically stable if the 
dimensionless constant GfifigM is bigger than some critical value. 
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1 Introduction 
In an important paper [1] Bartnik and Mckinnon have found globally regular spherically sym
metric static configurations of gravitating non-Abelian gange fields by solving numerically the 
coupled SU(2) Einstein Yang-Mills (EYM) equations. Recently it was shown that the SU(2) 
EYM eqs. possess also essentia'!" non-Abelian solutions with regular event horizon, so-called 
colored black holes [2,3,4]. Apart from inner boundary conditions, the Bartnik-Mckinnon so
lutions and colored black hole solutions have very similar particle-like structure. In particular 
they ha'.e a high-density interior region and asymptotically approximate the Schwarzschild so
lution with discrete values of the total mass. These facts naturally raise the question whether 
such equilibrium configurations are dynamically stable. This problem was recently analysed 
by Straumann and Zhou [5,6], who considered linearized stability under small time-dependent 
radial perturbations. They derived the pulsation equation which determines the eigenvalue spec
trum of radial normal modes and showed that there exists at least one unstable mode, both 
around the Bartnik-Mckinnon and colored black hole solutions. 

The aim of this letter is to reexamine Straumann and Zhou's analysis in the case of colored 
black holes by looking more carefully at the behaviour of the unstable mode of the horizon. 
We show that the unstable mode around the lowest-energy colored black hole corresponds 
to a divergent YM field strength at the horizon. Since such a mode is not acceptable in the 
framework of linearized perturbations, we conclude, contrary to Straumann and Zhou's claim, 
that the lowest-energy colored black hole is linearly stable against radial perturbations. 

The SU(2) colored black hole solutions are known only numerically. We find it illuminating 
to present first the linearized stability analysis for the 51/(2) Reissner-Nordström (RN) solution. 
This problem has an advantage of being tractable analytically which allows us to explain clearly 
the question of choosing correct boundary conditions for perturbations at the horizon. As far 
as we know this problem has not been treated in the literature (cf. [7]). 

2 EYM Black Hole Solutions 
The 51/(2) EYM coupled system is defined by the action 

where F = dA + A A A is the YM curvature of the 51/(2) connection A. We are interested in 
spherically symmetric solutions. It is convenient to write the metric in the form 

4t Ä - (i - 22) e-2>dt* + (j _ 2p)"1

 dr> + r W , (2) 

where m and $ are functions of (t, r). 
The general spherically symmetric 51/(2) connection is given by [8,9] 

A = aT3dt + bT$dr + {wTl+dT2)d$ + (cot67$ + WT2-dTl)i\n9d<p, (3) 

where a, b, d and 10 are functions of (t,r) and r< (* « 1,2,3) are generators of the si»(2) Lie-
algebra. Using the residual gauge freedom we choose the radial gauge b = 0. We exclude the 
electric part of the YM field by imposing the t'Hooft-Polyakov ansatz a = 0. In this case the 
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YM equations imply that d = Civ, where C is a constant and we can set d = 0 by a constant 
gauge transformation. After these simplifications the YM curvature is given by 

F = wdthQ + \D'dTMl-{l-w2)T3d9*nTi6dip, (4) 

where (•=#, , ' = 6V) and fl = TXd€ + r 2 sin 0d<p. 
The EYM equations derived from the action (1) reduce to the system 

-(e*N-iw)+ (Ne-v,')' + e"*-^u;(l - t»2) = 0, (5) 

m' = Nwn + e^N^w2 + ^ ( 1 - t» 2) 2, (6) 

m = 2JVW, (7) 

/ « - * ( y * t-fN-2«?), (8) 

where N = 1 - 2n»/r. 
There are two well-known explicit static black hole solutions of these equations. This is the 

Schwarzachild solution 

w = ±1, m-M = ' mat. and s = 0, (9) 

and the SU(2) Reissner-Nordström (RN) solution with unit magnetic charge [10] 

u> = 0, m = Af -— and * = 0. (10) 

In (10) it is assumed that M > 1 to have the regular event horizon. 
It came recently as a surprise that apart from these trivial solutions, the system of eqs. 

(5> - (8) admits also essentially non-Abelian solutions, both the globally regular ones found 
oy Bartnik and Mckinnon [1] and black hole ones [2,3,4]. Here we shall concentrate on colored 
black holes. They are solrtions of eqs. (5) - (8) in a region r£[rjj, oo), where ru is the radius 
of the horizon, with the following boundary conditions 

JV(r„) = 0, JV(oo) = l 

|ti>(rH)| < 1, w(oo) = ±1 (11) 

and a(r) everywhere finite. 

For a given value of TJJ the solutions exist only for a set of discrete values of W(TU) which in 
turn correspond to "quantized" values of the total mass m(oo). This family of solutions can be 
indexed by n = number of nodes of w. The total mass increases with n, hence the solution with 
n = 1 is the lowest energy solution which is nontrivial. We prefer not to call the n = 1 solution 
a ground state, because the real ground state is given by no node solution w - ±1, which is 
Schwarzschild. 

We are interested in dynamical stability of the equilibrium black hole solutions described 
above. First we shall study the stability of the SU(2) RN solution, then we shall reexamine 
Straumann and Zhou's stability analysis of colored black holes. 



3 Stability of the SU(2) Reissner-Nordström 
We wish to study the evolution of small radial perturbations around the equilibrium config
uration given by (10). We consider only the region of spacetime outside the outer horizon; 
r > M + y/M1 - I. Maybe it is worth noting that although the SU{2) RN solution is trivially 
obtained from a corresponding RN solution ot the Einstein-Maxwell equations by embedding 
the 17(1) group into the 51/(2) group, the questions about stability of U(l) RN and 51/(2) RN 
are different. In particular, the question of spherically symmetric perturbations of 17(1) RN is 
trivial, because they have no dynamics due to the Birkhoff theorem. 

We write the perturbed fields as 

to(r, *) = Wo(r) + Sw(r, t) 

"»(r, t) = mo(r) + 6m{r, t) (12) 

s{r,t)~»0(r) + Ss(ryt), 

where too, "to and «o are given by (10). Inserting these expressions into eqs. (5) - (8) and keeping 
only the first order terms in the perturbations we get only one nontrivial equation which governs 
the evolution of 6w 

-(JVJ-»**;+ (No6w>y + ±6w = 0, (13) 

where JV0 = 1 + - j . It is obvious from eqs. (6) - (8) that the metric functions remain 

unchanged in the first order, i.e. 6m = 6s = 0. After separating the time dependence 

*w(r,i) = {(r)e*', (14) 

and introducing a new radial coordinate p defined by 

we obtain from eq. (13) a Schrodinger equation 

( - | j + "(/>)) * = *'* (16) 

with the effective potential 
V{P) = ~N0. (17) 

Notice that under the coordinate transformation (15), the horizon r» = M + >/M2 - 1 corre
sponds to p = -oo. Therefore the Schrodinger eqnation above has a standard one-dimensional 
coordinate range: -oo < p < oo. As imaginary a correspond to exponentially growing modes, 
the instability manifests itself in the presence of negative eigenvalue for a2. At least one such 
bound state solution obviously exists for eq. (16), because the potential V is everywhere negative 
and vanishes for \p\ -* oo. 

Let us examine the behaviour of the unstable mode near the horizon. We shall do this 
employing the Kruskal coordinates 

v = eap cosh af, v = eap sinh at, (18) 
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a = 2 " d 7 " 

where _ L _ _ 

For a1 < 0, the asymptotic solution of eq. (16) which is regular near the horizon is given by 

£~e*"\ (20) 

where u2 = -a2, u> > 0. Since the function £ is a scalar with respect to (r,t) coordinate 
transformations, it follows from (20) that the perturbation of the YM connection, 6A, is regular 
at the horizon in Kruskal coordinates. 

Now, consider the perturbation of the YM curvature. The unperturbed YM curvature cor
responding to the solution (10) reads 

F=-T3de/\sin9d<p. (21) 

Its perturbation is given by 
6F = 6wdt Aft + 6w''rfrAß. (22) 

We transform this expression to Kruskal coordinates and obtain for the initial perturbation 

* f U o = -e~ap{»t dv A ft + j - du A ft). (23) 

Substituting the atymptotic solution (20) we get 

6F\t=o ~ « ( t o " o ) " ( 2 4 ) 

for p -* -oo. Hence the initial perturbation 6F\t-Q is regular at the horizon if 

w > a. (25) 

Notice that stable modes with a1 > 0 diverge at the horizon but this angularity is not serious 
and can be easily remedied by building wave packets out of the monochromatic waves. Instead, 
an unstable mode which does not satisfy the condition (25), has a physical singularity at the 
horizon and is not acceptable. Equivalently, we could arrive at the condition (25) demanding 
that the energy density of the perturbation be finite at the horizon. We want to stress that if the 
condition (25) is violated, the whole linearization procedure leading to eq. (16) is inconsistent 
since the second and higher order terms in the perturbation which were neglected are not 
uniformly bounded and diverge at the horizon. 

It is easy to see that the condition (25) divides the SV{2) RN solution into two branches, 
stable and unstable, depending or. the value of M. Namely, we have from eq. (to) that a as 
a function of M starts from a = 0 for M = 1, then increases and after reaching maximum 
goes to zero as 1/4M for M -* oo. We don't have an analytic formula for w as a function of 
M, but we know analytically the upper bound for u>(M) given by the (minus) minimum of the 
potential V (if there is more than one bound state, we are interested only :.a the ground state, 
i.e. the greatest value of u>). From eq. (17), |£/m;n(M)| is a monotonically decreasing function 
which behaves as 1/27M2 for M -* oo. When increasing M, we push the potential everywhere 
up, hence the eigenvalue u>(M) is also monotonically decreasing with M and goes to zero for 
M -* oo at least as fast as l/3\/3M, which means thai; for large M, a(M) > w(M). Thus 
there exists a critical value Mc at which u>(Me) = a(Me). For 1 < M < Mc the condition 



(25) is satisfied and the solution is unstable, while for M > Mc the solution is stable. We have 
calculated numerically w(M) and found that the transition point occurs at Me — 1.053 (this 
is measured in units of l/CP^g, where G is the Newton constant and g is the YM coupling 
constant). 

Two remarks are in order. 

Remark 1. We have considered perturbations within the ansatz a = 0 (which implied d = 0). 
By this restriction, a priori we could have suppressed some directions of instability of the frozen 
degrees of freedom. It is easy to see that this does not happen. In fact, if we allow a and d to 
evolve the perturbation Sa vanishes identically whereas for the perturbation 6d we get the same 
evolution equation as eq. (13). 

Remark 2. For the extremal RN (Af = 1), the Kruskal coordinates defined by (18) do not 
exist and in principle we should repeat the above analysis in other regular coordinates like, 
for example, double null Finkelstein coordinates. However, it is obvious by continuity that this 
would not alter the conclusions about the regularity of SF at the horizon. 

4 Stability of a Colored Black Hole 

The stability analysis of a colored black hole proceeds along the same lines as above. Straumann 
and Zhou [6] showed that the problem reduces to Unding the eigenvalue spectrum of the one-
dimensional Schrödinger equation 

(-£+w)<- °% (26) 

where the effective potential U is a rather complicated functional of the equilibrium solution 
(to,), mo, so)- Here the radial coordinate p is defined by 

£-*oV- (27) 

The potential U is bounded and vanishes for \p\ -* oo. Notice that, contrary to the SV(2) RN 
perturbations, in this case the metric perturbations do not vanish. However, at any given in
stant of time the metric perturbations 6m and Sa are determined by the YM field perturbation 
Sw. This is not surprising since only 10 satisfies the hyperbolic evolution equation (5). As we 
mentioned above the detailed form of the colored black hole solution depends on the location 
of the horizon rjj, and the number of nodes of w. However, it turns out from numerical compu
tations that for every colored black hole there exists at least one unstable mode satisfying eq. 
(26) with ci1 < 0 (this is not as obvious as in the SU(2) RN case because now the potential V 
is not everywhere negative). 

In order to check whether the unstable mode is well-behaved we introduce Kruskal coordi
nates, which are defined as in eq. (18) but now 

« = | | : ("<*-%„. (28) 



If we choose the gauge 3O(»"H) = 0, then from eq. (6) we get 

1 
TH rH 

(29) 

Since the behaviour of unstable mode near the horizon does not depend on the detailed form of 
the potential U (all we need is that U(p) -*• 0 as p -* -oo), we can repeat the analysis of the 
previous section to get the same condition (25) for the regularity of SF at the horizon (note, 
however, that now SF has the additonal term woivadO A sin0dy>, which is regular). It is also 
easy to show that the metric perturbations axe regular in Kruskal coordinates. Now, we have to 
examine whether the condition (25) is satisfied. Let us specialize for a moment to the case r/{ — 1 
and the lowest-energy solution (n = 1) analysed in Ref. 6. We have, (see [2]), u;0(l) = 0.6322, 
which gives a = 0.320. The ground state eigenvalue is u> = 0.283 (this differs from the value given 
in Ref. 6 by a factor e*°(°°), because there the gauge s0{<x) = 0 is used). Thus the condition (25) 
is violated. For solutions with n > 1 the condition (25) is satisfied. We have checked numerically 
that this property of ru = 1 case is generic, that is for every r# the unstable mode around 
the n = 1 solution is singular at the horizon, while unstable modes around n > 1 solutions are 
regular. We can also show that the evolution of 6a and 6d perturbations (which decouples from 
the evolution of Sw) does not induce additional instabilities (cf. Remark l,but note that here 
the proof is more complicated and requires numerical computation). Therefore we conclude that 
the n = 1 colored black hole is stable against radial perturbations, whereas n > 1 solutions are 
unstable. 

We must admit that this result confuses us a bit. Intuitively, one would expect that colored 
black holes are unstable and when perturbed decay to the Schwarzschild solution. Our result 
shows that this does not happen for the n = 1 solution (nonspherically symmetric instabilities 
are not expected to exist, but have not been studied). We want to point out that the existence 
of such stable black holes contradicts the no-hair conjecture, because the YM hair outside the 
horizon is not associated with any global charge which would forbid it to be radiated to infinity. 

We are in the process of studying the long-time evolution of perturbed colored black holes. 
In view of above linear analysis it is very tempting to conjecture that the solutions with n = odd 
decay to the n = 1 solution while the solutions with n = even decay to the Schwarzschild black 
hole. Equally interesting is the dynamical behaviour of perturbed Bartnik-Mckinnon solitons. 
Do they disperse to infinity or do they collapse? And if they collapse, does the n = 1 Bartnik-
Mckinnon soliton decay to the n = 1 colored black hole or to the Schwarzschild? 
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