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Chapter 1
Introduction
1.1

General introduction

1.1.1

Matter as a hierarchical composition of constituents

The concept that all matter around us is built up out of microscopic but
clearly identifiable 'building blocks' is a popular one and proved to be fruitful.
There must be forces to keep these building blocks together and these forces
determine the properties of matter on a macroscopic level.
The properties of the constituents themselves can be studied in more
detail by considering them as being built up out of smaller particles, which
are bound by forces of a possible new and, up till now unknown, type. These
forces must by necessity be stronger and the binding tighter in order to
maintain the identifiability and integrity of the original building blocks. In
this picture the interactions between larger particles are net residual effects
of the interactions between the smaller particles.
The suggestion which comes from such a philosophy of nature is that
there is a hierarchy of constituents and binding forces of ever higher order
which might never end. This philosophy was very successful in the past. We
know that most matter is built up out of molecules which stick to each other
by means of Van der Waals forces, that each molecule is made out of atoms
which bind by chemical forces, that each atom consists of nuclei and electrons
which interact through Coulomb forces and that nuclei are conglomerates of
1
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protons and neutrons which stay together through nuclear forces. The Van
der Waals and chemical forces can be understood as a residual effect of the
electromagnetic interactions and the forces which bind the nudeons may be
understood as a residual effect of quantumchromodynamics.
This trend possibly continues indefinitely.

1.1.2

Compositeness and decomposibility

To explore the possible boundaries of the hierarchy of constituents, we have
to define more carefully what is meant with compositeness. It is almost a
trivialit" to observe that a piece of matter is larger and heavier than any
of its constituents. Down to the level of protons, neutrons and electrons
this indeed turns out to be the case. It has been tacitly assumed here that
when an object is built up out of something else one can at least in principle
decompose the object and study its parts separately. One can split a molecule
into atoms. In its turn, an atom can be split into a nucleus and several
electrons and a nucleus can be split into protons and neutrons. Thus the
hypothesis that a piece of matter is larger and heavier than its constituents
can be tested. Still, this cannot go on forever. The reason is that whenever a
new level of substructure makes its appearance and new building blocks show
up, the tighter binding forces give rise to a larger binding energy and thus
to a larger mass defect. This will become so large as to be comparable to
the masses of the individual building blocks themselves. The scale at which
this phenomenon can be observed can be estimated from the Heisenberg
relations. The size of a composite particle is inversely proportional to the
smallest average relative momentum each of its constituents can have, due to
the Heisenberg relations. Associated with this momentum is a kinetic energy
which grows with the increasing inverse radius of the particle.
So at any level of structure of matter we encounter two important parameters: the rest m.ass of a typical constituent and the inverse radius of
the composite particle. If these parameters are converted to their energy
equivalents one finds that somewhere at the level of the hadrons (protons,
neutrons etc.) these scales cross over. As far as the decomposibility is concerned this means that in order to split a composite particle at this level
we need an amount of energy that is comparable to the rest mass of the
constituents. For instance, in order to split a proton an amount of energy is
needed that corresponds to the rest mass of a meson. Then the proton splits
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into a nucleon and a meson and one has some right to consider the proton as
a bound state of a nucleon and a meson. Since the proton itself is a nudeon.
one is not able to make a distinction between a composite particle and its
constituents any more, and one has reached the end of the hierarchy as far
as decomposibility is concerned.

1.1.3

Compositeness and observability

There is another way of thinking about compositeness. The properties of
bulk matter can be described in a comparatively simple way by the laws of
classical mechanics, classical optics, etc. However, if matter is probed by
microscopes with sufficient resolution, a granular structure becomes apparent. The complicated behavior of matter at that level can in principle be
understood in terms of the interactions of the particles which themselves
appear to be simple. More powerful microscopes probe the interior of the
particles themselves and reveal a granular structure of a higher order, showing that the particles are not so simple after all, but their constituents are
simple at least at the level of resolution. According to this philosophy compositeness is not necessarily connected with decomposibility but is defined in
terms of observability. Particle accelerators are the microscopes which can
probe the nucleon. Of course, inside the nucleon one would not see nucleons
and mesons as building blocks, but a granular structure can indeed be discerned. Presently, these granules are called partons [Fey69] when the internal
properties do not come into play, and quarks or gluons [Gel64, Geo74] when
the internal properties, in particular their symmetry properties and additive
quantum numbers, are essential. It is important tc remark her^ that the existence of partons and quarks or gluons is not coupled to their existence as free
objects. Indeed, attempts to find free quarks and gluons have failed so far
and it is now generally believed that free quarks and gluons do not exist. For
this reason it is impossible to speak of the size or the mass of an individual
quark. The size of a quark inside a proton can only be determined when the
wavelength of the probing radiation is sufficiently small. But this radiation is
quantized and the quanta carry so much energy that quark pair production
in the vicinity of the quark under investigation is strongly enhanced. This
sets a limitation on this kind of measurement.

4
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Compositeness and the degree of diversity

There is another way of looking at compositeness that has to do with diversity. Bulk matter may have simple properties when observed on a macroscopic scale, but the degree of diversity is extremely large. There exist simple
models of molecular behavior, but the variety of molecules is unlimited. The
number of different atomic nuclei is also large. However, there is only one
type of proton and one type of electron. This indicates the end of the hierarchy. However, modern accelerators have not only probed matter but also
created matter with totally different properties. The proton, neutron and
electron, once thought to be the truly elementary particles, have become
members of a larger family, a vast 'particle zoo'. Most elementary particles
are either 'hadrons' or 'leptons'. The hadrons are subdivided into mesons,
baryons and anti-baryons. The nucleons are members of the baryon family,
the electron is a member of the lepton family. That the newly discovered
particles do not play a role in our daily life is due to their extremely small
lifetimes. They decay into the stable particles with which we are familiar
and in stable particles which are practically unobservable. The latter are
called neutrinos which are members of the lepton family. It is clear that the
vast number of 'elementary' particles is a reason to look for a new level of
substructure
The quarks were introduced in 1963 by Gell-Mann and Zweig to explain an
apparent regularity in the spectrum of the strongly interacting elementary
particles. It is here one other instance that the concept of 'simplicity' is
made operational through the concept of symmetry which is most naturally
described by means of group theory. The newly discovered hadrons seemed
to suggest a classification in terms of relatively large SU(3)-multiplets and
the quarks served as a fundamental SU(3)-triplet. The original quarks were
called up (u), down (d) and strange (5) and possessed antiquark counterparts
u, d and s. The effective masses of the u and d were the same, that of the s
was considerably larger, which showed that the SU(3) symmetry was severely
broken. In 1974 a new quark was discovered, called charm (c) with c as its
counterpart [Aub74], and in 1977 the bottom or beauty quark (b) with 6 as
antiparticle, entered the scene [Her77]. The existence of still another quark,
the top (t), is anticipated but it has not yet been found. The reason for their
late discovery is that they manifest themselves in very massive particles.
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Quark dynamics

Originally, it was only because of symmetry properties that hadrons were
thought of as bound states of quarks. Nothing could be said of the dynamics.
However if the concept of bound state is to be taken seriously, then some
hadrons should be considered as excited states of others. In fact, one should
expect an infinite number of excited states, called orbital excitations.
The above mentioned cross-over of scales means that the kinetic energy
of the constituents (quarks) is in principle large enough to create quarkantiquark (qq) pairs. Therefore the picture of hadrons built up from a small
number of quarks is too simple. In fact, within the hadron virtual qq pairs
are created aiid annihilated all over the place. It also means that the number
of excited states is limited. The higher excitations carry so much internal
kinetic energy that they decay too quickly through the process of quark
pair creation. Ultimately, their lifetime becomes so small thai they loose
their identity completely. Another way of saying this is that the natural line
width becomes comparable to the total energy.
The problem of qq pair creation was already encountered long before the
study of hadron substructures, namely in an attempt to construct a truly
relativistic quantum theory. Of course in the relativistic regime, the same
problem of creation of particle anti-particle pairs occurs. The solution was the
quantized field theory called Quantum Electro Dynamics (QED). Its success
in describing relativistic effects is impressive and a description of hadrons
must be similar.
In the fifties, the gauge invariance of electrodynamics was understood to
be not merely a happy coincidence but to be situated at the very basis of the
theory. In this way, electromagnetic and weak interactions were successfully
unified in the Weinberg-Salam theory. It seemed plausible to pursue the ideas
of gauge theory further to the strong forces which govern the way quarks
interact. This led to the formulation of Quantum Chromo Dynamics (QCD)
[Geo74]. In stead of photons which carry the electromagnetic interactions
in QED, gluons are the mediators of the strong forces between the quarks.
The gauge group is nof U(l) like in QED but the non-Abelian SU(3) which
introduces non-linear terms in the Lagrangian. These non-linear terms cause
gluon-gluon interaction. Therefore, QCD is essentially more complicated
than QED where photon-photon interactions do not occur.
Another problem with QCD is the probably large coupling constant be-
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tween the quarks and the gluons. Therefore perturbative techniques are less
powerful and calculations of bound states are not possible along these lines.

1.1.6

Confinement

The crossing over of scales is attended with some new phenomena. One
of these is the already mentioned phenomenon of the non-existence of free
quarks called confinement. Nowadays it is generally believed that confinement is not an approximate property caused by some kind of effective suppression factor but an exact property of the theory. This is even more plausible when we keep in mind that in QCD no scale parameter is present that
could cause some terms to be essentially smaller than others. This is because
the gluons are thought to be massless.
It must be clear from the foregoing that the description of particles in
terms of a potential between a few smaller constituent particles breaks down
in the regime of the light hadrons (like protons and neutrons). Problems that
we encounter here will reappear in an intensified way when we disclose the
next level of substructure. The large number of free parameters in the theory
and the extremely large mass differences between the 'elementary' particles
(quarks) are indications that we have not yet arrived at the final theory.
We have therefore reasons to believe that this next level of 'substructure'
(beyond the quarks) is present.
The main directions in which attempts are made to uncover the structure of QCD are lattice QCD calculations [Wil74] and dielectric descriptions
[Lee79]. In lattice calculations space-time is discretized and the behavior of
the solutions is studied using techniques that closely resemble the methods of
statistical mechanics. Here the lattice spacing itself introduces the necessary
cut-off and in th?.t way also the initially absent mass-scale of the hadrons.
In the second approach it is believed that the classical picture of particles
interacting through forces must be replaced by particles moving in an effective background field caused by the non-perturbative vacuum of QCD. This
background field can be described by a dielectric in much the same way as
in ordinary electrodynamics.

1.2. Potential Models
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Color and flavor. Flavor independence

According to the QCD model each quark occurs in three colored versions.
The u, d and s quarks can each occur in the primary colors 'red'. "gre?n"
and 'blue'. The anti-quarks u, d and s also appear in three colored versions
but the colors are now complementary to those of the quarks. The rule
for constructing physical hadrons is to make quark combinations which are
'white'. The three color versions of a quark have exactly the same mechanical
properties. In particular they have the same mass. The interactions between
gluons and quarks is independent of the quark species or 'flavors'. Flavor
independence of the strong interactions is one of the fundaments on which
modern high energy physics is built. However, disagreement exists on the
way it manifests itself. There seems to be no doubt that in the perturbative
QCD flavor independence of the interactions means that the forces which
the quarks exert on each other are flavor independent. In non-perturbative
QCD this is less obvious. In fact, the confinement model used in this thesis
is based on the assumption that in non-perturbative QCD the accelerations
rather than the forces are flavor independent.

1.2
1.2.1

Potential Models
Quarkonia

The heavy quarks c and b and their antiquark counterparts c and b have the
remarkable property that they form bound states cc and bb which resemble
very much the e+e~ bound states known as 'positronium'. The ratio of the
internal kinetic energy and the total mass of the system is roughly 0.3 in case
of cc and 0.1 in case of the bb in their ground states. Despite the fact that
in positro'iium, in which the e + and e~ are bound by Coulomb forces, this
ratio is a comfortable 10"5, these heavy hadrons are sometimes called the
'hydrogen' atoms of strong interactions and are usually denoted by the term
'quarkonia'. Sometimes the qq combinations where q not only stands for c
or 6, but also the lighter quarks «, d and s, are called quarkonia although in
the latter case it is hard to discern atom-like behavior. The heavy quarkonia
have spectra resembling the well known atomic spectra, but. differ with these
in one important, aspect: a normal continuum is not present. Instead another
continuum appears. Below a certain threshold value the atomic states are
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very stable and the natural line widths very small. Above the threshold the
states become so unstable and the natural linewidths so large that they form
a continuum by itself. The bound states have transformed into resonances.
One calls the cc spectrum 'charmonium' and the bb spectrum 'bottomonium'
or 'beautonium'. The ground state of the vector mesons of the cc system is
called J14} and has tp', xp" etc. as excited states. The corresponding state of
the bb system is called T with T' and T" etc. as excited states.
Many authors ([Eic75, Eic76, Eic77, Eic78a], [Nov78, Ric79, Sta80, Buc81]
and [Bar76, Bar82a, God85a, Bra87]) have tried to derive a qq potential from
QCD which would be suitable for the description of the experimental heavy
quarkonia spectra Unfortunately, even in the case of the T (bottomonium)
spectrum, the derivation of the qq 'potential' directly from QCD seems one
step too far because of the non-perturbative region in which these hadrons
reside. However, they provide a testing ground to study hadro.is in a potential model, thus obtaining hints for how to use the QCD description in
practice. In this way we can progress into the direction of light hadrons
which are more difficult to describe but after all arc the building blocks of
nature as we know it.
It is therefore our intention to build a potential model to extract data
from the quarkonia spectra that could lead us to a better understanding of
the mechanism that causes confinement. In this approach it is essential that
confinement is separated from other effects and appears in the model as an
exact property.
In the limit of infinitely heavy masses the potential can be derived from
QCD and resembles the ordinary Coulomb potential of electrostatics. Although the spectra of tp and T already somewhat resemble this Coulomb spectrum, a more striking signature is the almost equal and flavor-independent
spacing of the Jpc= 1~~ states. It is our strong belief that this is also
caused by an exact property of the theory. If the spacing is exactly flavor
independent we shall call this the 'scaling property' of the spectrum.
The only potential which exhibits the equal and flavor independent spacing in an exact way, is the harmonic oscillator potential
V(r) = i / z c V .
The fact that the potential scales linearly with the mass /j, strongly indicates
that a geometrical description of confinement is sensible. In this way we
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essentially interpret flavor-independence of the interactions in terms of massindependent accelerations instead of forces [Bev84b, Bev84c, Bev84e, Bev86]
and [Dul84a, Dul88a, Dul88b, Dul88c].

1.2.2

Decay

As is clear from the foregoing discussions, by confinement is not to be understood that all particles built up from quarks are stable particles. On the
contrary, if the constituents acquire enough kinetic energy then newly created qq pairs can regroup with the original quarks into newly formed hadrons.
This mechanism is called OZI allowed hadronic decay [Oku63]. Even if the
quarks on the average do not acquire enough energy to enable such decay
and the composite particle is situated below the OZI threshold, these decay
channels are still virtually present and have to be taken into account. Non
OZI allowed decay happens to be strongly suppressed and can in first instance be neglected. In estimating the influence of decay, we should keep in
mind that the strong coupling constant a8 which is the main parameter for
the short range behavior (Coulomb potential) of QCD, not necessarily has to
determine the creation rate of qq pairs out of the non-perturbative vacuum in
case of large kinetic energies of the constituent quarks. In fact, the influence
of decay cannot be determined from first principles because of the same basic
problems that make a calculation of the qq potential at intermediate ranges
impossible. The influence of decay has therefore to be determined empirically
and depends on the choice that is made for the confining potential. In this
way we are modeling two phenomenological aspects of the non-perturbative
vacuum: the way it is responsible for confinement and the way it governs the
creation of qq pairs.

1.2.3

QCD inspired and empirical models

Strictly speaking, the description of quark interactions by means of a potential is only valid in the limit of infinitely heavy quarks. In this limit the
quarks act as static sources of the color electric and magnetic fields. At large
distances these fields can be imagined to be stretched into a 'flux-tube' giving
rise to the potential
V(r) ~ kr , r —> oo

10
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At small distances the asymptotic freedom property of QCD allows a perturbative approach. The perturbative one gluon exchange results in the
potential
V{r)
3 r
where as(r) is the running coupling constant, of QCD.
Unfortunately, the absence of a scale parameter in QCD makes it impossible to tell which distances are governed by the above mentioned limiting
behaviors. Nevertheless, the most naive treatment, combines these two behaviors into the potential

V{r) = -- + kr
r
This was originally done by the Cornell group. Later on, Richardson refined this model to account for, again perturbative, one loop corrections.
Buchmiiller refined this potential even further to incorporate the next to
leading order QCD correction to relate the short-distance behavior of the
potential to a more well-defined QCD scale parameter LQCDAnother extension of the Cornell model is the unitarization scheme of
Ono, Tornqvist and others. Their conclusion is that the incorporation of
hadronic decay is not merely a refinement but also explains mesonic resonances which do not appear in a pure bound state approach.
On the more empirical side, Martin [Mar80, Mar82a, Mar82b] (see also
[Bar82a, Bar82b]) proposed the potential
V{r) = A + Br0A
and Quigg and Rosner pushed [Qui77a, Qui77b] the idea of mass independent
level spacing to the extreme by suggesting a logarithmic potential
V(r) = a + 61og(r/r0)
In Figure 1.1 some of these potentials are plotted. As can be seen from this
figure, these potentials are approximately equal in the region 0.1-1 fm, and
differ considerably outside this region. Apparently this is the region probed
by the charmonium and bottomonium families. Because these potentials
roughly describe the energy levels equally well, these levels do not offer us the
opportunity to discriminate between the different potentials and to determine
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Figure 1.1: Potentials of different models. From Buchmuller MIT-LNS-159.
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State
T(1S)
T(2S)
T(3S)
T(1P)
T(2P)

Experiment
Mass (GeV) M-M(IS) (MeV)
0
9.460
10.023
563
10.356
896
9.900
440
10.260
800

Cornell

Models
Martin 1 B

560*

"560*-~ i

898
464
811

900
401
782

-

560
890
430
790

Table 1.1: Results of different models. * Used as input.

the long and short range behaviors. Therefore an inverse scattering approach
(in which essentially all levels are needed) to determine the potential from
the data makes no sense.
In the Cornell model, which is essentially also a unitarized model, an
estimate can be made of the influence of decay. Eichten et al. found the
following coupled channels correction to the T(2S) - T(1S) mass difference
ACC(MT(2S) - M T (1S)) = -34 MeV.
It should be noted that this estimate of the coupled channel correction is
based on the assumption that the pair creation process is governed by the
same strong coupling constant that appears in the perturbative one-gluon
exchange term that led to the color Coulomb potential at small distances. We
showed in a detailed analysis that this is not the case and that the influence
of decay is of the opposite sign and much larger than what is suggested by
the above mentioned estimate.
Special attention must be given to the <c2fc2> value. Naively we can
estimate the contribution of the relativistic corrections by means of
A rW (M T (2S) - MT(1S))

v2

(M T (2S) - M T (1S)) = 45 MeV.

From the order of magnitude of hadronic decay contribution and the relativistic corrections, we can expect model errors in the order of 40 MeV.
The results of the different models are quoted in Table 1.1. We can conclude
from these results that the afore mentioned models which are non-relativistic
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work too well. This can only be explained by assuming that the net effect
of relativistic and coupled channel corrections can be taken into account by
a redefinition of the potential and a renormalization of the quark masses.
However, this is a non-perturbative procedure which can certainly not be
directly related to the strong coupling constant in the way it was proposed
by the Cornell group.
It will be clear that there is a number of reasons why we should feel
uncomfortable with the present status of these potential models. The main
ones can be summarized as follows:
• Although the non-perturbative QCD vacuum is considered to be responsible for confinement, the estimate of decay effects caused by creation of a qq pair out of this vacuum, is based on perturbative calculations.
• The correction due to relativistic effects will come out larger than the
error between model and experiment.

1.2.4

The Unitarized Meson Model of the Nijmegen
group

In Nijmegen, a unitarized model for mesons has been developed following
a mainly empirical approach. Based on the assumption that in first approximation the energy levels of the JPC= 1 " states are equally spaced
and the 'scaling property' is satisfied, we chose the confinement potential
to be of the flavor mass dependent harmonic oscillator type ([Bev80] and
[Bev83b, Bev83c, Dul83a]). The hadronic decay caused by the quark pair
creation has been taken into account in a multi-channel description in which
all important OZI allowed two meson decays are coupled to the qq bound
states. This decay mechanism is supposed to preserve the scaling property.
Relativistic kinematics have been incorporated as far as the scattered decay
products are concerned. Contrary to the bound state models in which only
resonance positions and hadronic widths can be predicted, the Nijmegen
model also allows the prediction of other scattering quantities like crosssections and phase-shifts. This model was rather successful, even in the
description of the light mesons. It indicated that the influence of decay is
in fact much larger than generally assumed. This model also survived the
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region of the low lying scalar mesons. Because of the lack of a centrifugal
barrier, the influence of decay is much stronger there. In this way the scalar
resonances are described with a large component in the decay channels, as
opposed to multi-quark and gluon states.
Lef us again return to our remark, made earlier, that there is a too
large resemblance between the charinonium and bottomonium Jpc'= 1
spectra to be an accident. If the color Coulomb term were dominant, then
the spectra not only differ by an additive constant, but the level spacings
differ by a multiplicative constant (compare the Coulomb spectra of electric
and muonic atoms). In order to compensate for this unwanted effect the
color charge should scale with a factor in" a where in is the quark mass. This
is not only a too rapid change (it should change only logarithmically), but
also it turns out to influence the ratio between the leptonic decay widths of
charmonimn and bottomonium adversely (see Chapter 5). For this reason
it is better to keep the color charge mass independent so that it breaks the
scaling property. We have then to look for other ways of overcoming the
negative effects on the spectrum.
However, while the Jpc = 1 states satisfy the scaling property almost
exactly, the APu, *P\ and AP-* states in (harmonium and bottomonium break
the scale invariance to a certain extent. The scale breaking Coulomb contribution could be responsible for this. It turned out that a good value of the
strength of the Coulomb term could be obtained such that the triplet S-states
remain scale-preserving, while the scale breaking of the P-states is accounted
for. Still, this added term in the potential is insufficient to produce the right
values of the leptonic widths. For this reason a screened Coulomb term of
Yukawa type has been introduced. The range of this term is so small that
the effect on the spectra as a whole can be neglected, but the influence on
the leptonic widths is just right. The form of the Coulomb contribution to
the confining potential then becomes
/•

where H and A are independent of the quark masses, which means that its
influence decreases with decreasing quark mass. It turnes out that with the
determined values of H and A the influence on the spectrum of the light
mesons is negligible. On the other hand, its influence on the toponium spectrum must be large.
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This thesis is organized as follows:
In Chapter 2 the formal theory of scattering in a system with confinement is given. It is shown how our coupled channel description and the
work of other authors fit into this general framework. Explicit examples and
arguments are given to support our treatment of such a system.
In Chapter 3 a recap is given of the model emphasizing the behavior of
its solutions in the case of scalar mesons.
Chapter 4 contains the analysis of the scalar resonances.
Chapter 5 treats the color-Coulomb interaction. There the effect of the
Coulomb interaction is studied in simple models without decay.
The results of incorporating the color-Coulomb into our full model are
given in Chapter 6.
Chapter 7 contains a discussion of the results of the previous chapters
and the present status of the model.

Chapter 2
Scattering in systems with
confinement
In the introduction I gave arguments why the incorporation of hadronic decay
is essential for the description of qq bound states. In this chapter the formal
theory of scattering in a system with confinement will be given. This is not
merely to give a rigid basis for our model but also to be able to discuss the
methods used by other authors in a broader context. Some examples are
added to demonstrate the typical behavior and numerical problems in this
kind of systems.

2.1

Formal theory

We will describe the physical situation in which no decay occurs, by means
of the Hamiltonian H — Hc © Hs with the 'confined' Hamiltonian H and
the 'scattering' Hamiltonian H8 operating in different subspaces. Hc and
Hs are both local and energy independent. The only eigenvectors of Hc are
bound states with the discrete spectrum
{ |n> | w = 1

iV } ,

(2.1)

in which N can be infinite. Hs has a continuous spectrum and describes k
independent scattering channels:
\E,a> \o = l,...,k;
16

E>Ea)

,

(2.2)

2.1.

Formal theory

17

in which E°°Q i is the threshold of channel a. We adopt the convention

Comprised of vectors from different subspaces, these sets of bases are
orthogonal1:
<n\E,Q> = <E,a\E',a'> = 0 , a ?l a1 .
(2.3)
We consider the basis vectors also to be normalized:
(2.4)

<E,a\E',a'> = 6{E - E')caa. .

(2.5)

The situation with decay can be described by H = H + VtT in which
VtT causes transitions between bound states and scattering states and is 'offdiagonal':
<m\Vtr\n> = <E,a\Vtr\E\a'> = 0 .
(2.6)
We define the coupling matrix Q as follows:
(2.7)

gna{E):=<n\Vtr\E,a>.

It should be noted that the dimensions of Q(E) depend on E.
For Ep < E < Ep+i the matrix Q is a N x p matrix.
Analogous to spin spaces we thus write the problem in two components,
corresponding to the confined and free sectors:
Hc Vcs
Vsc H.

1

\4>c>

\4>s>

= E

\ips>

(2.8)

The component |0,> can further be subdivided into the components | ^ Q ) >
corresponding to the k separate scattering channels. This will only be done
in case a clear separation of the discrete summation over the channels and the
integration over the spectrum improves readability. In the confined sector
one summation will suffice.
'In ecjns. (2.3) to (2.7) we interpret \n> and \E,a> temporary as vectors of the
complete Hilbert space, contrary to the definition of (2.1) and (2.2).
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The M-matrix

The equation (2.8) leads to the relations
(H,-E)\vt.> = -Vt.,W.> .

(2.9)

(//,. - E)\vs>

(2.10)

= -K,,.|tv> •

We can invert (2.10) into
U\.> - CsVs,.\r,:> .

(2.11)

in which the Green function Gs of //., reads

to arrive at the correct physical interpretation.
diagonal:

In the basis (2.2) G'.¥ is

Substituting (2.11) into (2.9) we find
(H,, + V l . s G , V S r - E ) \ c , . > = 0 .

(2.14)

Although we uncoupled the two components, we are now lett with energy
dependent and (if written in the Schiodinger representation) non-local potentials. Nevertheless, we see that the shifted discrete energy levels are eigenvalues of the mass operator
M = Hr + VrsG,Vsc.

(2.15)

This operator has only non-zero matrix elements between the vectors (2.1).
In this subspace the ^/-matrix reads:
Mm, = <n\H,. + VrsG,,Vsl.\m> = Enbnm

-f <n\VcsGsVa,\w>

= £,A,,,, + IIMm
(2.iG)

in which
=

<n\VrsGsVsc\w>
"

n\V,r\m>

IP,,

2.1.
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Although the calculation of the new eigenvalues of the A/-matrix is straightforward, we have to realize that II is energy dependent. Using the relation

we can cast Il n m
TT ,v\
linm(E)

-—— = P-^iriSlx) ,
,r ± is
x
into a form containing a principle value integral:
^ Dr
= -}^FI^g

(2.18)

<»\Vcs\E':a><E',a\Vsc\m>
—
dh

-mV<n\Vcs\E,a><E,a\Vsc\m>

.

(2.19)

a

Because we want to interchange the summation and integration, we adopt
the following notation:
U(E) = -P

^~-~dE' - mgg(E) .

(2.20)

Here, the expression QQ{E) denotes a JV x TV matrix formed by the multiplication of an N x p and a p x TV matrix in which p depends on E (see (2.7)).
For the A/-matrix this amounts to writing
M(E) = Ec- P I

~~~dE'

- iri99{E) .

(2.21)

1

in which Ec is the 'bare' eigenvalue matrix:
(2.22)

Er =

2.1.2

The T-matrix

We can also invert (2.9) and find
|0C> = GcVcs\i's> ,

(2-23)

in which the Green function Gc of Hc is defined as
Gr

=-

^

.

(2.24)
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Substituting (2.23) into (2.10) we find for the scattering sector
[Hs + V$rGrVct - E ) j ; - , > = 0 .

(2.25)

From this equation we see that the /-operator" is the solution of
t = Vt + VsGat

in which

V. = V«,.GrVrs .

(2.2G)

or
/ = VtcGcVrg + V.cGrVr3G.t .

(2.27)

We can transform this expression into a more useful one :
t

= (l-Vtl.GrVrMG.)

=
=

'VsrG,.Vrs

VSA1 - G,.VrHGaV.r)
-Vtc(Hr

+ Vr.GtVtc-E)

l

(E-

Hr) 'V,,s
l

Vcs .

so we arrive at
/ = -V,c(He + VrtGtV.r - E) lVcs .

(2.28)

with its matrix elements
ta.i = ~<E.n\Vsr(Hr

+ Vc,G,Vtc - E)

1

V,,8\E.,i> .

(2.29)

On the energy surface, the relation between the 5-niatrix and the /-matrix
reads
S=l-2nit.
(2.30)
Therefore we define the J-matrix as T — -xt, and find
T(E) = ~Q(M - E) lQ .

2

(2.31)

If
o, •
is
a
solution
of
{H,
E) 0, • Q and
i,\ •
is
the
solution i 1 , • - o, • - G,V o, - of {H, +- V -• E) <,•, • ~ 0 we dpfine the ^-operator by
the relation V K\ • ••--- i 0, ••

2.1. Formal theory

2.1.3
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Final state interaction

The above mentioned ^-operator describes the probability of transitions between free states \<t>8> that are solutions of Ha\<j>t> = E\<j>s>. If there i
already a potential V8 present in the scattering sector and we want to study
the effect of attached confined channels again, we have to separate the Vcs
and Vs contributions:
H=

He Vcs
Vsc Hs

Hc
Vsc

(2.32)

As before, we write Gs for the Green function of Hs. Without confined sector
(i.e. Vcs = Vac = 0) we obtain the familiar result
VSG8VS .

(2.33)

The Green function of Hs is denoted by Gs. The relation between G8 and
Gl reads

VSGS =
V.G°,
So we have the following relations between Gs and Gs:
Gs =
G]{l-VaG°ar\
0 1
(1 - V.G .)- = 1 + VSGS .

(2.34)

Using the result of (2.25) we find for the scattering sector

{Hi + V8 + V8CGCVCS - E)\^8> = 0 ,

(2.35)

with the corresponding ^-operator
t = V + VG°J
or

in which

V8CGCVCS ,

= V8 + V8CGCVC8 + (V8 + VacGcVcs)Gst

.

(2.36)

(2.37)
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We find the following expression for t:
t = {l-(Va

+ VlcGcVc.)G°t}-1(V. + V.eGeVe.).

Using (2.34) to get rid of Qs we proceed:
t = (l-V.G\-VtcGcVe,G])-\Vt
+ V.cGcVc.)
l
= [{1 - VscGcVcsG°a(l - VsG°X }{\ - VSG\)Y\VS + VSCGCVCS)
= (1 - VsG])-l{\ - VscGcVcsGsy\Vs + VSCGCVCS)
=

(1 + VSGS){\ - VSCGCVCSGS)~\VS

+ VSCGCVCS) .

We try to separate the 'unperturbed' [Vcs = 0) ^-operator (2.33):
t

= (1 + VSGS)(1

+ VSCGCVC3GS

+•••)(¥,+

VSCGCVCS)

+ VSCGCVCS + VSCGCVCSGSVSCGCVCS
+ •••)
G C 1 / C S + VSCGCVVCSSCGGSVCVSCCSGGCVSVCSSCGCVCS
VSGS)VS
+ ( 1 + V,G.)(F, C G C F C . + ^ G e K e . G . F . e G ^ e , + • • -)(1 + GSVS) •

Next we write the summation in a more familiar closed form:
t

=

(1 + VSGS)VS + (1 + VSGS)VSC(1 + GCVCSGSV3C +

=

(1 + VSGS)VS
+(1 + V.G.)VIC(1 - GCVCSGSVSC)-\E

---)GCVCS(1+GSVS)

- HcTlVM

+ GSVS) .

Finally we arrive at an expression in which all the familiar terms can be
separately distinguished:
t = (1 + V.G.)V, - (1 + V,G,)V.C(HC + VC3G3VSC - EylVcs{\

+ G,V.) (2.38)

We didn't bother too much about the convergence of the series we used
before. It will be clear from the derivation that convergence is determined
by the operator GCVCSGSV8C. This operator is sometimes called it-operator 3 .
3

Not to be confused with the A'-matrix of the next section.
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Because K liappens to be a compact operator, all our previous manipulations
are justified.
The same operator can be found in a different way. Substituting (2.11)
in (2.23) we find (1 — GCVCSGSVSC)\4>C> = 0. This equation can only have non
trivial solutions if 1 — K is singular. Some more mathematical papers study
therefore the poles of (1 — A')"1.

2.1.4

The K-matrix

Starting from the T-matrix we can define the AT-matrix in the usual way:

K = -?— ,

(2.39)

1 + tT
in which T = QXQ and X = n(M - E)'1. We easily find:
A' = T ( l - ? T + / 2 r 2

)

—)g

Reminding (2.21) we see that the ingg terms cancel in the expression for K:

M-E + ingg = EC-E-PJ0

~^~dE' .

(2.40)

If g is chosen to be real, we have:
lm(M) = -ngg ,

(2.41)

K = ng{ne{M) - E}-}g ,

(2.42)

and the AT-matrix reads

in which

Vl) = -P r^^ldE'
J E,

Hi — Hi

.

(2.43)
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Because TZe(M) and Q are real matrices, K is also a real matrix and from
(2.30) and (2.39) we can make the following connection with the phase shift
6:
(2.44)

S = em .

(2.45)

A pole in K(E) which is also a pole in {He(M) — E}'1 is therefore related
to an eigen phase shift of f and a maximum in the total cross-section.
If E < E\ (i.e. below all thresholds) a pole in {TZe{M) - E}'1 does not
cause a pole in K(E) because Q = 0. In this case (E < El) we have:

Tle(M) = M .

(2.46)

Consequently, a pole in {TZe(M) - E}~1 is also a pole in {M - E}'1. These
poles are therefore real and represent bound states. Adding an extra channel
with a very small coupling and a threshold below all bound state poles, would
introduce a non-zero column in Q and cause the bound state poles to become
resonance poles with negligible widths. In this case TZe(M) « M and poles
in the T-matrix and the if-matrix coincide.
The /iT-matrix approach has been used by Tornqvist in his study of scalar
resonances.
Because we want confinement to appear in our model as an exact property
(see Introduction), we essentially have to deal with an infinite number of
bound states (N = oo) in the confinement sector. Using the formalism of
this section by calculating all quantities, seems therefore impracticable. In
the next section we show the consequences of limiting the number of bound
states.

2.2. Behavior of a system with confinement

2.2
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Behavior of a system with confinement

In this section, we treat an example to illustrate the behavior of a system
with confinement and to get insight in the numerical problems connected
to such a system. The example is a restricted one because the scattering
sector is reduced to only one channel in which / = 0. In the Schrodinger
representation, the system is described by the following set of equations:
1

d2

V(r)
V(r)

Mr)

= E
E

2/ifdr2

Mr)

Mr)

(2.47)
The solutions in the uncoupled confined 'channel' are the 3-dimensional harmonic oscillator functions
—

V71"

(2.48)

in which a = HCUJ.
The regular solution in the uncoupled scattering channel is:

0,(r) = <r\E> = {^~\

sin(A-r) ,

(2.49)

<E\E'> = 6(E - E') .

(2.50)

in which k = J2fif(E — T%).
These solutions are normalized4:
<n|m> = 6nm

and

To calculate the physical quantities, we have to evaluate:
gn

=

<n\V\E>
x

sin(kr)dr .
4

In r-space the inner product, reads

<t\rxr\4»dr

(2.51)

= /0°° r(r)<t>(r)dr.
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In this case Q is a 1-dhnensional matrix with an infinite length. We can
discretize this integral according to:
/

^',/fr,).

(2.52)

Or alternatively:
V ( r ) - * J 2 u>iV(ri)i>(r

- n ) .

(2.53)

i- 1

This means that the discretization essentially comes down to solving the
system with the potential:
ri).

(2.54)

This can be done in the system of Schrodinger equations (2.47) as well. This
provides the connection between the numerical approximation of Q and the
numerical approximation of solutions of (2.47). How systems of Schrodinger
equations can be solved using this approximation, is described in another
publication.

2.2.1

A simple example

The simplest example of the numerical procedure outlined in the previous
section, is formed by using the approximation
V(r) = ga6(r-T0).

(2.55)

The system can be solved analytically in this approximation. It is even
possible to interpret this potential as describing a string breaking mechanism.
In this context, the solutions of (2.47) were studied as early as 1977 [Dul77].
As mentioned earlier, the Schrodinger equations represent an infinite number
of bound states. In the formalism of this chapter however, we have to reduce
the number of bound states. In this section we limit ourselves to the ground
state:

<Mr) = <r|0> = 2 f — j

re~ ^

.

(2.56)
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To get the dimensions right and to be able to make the connection with
[Bev83c], we will choose g0 = g[2^icr0. For convenience we take T2 = 0.
The coupling matrix Q is reduced to one element:

Q = <0\V\E> = $- I2-—-)

e-^hiniJ^Ero)

He

.

(2.57)

We separate the E dependence:
G = gCE~* sm{y/2pfEr0)

,

(2.58)

e 2 °.

(2.59)

in which
1

i *iU tOt

1 2

\

C = —I—— I
For the mass matrix M we find:

M{E) = £ 0 + n(^) ,

(2.60)

in which £J0 is * n e 'bare' eigenvalue of |0> 5 , and FT rea^ds:

Contour integration leads to:
IW

"

v v

'" ""

(2.62)

where k = j2nfE and Iro(fc) > 0.
In case of E > 0 we arrive at

(^63)

lm{M(E)} =
5

In case of (2.47) we have Eo = \u + T\.

-g^n^'^f^
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In case E < 0 we find
Ue{M{E)} = Eo -

h

(2.64)

Im\M{E)} = 0 .
Here we have to use H = iJ—
For the if-matrix we find:
tr * A
K = tano =

*gCEUm{kr»)
r—rxi—^— •
sm(2kr)

(2.65)

Eo-EFor simplicity we take: /// = 2, r 0 = | , TtC2 = 2.
For these values we find:
1le{M(E)} = E0(2.66)
'-, if E > 0
and

=0

, if E < 0

For the iiT-matrix we find:

V_1 .

(2.68)

in y 1?
, sin
Poles in {Ke(M) - E} 1 are solutions of
sin

E>0

,

(

and
v ^

= — (£•„ - £•) in case £ < 0 .
P2

(2.70)
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14 16 18 20
—
sinVT

Figure 2.1: Graphical solution of Tle(M) = E for different coupling strengths
g2. Bare eigenvalue Eo = 4.

360 -

Figure 2.2: The phase shift for different values of g2. Eo = 4.
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Figure 2.3: Graphical solution of 7le(M) = E for different coupling strengths
g2. Bare eigenvalue Eo — —4.
In Figure 2.1 we chose the 'bare1 eigenvalue Eo = 4, i.e. above the threshold
T2 = 0. We see that this causes a bound state pole below the threshold
for g2 > 4. In Figure 2.2 we show the behavior of the phase shift. If the
original bound state pole is situated below the threshold, the coupling to the
scattering channel causes a negative shift of that pole. This is illustrated
in Figure 2.3. A particularly interesting case is depicted in Figure 2.4 in
which EQ = 16. We see that the 'bare' pole becomes a resonance in the
neighborhood of its original position and that for g2 = 16 an additional bound
state pole shows up at the threshold. This is clearly a non-perturbative effect.

2.2.2

N -> oo

Next we study the convergence with respect to the number of bound states
N. Because FI ~ g2, the shift in the eigenvalues of M is proportional to g2 in
case j 2 < 1. The contribution of the second bound state can be estimated

2.2. Behavior of a system with confinement
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-2

Figure 2.4: Graphical solution o(7le{M) = E for different coupling strengths
g2. Bare eigenvalue Eo = 16.
from:
= 0

(2.71)

=»

£, - A !

We see that limiting the confined sector to one state is actually a good
approximation (i.e. the error introduced is much smaller than the shift itself)
if g2 < 1. To study the effect of higher excited states in case g2 ~ 1, we have
to generalize (2.57) to more bound states:

S,,[E) = gCE '• sin(<T,,)\.
in which

,"W(-n. lor;)

,

(2.72)

1 -I

c=

°r

(2.73)

Tlie eigenvalues of M were approximated iterativelv with the Newton-Ralphson
method because M depends on E. The result6 for the lowest eigenvalue of
''In the calculation the following parameters were used: //,.
T|
4,/i/
1.5, TT C and this means that Eo
5.5 and E\

a,1 i\) a
7.5.

1,
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M is shown in Table (2.1). From this table we see clearly that the result does
not converge to the solution of the Schrodinger equation which is 5.2846. In
fact, the procedure does not converge at all. This happens becausefr(r— r0)
represents an unbounded operator.

2.2.3

L -> oo

To make the connection with the Schrodinger equation we have to approximate the integral (2.51) with more integration points L:

i?siMkri),

(2.74)

in which

and

q' = w WM(-nJ,ar?) .

(2.76)

So we find for II:
Tl,,m(E)

=

/
Jo

E - E'+ ie
L
i

~

yoc p< | s i n / ^ r ) sinfA'r )
'JO

i

EJ —

E' + ie

Using the identity

'

^)_ e ^.-oij ^( 2 7 8 )

we arrive at
Mnm(E)

= EJnm

- 4/i/i/ —

Uj

"U^x
n\w\

(2.7£
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N -1

E

0

5.29732

1

5.29452

2

5.29444

3

5.29343

A

5.29199

5

5.29076

10

5.28951

15

5.28843

20

5.28790

25

5.28781

Table 2.1: Lowest eigenvalue of M for increasing
number of bound states. The potential
used was V(r) = ^r^—6(r — ro). We
z/xro
used g2 = 1.
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!

E

1

L

i

10

4.1455

20

4.2775

40

4.3070

80

4.3142

Romberg

4.3166

Table 2.2: The lowest eigenvalue of M in the
Schrodinger representation for increasing number of integration points L. We
used g2 — 10 and EQ= 5.5.
To test the convergence, we used the potential

V(r) =

(2.80)

Naively we might think that a suitable choice of the integration points and
their weights (e.g. according to Laguerre integration) will improve the numerical procedure. However, it can easily be shown that this is not the case
and that therefore all the methods will have the 'quality' of the trapezium
rule. In Appendix A we show how this comes about.
For the numerical procedure we therefore simply choose equidistant integration points with equal weights on the interval [0,5]. As can be seen from
Tables (2.2) and (2.3), the convergence is rather bad. A Romberg scheme
was used to improve the accuracy. The combined result is depicted in Table
(2.4). We see that the lowest eigenvalue of M converges to the result of the
Schrodinger equation.

2.2.4

Conclusion

From Appendix A and Tables (2.2) and (2.3) we can conclude the following:

2.2. Behavior of a system with confinement

L

E

10

4.1869

20

4.2972

40

4.3203

80

4.3257

Romberg

4.3274

35

Table 2.3: The eigenvalue of M in case of one
bound state (N = 1), for increasing
number of integration points L. We
used g2 = 10 and Eo = 5.5.
• The rather disappointing convergence with respect to the discretization
of the integrals, is closely connected to the complexity of the system
and appears in the formal approach as well as in the description with
Schrodinger equations.
From equation (2.79) we can conclude:
• In the A/-matrix approach, the number of integration points appears
quadratically in the number of operations needed to solve the system.
In case of Schrodinger equations this is only linearly.
From Table (2.4) we conclude:
• Approximating the confinement sector with a limited number of bound
states is rather good. This was already indicated by (2.71) for g2 <C 1
and is confirmed in Table 2.4 in which g2 = 10. For this value the shift
is from Eo = 5.5 to 4.32 which means that g2 = 10 can be considered to
be a large coupling. The errors due to the limitation of the number of
bound states are small compared to this shift. This is an indication that
deriving a potential from the physical bound states is a 'very ill-posed'
problem.
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N
1

4.3274

2

4.3235

3

4.3210

4

4.3185

5

4.3173

6

4.3168

7

4.3167

oo

4.3166

Table 2.4: The lowest eigenvalue of M as a function of the number of bound states in
the confined sector. We used g2 = 10
and Eo = 5.5.

Chapter 3
The Model
In the previous chapter we developed the general framework of a unitarized
model. To do realistic calculations we have to choose a representation of the
operators Hc, Hs and Vcs. As mentioned in Chapter 1 we are presently far
from a satisfactory understanding (and consequently a clear physical interpretation) of the hadron spectra. This is why we follow a phenomenological
approach and make the choice on practical grounds.
Within our model we chose for a description in terms of Schrodinger
equations. The main reasons for doing so are:
• Adopting a Schrodinger description makes a clear physical interpretation in the limit of heavy quarks possible.
• It provides a representation of the general framework in which all physical observables (phase-shifts, cross-sections, electromagnetic, leptonic
and hadronic decay widths) can be calculated.
• One of the conclusions of the previous chapter was that a system of
Schrodinger equations makes practicable calculations possible because
the number of operations needed to integrate the system of equations
is O(N), in which N is the number of integration points.
• The specific equations open the possibility to derive the scaling properties of the hadron spectra within the framework of the model.
Throughout what follows we have to realize that observables closely connected to this specific choice (such as the wave-function) are to be regarded
37
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with some reservation. Of course this holds within any representation of the
unitarization scheme.
Finally, it should be realized that the Schrodinger equation is in principle
only designed to handle non-relativistic problems. For problems which are
only approximately non-relativistic the relativistic effect must somehow be
accounted for.

3.1

Scaling properties

One of the most striking features of the charmonium and bottomonium spectra is their close resemblance. We will take this feature into account by
assuming that without coupling to decay channels the charmonium spectrum can be considered to be identical to the bottomonium spectrum except
for an overall additive constant. Consider the one-channel non-relativistic
Schrodinger equation.
Let

+ F ( ^ l 0 ( ) E^

+

\

(3

^

where r is the distance between a quark and an anti-quark and fi the reduced
mass.
Define the following variable
P == Ty/Jl.

(3.2)

= V(p.

(3.3)

Moreover, let.
V(r
and
(3.4)

Then (3.1) can be rewritten in terms of p:

\

2dp2

+

2p2 "

(3.5)

It is evident that if
(3.6)
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then the eigenvalues E; are independent of fi except for an overall additive
constant. Also the eigenfunctions il'Ap) are independent of //. This we call
the scaling property.
Within a set of coupled confining (quark-antiquark) and non-confining
(meson-meson) radial Schrodinge.v equations this scaling property is only
approximately present.
Let
L2
>

J

9

T

Vc(r)

1 rf2

(3.7)

=E
I'.(r)

where Vc and Vf are the potential matrices for the qq and i\/A/-channels
respectively and are chosen to be real and symmetric. The Vint is a real and
in general not a square transition matrix.
Moreover, let
Ve(r) -> oo , r - • oo ,
(3.8)
Vf(r) ->V0

, r -> oo ,

(3.9)

where VQ is a diagonal constant matrix, i.e. final state interactions are neglected, and
Vint{r) -» 0 , r -> oo .
(3.10)
Since the quarks are confined, the elements of the diagonal matrix fic depend
on the choice for the effective quark masses. As we have seen in Chapter 1,
such a choice is rather arbitrary. When V(nt — 0, a variation in the effective
quark masses can, as far as the spectrum is concerned, be counteracted by an
adaption of the confining potential Vc. The wave functions are more sensitive
to such a variation. A variation of the reduced meson-meson masses does not
affect the energy spectrum of the mesons if Vf is not changed, but also here
the wave functions are affected. By decoupling the connection between total
mass and reduced mass, we can learn more about scaling properties if all
reduced masses are taken to be the same:
fic = pf =

(3.11)
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with / the identity matrix. Introducing again the variable p through (3.2)
we find that equation (3.7) can be written in the form (3.5), but now
^

( A

"

)

(3.12)

It is now clear that if
(3.13)
where Vzdi) is & scalar function of /x, then the spectra are again independent
of p. except for an overall additive constant. Scaling properties for the multicomponent wave function 0(r) are similar to those of the one channel case,
but are more approximate.
Within the multi-channel case the mass independence has an extra consequence not present in the single channel case, because most bound states
become resonances. Their masses require an imaginary part which participates in the scaling process, i.e. they are independent of//. That means that
the lifetimes and decay rates of corresponding states are the same.
The latter property can easily be understood in physical terms. In charmonium and bottomonium the q and q are very close together due to their
large masses. Because of their color charge they carry a gluon cloud around
them. If the interquark distance is much smaller than the size of the cloud the
geometry and properties of that gluon cloud are independent of the quark flavors. Quark pairs are continuously created and annihilated inside the cloud,
but their rate of creation is also independent of the flavor of the quarks in
the center. Thus, also the lifetimes of the mesons are independent of flavor.
This all can reasonably be found back in the experimental spectrum, with
one notable difference: the thresholds for the OZI-allowed decay do not scale
at all. There are many more stable states in the bottomonium spectrum than
there are in the charmonium spectrum. Thus, the incorporation of scaling
into the coupled Schrodinger equations has its limitations.
Let us next discuss the effect which a possible color Coulomb term has
on the scaling property. If we rewrite the expression
Vc{r) = --r

(3.14)
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in terms of the variable p as defined by (3.2) we obtain
Vc(p) = - ^ .

(3.15)

Thus we see that the scaling property is preserved if
*%

(3.16)

i.e. if it is a running coupling constant.
If this is the case, then also the widths of the decay processes
Jjil) -> e+e~

(3.17)

and
T -+ e+e'
participate in the scaling in a particular way, namely
r(T->e+e-)

(3.18)

(3.19)

See the discussion in section 5.4.
Experimentally (3.19) is not satisfied and the conclusion is that the color
Coulomb term must break the scaling property. The influence of the Coulomb
term on the spectrum of the S- and P-states will be discussed lateron.

3.2

The shape of the confining potential

Let us return to the one channel Schrodinger equation (3.1). Suppose that
flavor independence means that the forces which quarks exert on each other
are flavor independent. Then we deduce from this that
V(r,n) = Vi(r) + V2(fi) .

(3.20)

We can now solve for (3.2), (3.6) and (3.20) and find the following form for
the potential
V(r,n) = 7Inr + C(n) ,
(3.21)
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with "y > 0 a coupling constant to be determined by experiment. The potential found in this way is that of Quigg and Rosner [Qui77a] and is phenomenologically successful, at least for the JPC= 1~" states. However, there
are severe problems with its linkage to QCD or any other basic principle.
Also, there is no analytic way to obtain the energies and the energy eigenstates. All computations, even those of lowest order, have to be carried out
numerically.
Next suppose that flavor independence means that not the forces but the
accelerations which the quarks undergo are flavor mass independent. Then,
instead of (3.20), we have
(3.22)
If now the equations (3.2), (3.6) and (3.22) are solved, one obtains
V(r,fi)=

' / w V + Ct/O.

(3.23)

with yjj to be determined by experiment. So we retrieve the harmonic oscillator potential. This is phenomenologically less successful because it predicts
an equidistant spectrum which is not present in nature. However, its links
with basic principles of nature can be made much easier, it has a complete
set of single analytic solutions and because of the latter it also allows for
perturbation met ho 's to be easily applied. There are more reasons for using
a potential like (3.23). Because of OZI allowed decay taking place, unitarization acts back on the spectrum and tends to move the states to more
realistic positions. The same mechanism when acting in the case of a logarithmic potential causes an overshoot because a correction of an already
correct spectrum results.

3.3

The influence of decay

In this section a qualitative discussion is given of the influence of the transition potential on the spectrum. Consider two coupled equations of the form
(2.47) with //,. = /// = }i and Tv = T2 = 0. Let
V(r) = g6(r - r0) .

(3.24)
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Then the equations become
1 d2

gS(r~r0)

(3.25)

= E

g6{r - r 0 )

In order to eliminate the disturbing effect of the continuum we consider (3.25)
as intermediary between two cases of the coupled equations
2r2

2{idr-

'

gt>{r -

2^

r0)

II

g6{r - r 0 )

0c(r)
.2

+ 2 ^oh

p
0.(r)

il>s(r)

(3.26)
where in one case u> is equal to the u)-value as appearing in (3.25) and in the
other case u/ = 0. By applying a imitarity transformation
1

1

(3.27)

-1 1
to (3.26) the equations become decoupled. We obtain
(3.28)

- r o ) | ',(r) =
and

I

2 i rfr2

- rr0 )1j "»'2 r

^0 2 (r) ,

(3.29)

where
(3.30)

When g > 0 the first of the two equations contains an extra attractive term
and the second an extra repulsive term in the potential. In the limit UJ —> 0
and sufficiently large g both equations have a continuous energy spectrum
for positive energies, but. the first equation has one discrete energy level with
negative energy which approaches minus oo when g —> oo. For finite g this
must be considered as the limit of a spectrum of states with discrete positive
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energies which are close together and a state with a large negative energy.
When g = 0 the spectrum is that of the isotropic harmonic oscillator and
therefore equally spaced. If g is turned on while u> is kept constant, one finds
that the ground state energy separates itself from the rest of the spectrum
and moves downwards. Since (3.25) is intermediary between the cases w ^ 0
and <jj = 0, we expect that it behaves similarly. Therefore, the splitting off of
the ground state energy will be a feature also of the equations (3.25). Even
the addition of a constant to any of the diagonal elements of the potential
matrix in (3.25) will not influence the qualitative properties of the spectrum.
The <$-shell appearing in (3.25) is a simplification of the transition potentials used in this thesis. The latter are continuous functions of r, but
rise to a maximum and decrease again rapidly. Numerical calculations show
that the ground state has an energy considerably lower than expected on
grounds of the bare, equidistant spectrum, while the excited states are not
so much affected. This is in agreement with experiment and in agreement
with the above qualitative discussion. In this picture the ground state is an
example of what is called in nuclear physics a 'coupled channel bound state'.
The influence of free channels on the bound state spectrum is a unitarization
eflfect.

3.4

Light scalar mesons

During our work another feature showed up. As we have seen in the previous
section, the ground state is to be considered as a coupled channel bound
state. Part of it is a pure qq wave function, but a large role is also played
by the MM wave function. For vector and pseudoscalar mesons, where the
quarks are in an S-state, the mesons in the MM-sector are in a P-state and
undergo a repulsive force due to the centrifugal barrier. On the other hand,
for scalar mesons the quarks are in a P-state and the mesons in the MMsector are in an S-state where the centrifugal barrier is lacking. The lack of
a centrifugal barrier in the MM-sector can have a profound influence. For
the light quarkonia it seems that the mesons in the MM-sector are tightly
bound and have a large binding energy. Thus scalar mesons with low masses
are produced which have a very large MM component.
In the next chapter a report on scalar mesons of the light quarkonia is
given.

3.5.
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The actual form of the Schrodmger equations

After having discussed the general features of the Schrodinger equations we
now set out to write down the analytic form of the coupled equations as
they are used in this thesis. The system of Schrodinger equations used to
describe the resonances and the bound states differs in appearance from the
equations (2.47). Instead of the total energy E, the propagation vector k
appears explicitly. The equations are:
— + * ,
+ 2fi{E)V{r) - k2(E) \ 0B(r) = 0 .
(3.31)
2
2
dr
r
J
They consists of n confined (permanently closed) channels and m free (scattering) channels. So L, (i, k 2 are (n+m)x (n+m) diagonal matrices containing
the orbital angular momenta, the reduced masses and the momenta in the
several channels. We have more than one channel in the confined sector in
order to be able to describe hadrons that are mixed states built from different
quark flavours. This subdivision was not necessary in the general description
of Chapter 2 because the confined sector was there fully characterized by
having a denumerable set of eigenvalues (see (2.1)).
The description is not purely non-relativistic because the connection used
between E, n and k reads
E = y/k* + m\ + y/k* + m\ ,
1 dk2

(3.32)

albeit that the non-relativistic limit of (3.32) is used in the confined channels
and also in the free channels for energies lower than the threshold. In (3.32),
mi,n?2 stand for the effective masses of the quarks in the confined channels
or the meson masses in the scattering channels. The latter are taken to be
the experimental values. The quark masses, however, are model parameters
and were determined for the Jpc= Q~+ pseudo-scalars and Jpc= 1~~ vectors
[Bev83b] to be
m n = 406 MeV

m, = 508 MeV

mc = 1562 MeV

mb = 4724 MeV

(3.33)
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Here rnn stands for mu = md. The (n + m) x (n + tn) potential matrix reads

vinf

V =
VT
V

int

(3.34)

V,f
v

I

The confining potential Vc is a diagonal nxn matrix. Within our model it
contains the mass-dependent harmonic oscillators

[Vc(r)h =

Wr2

(3.35)

In the introduction we already mentioned that we made this choice because
it is our strong believe that the ahnost equal and flavour independent spacing
of the f and T spectra is caused by an exact property of the theory. The
potential of (3.35) exhibits these properties in an exact way.
The mxm matrix Vf describes possible final state interactions. Within
our model they are absent, so Vf = 0. The nxm transition potential Vjn< has
presently, within our model, the following structure:
=

9^CijVempcM(r)

(3.36)

where u; is the same harmonic oscillator frequency as used in the confined
channels, and the other factors are dimensionless, including the coupling
constant g. In this way we arrive at a universal description of the decay
process throughout all hadron spectra. In particular, in all the decay channels
the radial dependence of Vint is given by
r
— — f

(3.37)

For ro the following choice has been made:
ro = Po/\/Jii«J .

(3.38)

with p 0 a constant. Here the effective reduced masses of the quarks in the
channels under consideration have been used. This is a choice on phenomenological grounds, but for the heavy quarkonia it means that the scaling property is approximately satisfied. Since the transition potential couples states
which differ by one unit of orbital angular momentum it must be proportional
to r near the origin. This is the reason for the factor r in (3.37).
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The expression (3.37) has a maximum when r = r0. This r0 can therefore be interpreted as the 'transition radius'. The relative couplings of the
separate decay channels are accounted for in the coefficients O/. The correct shape of the transition potential was calculated within the independent
harmonic oscillator model for the 3 P 0 decay mechanism. In this model, the
original qq pair as well as the newly created qq pair that causes the decay
are supposed to be subjected to harmonic oscillator forces. These qq pairs
can therefore be described by superpositions of harmonic oscillator functions
carrying the quantum numbers of respectively the decaying meson and the
vacuum (for which JPi = 04 + ). When the relative motion of the qq pairs
is assumed to have the ground state quantum numbers, the set of possible
decay products is limited and the decay amplitudes as well as a decay potential can be calculated. This was done in [Bev83a]. It turned out that the
decay potential in first approximation has the shape of (3.37). For practical
purposes we therefore did not explicitly use the potentials of [Bev83a] but
parametrized these potentials by means of (3.37). However, the calculated
decay amplitudes were used in the coefficients r (J . Tables for these coefficients can be found in [Bev83a] for the pseudo-scalar and vector mesons and
in the next chapter for the scalar mesons.
The factor Vemp represents a empirical factor of the form
*emp — \i rp ~~ Aiicii/or ,

(3.39)

in which Tj is the threshold of decay channel /, and AE,.,,ior a color splitting
term. The Just term was necessary to arrive at an extra reduction of the
influence of channels with a high threshold. The AEn,i,,r term represents the
influence of spin-spin terms and accounts for the hyperfine splitting between
the pseudo-scalar and vector mesons.
Apart from the quark masses of (3.33), the only other parameters in our
model are u>, y and /;(). They were fixed by the 0 + psemlo-scalars and 1
vectors to be
*j = 190 MeV
g = 10.4
po = 0.56 .

(3.40)
(3.41)
(3.42)

The above parameter choices have been used for a study of the light scalar
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mesons as reported in the next chapter, where the influene of the color
Coulomb interaction is supposed to be small and has been neglected.

3.6

P-wave mesons in the heavy quarkonia

According to the discussion in section 3.4, the scalar P-states in charmonium
and bottomonium must also have an MM component in the S-state and this
should lead to an appreciable lowering of the energy with respect to its bare
value. From the experimental spectrum we see immediately that this is not
the case. The lowering of the P-states seems to be depressed, indicating
a decreased influence of the decay channels. Whether this is true or not
could be tested if unstable excited P-states were known and if these have a
small width. Unfortunately, states of this kind are presently unknown. From
Figures 5.1 and 5.2 it is also clear that the P-states have a tendency to become
degenerate with one of the S-state levels as is the case in a pure Coulomb
spectrum. Moreover, this tendency is more pronounced in bottomonium
than in charmonium which can be understood as being caused by the scale
breaking property of a Coulomb term in the potential.
In Chapters 5 and 6 the influence of a Coulomb contribution on the
quarkonia spectra is studied.

Chapter 4
A Low Lying Scalar Meson
Nonet *
A unitarized non-relativistic meson model which is successful for the description of the heavy and light vector and pseudo-scalar mesons yields in
its extension to the scalar mesons for the same model parameters a complete
nonet below 1 GeV. In the linearization scheme real and virtual meson meson decay channels are coupled to the quark antiquark confinement channels.
The flavor dependent harmonic oscillator confining potential itself has bound
states e(1.3 GeV), S(1.5 GeV), 6(1.3 GeV), K(1.4 GeV), similar to the results
of other bound state qq models. However, the full coupled channel equations
show poles at e(.5 GeV), S(.99 GeV), £(.97 GeV), K(.73 GeV). Not only
these pole positions can be calculated in our model also cross sections and
phase shifts in the meson meson scattering channels which are in reasonable
agreement with the available data for wn, rjn and KTT in S-wave scattering.

4.1

Introduction

The rich structure in meson meson scattering at intermediate energies has
stimulated many theoreticians to fit the existing quark models to the experimental results (1-7). Especially S-wave meson meson scattering shows
structures which are very intriguing (8-15). Detailed phase shift analyses
Published in Zeitschrift fur Physik C30, 615 (1986). Co-authors: E.v.Beveren,
T.A.Rijken, C.Dullemond, G.Rupp, J.E.Ribeiro.
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reveal two pronounced scalar mesonic resonances below 1. GeV, namely the
S(975) resonance in nn (8-10) and the #(980) in 7]ir (11,12) S-wave scattering.
The other relevant resonances which appear nowadays in the tables of particle properties (13) are the e(1300) in nrr and K(1350) in KTT (14,15) S-wave
scattering. It is well known that, these particles cause severe problems if one
wants to understand them as quark + antiquark (qq) states. For instance confronted with the SU(3)-flavor quark model the resonance positions do not fit
the quadratic or linear Gell-Mann Okubo mass relations (4) see however (3).
A possible resonance in TTTT S-wave scattering at 600 MeV which was poorly
recognized in early analyses (8) disappeared from the tables of particle properties in the seventies. But nevertheless some years later this resonance has
revived within the bag model due to a solution for the scalar meson problem
presented by Jaffe (6) who points out that these resonances stem from qqqq
states. The large binding energy which is assumed for such configurations,
makes the low masses possible which are required by experiment. All kinds
of quark configurations (6,16,17) and gluon gluon bound states (7) might
exist other than the standard qq for mesons and qqq for baryons. This probably no one doubts, but there is no experimental evidence that they couple
significantly to haclron hadron scattering (2,5).
To select the e(1300) resonance as the isosinglet partner of the S(975)
rather than the f(600) is probably the result of bag model interference with
the analysis of the mr S-wave scattering data, because in the bag model and
also in other bound state hadron models, the lowest Jpc= 0 + + isospin zero
qq object fits better with a total mass of about 1.3 GeV (16,18).
In this paper we will show that we have no difficulties to explain the
scalar mesons within our unitarized quark model and to interpret them as
qq states with a meson-meson admixture. However both the model and the
data do not exclude poles in the scattering matrix which do not appear in
the tables but nevertheless might be interpreted as resonances.

4.2

The Model

The unitarized quark model is described in many articles. We will therefore
confine ourselves to only briefly discuss the main features here and to give a
complete list of references (19-24). In our treatment meson meson scattering
processes couple to qq quark configurations or mesons via the annihilation
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and creation out of the vacuum of a qq pair. The reverse coupling describes
the decay process of a meson or the coupling of a meson to its virtual decay
channels. In (19,20) the explicit form of a many channel Schrodinger description of such a system is given. Several meson meson scattering channels
are by the QPC mechanism (25) coupled to permanently closed qq channels
with the same quantum numbers. It is also shown in (19) how to account
for relativistic effects and for the effects of one-gluon exchange in the qq
channels. Scattering matrices, phase shifts, cross sections and wave functions can be calculated from the Schrodinger equation by an approximative
method (21,22) which leads to an S-matrix which is explicitly analytic in the
complex energy plane and unitary.
Phase shifts and cross sections can be checked to be in good agreement
with the data if available. In other cases the pole positions of the scattering
matrix can be compared with the bound state and resonance positions found
by experiment. Wave functions might be compared with those expected from
leptonic decays.
It has been our observation (19) that the properties of the J p c = l " ~
and 0~+ mesonic resonances are reasonably well described with a few model
parameters : The effective quark masses, where the effective up and down
masses could be taken to be equal, one universal harmonic oscillator frequency which describes the confining force in the permanently closed qq
channels for all possible flavor configurations and two or three parameters to
describe the coupling of the scattering sector to the confinement sector.
In this investigation we applied the model to S-wave meson meson scattering. The quark and the antiquark in the permanently closed channels)
move in relative P-waves whereas the mesons in the scattering channels are
in relative S- and D-waves1. For the e and S we have used one Schrodinger
equation with two permanently closed channels, one for the nn pair and one
for the ss pair. The mixing occurs in our model quite naturally via the coupling to scattering channels which contain strange mesons. We will discuss
the results furtheron.
In the first place we do not alter the effective quark masses and the
universal harmonic oscillator frequency. The only place where we allow some
minor changes if necessary is in the potential which CGiiples the confinement
and the decay sector. For the vector and pseudo-scalar mesons the so-called
'See Chapter 3 of this thesis for a full description of the model.
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color splitting could be accounted for by a component of this potential. As a
result of our calculations for the scalar mesons we conclude that in their case
other possible interactions seem to compensate the effects of color splitting.
So we decide to choose zero for the parameter which regulated the color
splitting in the case of the vector and pseudoscalar particles, and not to
take other contributions into account. The only legitimations of the above
procedure are the facts that the results came out reasonable and that it is
not very relevant for the point we want to make in this paper. The other
two parameters in the coupling potential are unaltered, with respect to the
same parameters in the case of vector and pseudoscalar mesons.

4.3

Results

Let us first discuss S-wave irn scattering. The lowest bound state of our
confining potential for Jpc=0++ qq pairs has a mass of about 1.3 GeV, which
is at precisely the same place as the ground state of the other bound state
meson models. If we turn on the overall coupling constant of the transition
potential, bound states show up as resonances in nn scattering. At the model
value of the overall coupling constant, which is obtained from the analysis
of pseudo-scalar and vector mesons (19), a pole shows up with a real part
of about 1.3 GeV, which accidentally equals the above mentioned bound
state mass. Naively we might expect that one would only find a resonating
structure in 7T7T scattering in that energy domain. However, Figure 4.3 shows
that the calculated phase shifts have structures at much lower energies which
indicates that low-lying resonance poles have been generated. We can scan
the complex energy plane for these poles in the scattering matrix and find
one pole at about 450 MeV with a 500 MeV imaginary part and another pole
at the S position. The imaginary part of the first pole is so large that a simple
Breit-Wigner parametrization is impossible and large differences between the
'mass' of the resonance and the real part of the pole position will occur. How
these poles are connected to the harmonic oscillator bound states is a very
technical story which is beyond the scope of this paper, suffice it to state
that such a connection exists. As we have discussed in (23) these poles are
special features of S-wave scattering and do not show up in P- and higher
wave scattering, which explains quite naturally why they are not found there.
Figure 4.3 shows also that the new structures at low energies are in rea-
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Figure 4.1: Phase shift TTTT S-wave. The solid line is our model calculation.
The data are taken from (9)
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sonablc agreement with the experimental situation. A criticism which might
come up if one inspects this figure in more detail is that the theoretical
phase shifts do not fit the data to a high precision, but only follow roughly
the experimental slope in the data. This is however not a fair criticism since
we are comparing our calculations with the 'raw data' with unsubstracted
background, which are presently the only available data.
In our model we left out of consideration all possible final state interactions in the scattering channels like mesons exchange, Pomeron exchange,
quark interchange etc. Moreover, the form of the transition potential may
be too simple, for example we have taken a local transition potential and it
could also have a more complicated r-dependence due to more sophisticated
meson-decay form-factors. So our calculations better do not follow the data
very accurately. It remains however a pity that no analysis exists for meson
meson scattering which subtracts the known effects and leaves us with the
consequences of the remaining interactions, a strategy which is nowadays
popular in analyzing nucleon nueleon scattering data (26), because then we
could really see how good the remaining interactions are accounted for in our
approach. From our present calculations we must conclude that final state
interactions will probably alter the phase shifts a bit in the region around
GOO MeV in order to change the slope of the curve towards the data. Note
that the phase shifts for low energies are almost completely accounted for by
the coupling to the permanently closed qq channels.
In //7T S-wave scattering the data are limited to cross-sections in the energy domain of the 6. Here we found that straightforward calculations lead
to problems with the position of the t resonance. We suspect that these
problems are connected to the U(l) problem. Our strategy in this case will
be discussed below, the result is depicted in Figure 4.3 where we shifted the
calculated cross-section by 20 MeV in order to get the peak values of the
experimental and the theoretical curves on top of each other. The results
for Kn are depicted in Figure 4.3. We see there that the phase shifts for
low energies are rather well produced by the model, at higher energies only
a rough description of the data is given : The number of resonances at some
energies agree with the data but the detailed structure is not reproduced at
all. Also here we have problems which are presumably related to the U(l)
problem.
In previous investigations (19) we took a nonstrange quark content for the
// meson and a strange quark content for the if meson which is called ideal
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Figure 4.2: Cross-section TJTT S-wave. The solid line is our model calculation.
The data are taken from (11).
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mixing. The data in the case of scalar mesons are however more sensitive to
the quark contents of the 77's and we found the following : The 77K channel
in the iso-doublet case is much less coupled than follows from our general
approach as described in (24) because the data show that there is not much
inelasticity below n'K. The best result has been obtained if the 77K channel
is completely decoupled and 77'K enhanced to compensate.
Something similar appears to be necessary in the isoscalar case : If we
take for n the ss and for rj the nn system we find the best results for the S
pole although the whole (e,S) system is not very sensitive to these changes.
The /> however is very sensitive to our approach since the lowest threshold
is T]TT. In the case of the 6 we have to reduce the nn coupling with a factor
1/6 and to enhance the if it coupling to compensate. This would be the case
if the SU(3) mixing angle between the rfs octet and singlet would be +11°.
The plus is puzzling because Tornqvist (2) claims that he needs the standard
— 11° (13) in order to fit the data. A more rigorous study on this point is
in preparation, which shows that, part of the problems might stem from our
choice of transition potential.

4.4

Appendix

In this appendix we give the relative decay couplings c^- as they appear
in (19) but now for the scalar mesons under study in this chapter. If we
pursue the concepts behind the confining potential further to the phase of
the pair-creation, we are led to the assumption that all the interquark forces
are harmonic oscillator forces during this process. This idea provides us a
scheme in which the possible decay channels and their relative strengths can
be calculated. Their values are listed in Table 4.1. The rfn and ijg denote
the pure nn and ss states respectively. Of course these are not the physical
v and T}'. See the previous section for discussion about this point. The nn
(S-wave) scattering is described in one system of equations with two confined
channels containing a nn- and ss-pair. These systems are linked via decay
in which strange mesons occur.
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Channel ! Spin

b

"f.S

K

nil
7T7T

'hi'In

KK
PP
PP

0
0
0
0
0
2
0
o

K'K*
OO

oo

0
2
0
2
0
0
0
2
0
0
0
0

a,'A'*
a.A-

oA"
ol\'

3/40
1/40
1/lG
1/16

1/40
1/24
1/40
1/2
1/120
1/0
1/120 1/48 ' 1/72
1/G 5/12 ! 5/18
1/48
5/12
| 1/12
;

I/3G

I 5/9

1/16
1/48
1/24
1/48
5/12
1/144
0/3G
1/72
5/18

Table 4.1: Relative coupling strengths cy (see text)
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Chapter 5
Coulomb interaction
In this chapter we will make some preliminary investigations concerning the
incorporation of the color Coulomb interaction in our model. We will study
the effect of this interaction on the spectrum and on the wave function in a
single channel description.

5.1

Introduction

As was mentioned in Chapter 1, the initial choice of the flavour mass dependent harmonic oscillator was based on the almost equidistant charmoniuin spectrum. We also mentioned that other potential models are able to
describe this spectrum with a comparable accuracy. This means that the
incorporation of Coulomb in our model can be regarded as a fine-tuning of
the potential that governs the confining sector.
The property of asymptotic freedom of QCD leads to the perturbative
one-gluon potential

KM--*=£>.

(6.1)

where as(r) is logarithmically dependent on r. Because of the absence of a
scale parameter in QCD, the region that is governed by this limiting behavior has to be determined empirically by fitting the experimental data to a
potential model.
Making use of Heisenberg's relations Api-Ax; > h/2 and the fact that the
level densities of the qq spectra are approximately independent of the quark
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mass, one finds that for the lowest energy states heavy quarks tend to be
closer together than light quarks. The size of the wave functions is roughly
proportional to fi~^ where // is the reduced mass of the qq system. The
smallest qq states presently known are the T(1S) and the %. Therefore these
states provide the best data to probe the distances in which the Coulomb
interaction might be dominant.
It will be clear that although the incorporation of Coulomb into our model
can be considered to be an act of fine-tuning, that incorporation itself can
cause the model parameters to change drastically. This is one of the reasons
why the incorporation of Coulomb in the full model that contains the light
and heavy pseudo-scalar and vector mesons as well as the scalar mesons
seems rather intractible. We therefore restrict, ourselves in first instance to
the heavy quarkonia in the charmonium and bottomonium families, where
the influence of Coulomb can be considered to he the largest. In this chapter
we will study the influence of Coulomb on the spectrum of cliarmonium and
bottomonium within a single channel description. In the next chapter we
will study the influence of decay.
As will be shown in this chapter, the effect of the Coulomb interaction
on the Jpc= 1~~~ spectrum can roughly be described by an overall shift provided the coupling constant is not too strong. The Jpc = 1 " energy levels
alone do therefore not provide us the means to determine its relative contribution. This could already have been seen in Figure 1.1. In our previous
publications we tested our model against the energy levels of the heavy and
light mesons. Because the light mesons reside in the region of even larger
interquark distances, the incorporation of the Coulomb interaction could be
neglected.
Studying the influence of Coulomb really conies down to determining
the singular behavior of the potential. Because P-state wavefunctions and
S-state wavefunctions behave differently in the origin, the positions of the
P-states relative to the S-states are strongly influenced by the presence of
the Coulomb interaction. Since the latter breaks the scaling, one may expect
to see this effect by comparing the charmonium and bottomonium spectra as
displayed in Figures 5.1 and 5.21. It is even possible to make an estimate
of the Coulomb contribution by taking these differences into account. Let
me remind the reader that the low position of the ground state is not due
l

A listing of the experimental masses of these states is given in Table 5.2.
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Figure 5.1: The charmonium family. From [PDG88].
to the Coulomb term in the potential but to the coupling to the free meson
channels.
In addition to the relative position of the P-states also the fine- and hyperfine splittings of the P-states play an important role. These splittings are
mainly determined by the central potential ( in the one channel description
at least). These splittings can therefore not easily be built in lateron and
have to be studied simultaneously.
A larger influence of Coulomb interaction can be expected on properties
that are more closely related to the shape of the wave function. Such properties are the leptonic decay width and the radiative decay width. Because of
the success of the model in the heavy and light meson sprctroscopy, we feel
that a test of these more delicate properties connected to the wave function
is justified.
Previous calculations within our Unitarized Meson model without a Coulomb
contribution pointed out that the leptonic decay widths of the charmonium
and bottomonium states come out roughly a factor 2 too small in comparison
with the experimental data. However, it should be noted that their ratios
were already correct within the unitarization scheme. This is of course not
the case if we had restricted ourselves to the naive bare harmonic oscillator
channel which causes the leptonic decay width of the 2S state to be even
larger than that of the IS state. The results of the Unitarized Meson model
without Coulomb are shown in Table 5.1. If a color Coulomb term is in-
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-too

Figure 5.2: The bottomonium family. From Buchmiiller MIT-LNS-159.

J/0
0'
T
T,
T"

r e+ e - in keV
Model Experiment
1.83
4.75
0.88
2.05
1.22
0.28
0.54
0.16
0.22
0.40

Table 5.1: Leptonic decay width of the charmonium and bottomonium states.
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troduced, the wave functions in the origin are enhanced which leads to an
improvement of the leptonic decay widths (see Figures 5.5 and 5.6). However, due to the limitation on the color charge in order not to disturb scale
invariance for the Jpc= 1 spectrum, this enhancement, turns out. to be
insufficient if the Coulomb term has the form — K/V. In order to modify the
Coulomb term such that also the experimental leptonic widths will be reproduced an addition is necessary which does not influence the S- and P-state
spectrum but causes an extra enhancement of the wave function in the origin.
The form of this term is that of a strongly screened Coulomb potential. For
that reason we propose the following form
) =-K^-

.

(5.2)

The main experimental data that can provide us with clues about the
contribution of (5.2) are:
• The leptonic decay widths of the IS and 2S states of both charmonium
and bottomonium.
• The position of the IP state between the IS and the 2S states.
• The fine- and hyperfine splittings of the P-states.

5.2

Leptonic decay

The leptonic decay widths are directly connected to the wave function in the
origin according to the Van Royen-Weisskopf formula

IV.- = ^ | » ( 0 ) | ' ,

(5.3)

in which o, ec and M are the fine structure constant, the color charge and
the mass of the decaying state.

5.3

Spin-dependent forces

As mentioned in section 5.1 the Coulomb interaction strongly influences the
position of the IP-state between the IS and the 2S-state. This means that

5.3.
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Spin-dependent forces

Charmonium states
Mass in MeV
State
0(2S)
0(3S)
ric
\°c

\l
\i

M™9(1P)

Bottomonium states
State
Mass in MeV
9460.3
T(1S)
10023.3
T(2S)
10355.3
T(3S)
9182.0
%
9859.8
xl
9891.9
xl
9913.2
xl
c 3
M b° {\?)
9900.3
9895
h
U
10235.3
\6 (2P)
10255.2
\i(2P)
2
10269.0
.\6 (2P)
CO9
M b (2P)
10260.2

3096.9
3686.0
4040.0
2979.6
3415.1
3510.6
3556.3
3524
3525

Table 5.2: Main charmonium and bottomonium S- and P-states.
in order to study the effect of a Coulomb interaction we have to study not
only the S-states, like we did in our previous papers, but also the P-states.
However, the study of P-states can not be complete without a discussion of
the influence of the spin-dependent forces. These forces, which are absent
in the S-states, cause the fine- and hyperfine splitting of the states. In this
chapter we will do some preliminary investigations on the splitting of the
P-states in charmonium and bottomonium. In Table 5.2 the main data to
which the spin dependent forces must be fitted are tabulated. The general
form of the static potential describing these spin-dependent forces can be
found in [Gro77] and reads

V =

,-s
i

m

Vi{r)

(5.4)
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Here S = Si + S2, with Si = |cri and S2 = \<J2 being the individual spins
of the quarks and Vo(r) the central potential which describes the interaction
between the quarks. The parameter m is the quark mass. The potentials Vi,
V2, V3 and V4 still have to be determined. They depend on the nature of the
quark-antiquark interaction.
For vector interaction we find V\ = 0, V2 = Vo, V3 = ~{VQ" — V0'/r) and
Vi = 2AVo and this results in
L - o v n (r)

V =

L

yo{r)+-—T-^2 m2 r
m2 \

r2

Z &i-&2 ATr
L

%

±

+ -- -r AVo
3 m2
SiS 2
3

(5.5)

For scalar interactions we find Vi = —VQ and V2 = V3 = V4 = 0 and this
results in
L-S V0'(r)
P = K) r - ——
.
(5.6)
2mi
r
In the case we choose Vo = —njr for the vector interaction there is a complete analogy with the potential which describes the behavior of positronium.
From (5.5) we arrive at the form given by Schwinger. Omitting the terms
~ m~3 it reads
V

=

« 3 L-S K nK c,
h — Jz Jr + ro(r)
r
2 m r m| ^ 2^
3 m

(

r

) 3+2

rm

( ^
\

S l l

r

S

2

)

.

,5.7,

Note the existence of the Darwin term
^tf(r) .

(5.8)

This term was in first instance neglected in (5.4) but can be recovered by
a more detailed procedure as given by Gromes [Gro77]. We will discuss the
terms proportional to #(r) lateron.
If we want to model the charmonium and bottomonium systems according
to the spin-dependent forces of (5.5) and (5.6) we do not exactly know how
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to distribute the different terms of Vo over (5.5) and (5.6). Buchmiiller for
instance argued that the different terms of his potential
V(r) = - ~ + kr
stem from vector (one gluon exchange) and scalar (electric confinement into
flux tube) interactions respectively and that these terms can be treated separately according to (5.7) and (5.6) and then superimposed.
For a more general analysis of the contribution of the spin dependent
forces on the splitting of the P-states it is convenient to split-off the quantum
number dependence as follows
M(3P2) = Mcog + cLS-±cT
=-- Mcog~cLS+\cT
3
M( P0) =
cogMcog-2cLS-cT

(5.9)

in which
C

LS

—

cT =

2mi

- i ^ ;

m2

r

and Mcog is the center of gravity of the P triplet:
Mcog = ^{M(3P0) + 3M(3P,) + 5M(3P2)} .

(5.11)

Here Vv denotes that part of the potential that is caused by vector interactions
and V, denotes the part that is caused by scalar interactions.
With these parameters we find for the 'shape' of the P-state splitting the
value
M(3P2)-M(3P1)
2cLS-lcT
6
M(^Pl)-M(^P0)
cLS + \cT
*
In our model the central potential describing the interaction between the
quarks is the pure harmonic oscillator. This potential is obtained by considering the non-relativistic limit, of a description based on the anti-De Sitter
geometry. The spectrum of quasi-free quarks moving in such a geometry
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is the spectrum of an irreducible representation of the anti-De Sitter group
which is known to be equidistant under all circumstances, i.e. it always resembles the non-relativistic spectrum and does not exhibit, any splitting of
P-states. So when the quark masses are increased in order to approach the
nonrelativistic limit no correction terms of the form (5.4) will be produced.
Apparently the Thomas precession term is then completely compensated.
From the above we can conclude that it is not a priori clear whether to
take the harmonic oscillator into account as the source of vector interactions
or as the source of scalar interactions. Therefore we will follow an empirical
approach and take a fraction // of the harmonic oscillator Vo = .'/tu/2r2 into
account as vector interaction and the remaining part (1-//) as scalar interaction. No matter how we take the harmonic oscillator into account we have
to realize that the factor (VJ," - V^/r) will vanish for this potential. That,
means that for the harmonic oscillator part of the potential we are left with
a pure L-S term. However, without the tensor force it is not possible to reproduce the ratio e which is experimentally 0.47 for (-harmonium and 0.67 for
bottomoniuni. From (5.9) we see that a pure L-S dependence would result
in f = 2. The Coulomb term — s/r is regarded to stem from the one-gluon
exchange and has therefore to be treated as a vector interaction. Its contribution to the spin-dependent forces has therefore the form (5.7). This means
that for the potentials V,. and Vg we find:

Vv = -i + q-l^r2,

(5.13)

V. = ( l - » / ) . ^ u ; 2 r 2 .

(5.14)

The spin dependent forces are therefore parametrized like

8 //
<Y =

^

2 m< -,3> -

r$
(5-16)

and we see that we have to calculate the expectation values of 1/r3.
Now we come back to the terms in (5.7) that are proportional to #(r).
These are the Darwin term (5.8) and the spin-spin interaction term. They
can not be neglected because they are of the same order of magnitude as
the P-state splitting terms. The interpretation of the ^-function potential is

5.3.
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well known. If taken literally, it will not contribute to the energy spectrum
or the scattering parameters. Instead, it must be smeared out. over a region
small enough such that all potentials and wave functions vary only slightly
over this region, but large enough such that the magnitude of this smeared
out potential is small compared to the characteristic energy. In this case the
contribution to the energy levels can be computed to a large enough accuracy by first order perturbation theory and its contribution to the scattering
parameters by using the Born approximation. The singular terms can be
combined into:
(tvi• cr2 + l)-~S(r) •
(5.17)
Introducing the variable
cD =

|$(0)2 ,

(5.18)
mwhich denotes the magnitude of the Darwin terms, we can write the expectation value of (5.17) as
{^<T\-(T2 + l)Cp .

(5.19)

This term has no influence on the P-states because for these states the wave
function vanishes in the origin. This implies an effective absence of spinspin dependence on the P-state spectrum and will cause the singlet P-state
( l P x ) to coincide with the center of gravity of the triplet P-states (3Pj). The
recently discovered />,. [Bow87] and lib [Bag86] indeed adhere to this relation.
However, the term (5.19) has influence on the S-state spectrum and causes
the hyperfine-splitting between the triplet S-state ( 3 5j for which o\-O2 = \)
and the singlet S-state (lS0 for which o\-ai~ 3). Between these states we
have a splitting that is proportional to b\o\-oi)=\
and it reads
"So) = f c o .

(5.20)

In cuarmonium the singlet state is //,. but in bottomonium it is not yet found.
We can make a rough estimate of the magnitude of (5.15), (5.16) and
(5.18) beforehand by using the harmonic oscillator wave functions (in stead
of tlie wave functions for the harmonic oscillator plus Coulomb) to calculate
and the* expectation value of 1/r3. We find in that case
(5.21)
.

,5.22,
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Within this approximation we therefore arrive at:
3

lu;2
8 fi
K

Or =

3
to 1 2

7 fik
y/n
3

K

I7^

u;2

(5.23)

Within our model we use for charmonium the parameters
fic = 0.781 GeV
u = 0.190 GeV
and so we find
cLS = 5.8(4*/- 1 ) + 26K MeV
c T = 53K MeV
cD = 13K MeV

(5.24)

The experimental values (for charmonium) are c i S =35 MeV and cj-=40 MeV.
Because the J/ip-rjc splitting is roughly 120 MeV we find C£>=45 MeV (using
(5.20)).
We see clearly that we need a rather large K to reproduce the experimental
values for c^s, ?T and cD- However, in that case the use of the pure harmonic
oscillator wave functions to calculate the expectation values is too naive. If
a significant Coulomb term is present it will cause the wave function in the
origin to increase compared to the harmonic oscillator wave function. This
means that the above estimated expectation values are in an exact calculation
much larger and the K we need to arrive at the experimental values is much
smaller. We will come back to this point in section 5.5.

5.4

Linear potential

To be able to make qualitative comparisons to models using a different potential, we study the effect of the unscreened Coulomb interaction on the linear
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potential in one channel. We want to find the eigenvalues of the equation

W +2 i ) } + ^2_ 5 _ J S ] . . O .

(5.25,

r = a{ma)~3p ,

(5.26)

£ =

(5.27)

r
)
a
r
J
We make this equation dimensionless by introducing (ro = 2/i):

K(ma)i ,

E = m(mo)-i( .

(5.28)

and find in these new variables

f *2 _ « L ^2 ) _ p + £

+(|,.O.
p
J

[dp
p
We normalize the solutions according to
f°°
/ u2(p)dp = 1 .

(5.29)
(5.30)

Because we want the real wave function \&(r) to be normalized like
4TT f°° r2<i2(r)dr
./o

= 1,

(5.31)

we have the identity

The Van Royen-Weisskopf formula for the leptonic decay width reads
•

(5.33)

In case of charmonium we find

In case of bottomonium we find
5

4 ma2 [..
9 MV

In Figure 5.3 the eigenvalues of (5.29) are plotted.

(5.35)
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to

>
c

LJJ

1.0

Coulomb

Figure 5.3: The eigenvalues <", of (5.29) as a function (if the Coulomb parameter £ (no screening).

5.5. Harmonic oscillator with an unscreened Coulomb term

5.5
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Harmonic oscillator with an unscreened
Coulomb term

In this section we study the effect of an unscreened Coulomb term on a single
channel Schrodinger equation with the mass dependent harmonic oscillator
potential that is used in our model. We have to solve
1)
•If2

1

u = 0.

r

t—

(5.36)

We make this equation dimensionless by introducing
1
/ •

(5.37)

=

(5.38)

c

E =

(5.39)

In these variables (5.36) reads
rf2 _ /(/ • 1)
dp* ~
P-

« = 0.

(5.40)

P

Again we normalize according to (5.30) and (5.31) and find
(llvj)*

ll(p)

(5.41!

Analogous to (5.34) we find for the leptonic decay width of the charinonium
states
F? =
3

n
9

MI
M

1

llitt*u(p)/p\
[p-'O

•

(5A2)

J

For the leptonic decay width of the bottoinonium states we find
(5-43)
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The parameters describing the spin dependent effect become
CLS

= chL°s+ccLf

(5.44)

chL°s = \— (4i?-l)

(5.45)

CT = lt—<\>
8 u oz

(5-47)

C

(5.48)

D

=

^£—<limu{p)/p>

A table of eigenvalues of (5.40) can be found in Appendix B. These values
are plotted in Figure (5.4). We see that for not too large 'coupling constants'
K, the effect of the Coulomb interaction comes down to an overall shift of the
Jpc = 1 " energy levels. The effect on the wave functions however is quite
large. The influence on the ground state (IS) can be seen in Figure (5.5).
We see that the net effect is a rise of the wave function in the origin. The
same holds for the 2S state which is depicted in Figure (5.6).
We can conclude from these results that the influence of the unscreened
Coulomb term will improve the results of our model because the predicted
leptonic decay widths were initially too small compared to the experimental
data. As a side effect it introduces a hyperfine splitting between the3 Si and
1
So states caused by the Darwin terms in the potential. It also increases the
expectation value of 1/p 3 thus influencing the splitting of the triplet P-states.
To arrive at a first estimate of the coupling constant «, we take the
parameters of the model as input.
For the charmonium states we have
/xc
u>
M(1S)
M(2S)
M(3S)

=
=
=
=
=

0.781 GeV
0.190 GeV
3.097 GeV
3.684 GeV
4.030 GeV
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Coulomb |

Figure 5.4: The eigenvalues C of (5.40) as a function of the Coulomb parameter £ (no screening).

78

5. Coulomb interaction

COULOMB INFLUENCE ON 1S
3.0

CC

1.0

-1.0

Figure 5.5: The influence of Coulomb on the ground state of (5.40) for different values of the Coulomb parameter £ (no screening).
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COULOMB INFLUENCE ON 2S

DC

1.0

-1.0

Figure 5.6: The influence of Coulomb on the first excitation of (5.40) for
different values of the Coulomb parameter £ (no screening).
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K

0.0 0.00
0.5 0.12
1.0 0.25
1.5 0.37
1.1 0.42
2.0 0.49
2.5 0.62
3.0 0.74
3.5 0.86
4.0 0.99
Exper.

r e+e -(is)
in keV
1.27
1.88
2.76
4.06
4.75
5.86
8.37
11.80
16.35
22.35
4.75

r e + e -(2S)
in keV
1.35
1.78
2.30
2.93
3.22
3.69
4.58
5.55
6.64
7.86
2.05

v2 - v1

Ac

Ac MeV
Ac
in
0.0
2.8
6.3
10.4
12.3
15.4
21.3
28.4
37.0
47.2
45

in MeV
0.0
14.3
31.4
52.0
69.2
96.8
106.6
142.2
185.0
236.2
95

Ac

J/l/f - 7]c

in Mev
0.0
6.4
18.7
41.6
56.3
80.0
142.7
241.3
390.1
609.6
120

Table 5.3: Leptonic decay widths and spin dependent terms for the lowest
charmonium states for different values of the 'coupling constant1 « within
model (5.36).
The Van Royen-Weisskopf formula reduces to
5.411
{lim u{p)lp\
M2

keV

(5.49)

where M is in GeV.
In Table 5.3 the leptonic decay widths as well as the influence of the spin
dependent potentials is given. In this table we observe the following:
• The leptonic decay widths are indeed strongly increased by the introduction of Coulomb. However, we can not recover F(1S) and F(2S)
simultaneously. It should be realized that this was also the case with
the pure harmonic oscilator. However, from calculations in which decay
is taken into account we know that the ratio F(2S)/F(1S) is strongly
influenced by the decay mechanism. A simultaneous fit of F(1S) and
F(2S) has therefore to be postponed till the next chapter.
The right value of F(1S) is reached at H W 0.42. At this value however,
the experimental value of the P-state splittings are not yet reached.
Also the J/ij) - rjc splitting is only half the experimental value.
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• Experimentally the ratio

M{*P,)~M{*PX)
j

has the value 0.37. Within the model however this ratio is constant
(does not depend on £) and is equal to | . This can be calculated
directly from (5.12) and (5.46-5.47). This means that it is not possible
to recover this ratio within the model (5.36). It also means that the spin
dependent forces of the form (5.44-5.48) do not scale properly because
the ratio e differs from 0.47 for charmonium to 0.66 for bottomonium.
We will come back to this point in the next chapter.
• The value K « 0.42 corresponds to a f value of 1.7. From Figure 5.4
it is clear that for this value of £ the equidistant spacing of the S-state
spectrum is severely disturbed.
For the bottomonium states we find
Hb
u;
A/(1S)
A/(2S)
A/(3S)

=
=
=
=
=

2.362 G e V
0.190 G e V
9.433 G e V
9.993 G e V
10.324 G e V

In this case t h e Van Royen-Weisskopf formula reduces t o

r

7115 (

j-ifrfa t t ( p ) M

12

keV

-

(

Again with M in GeV.
Some values of the leptonic decay width and the spin dependent splittings
are given in Table 5.4. From this table we can conclude:
• Again it is not possible to fit the F(1S) and F(2S) simultaneously. The
right value of F(lS) is reached for K « 0.36. At this value of the K
the splitting \\ — \\ is too small compared the the experimental value.
Unfortunately, at the same time the splitting \lb - \£ is larger than the
experimental value. We already remarked in the discussion about the
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0.00
0.07
0.14
0.21
0.28
0.35
2.53 0.36
3.0
0.43
3.5 0.50
4.0 0.57
Exper.
0.0
0.5
1.0
1.5
2.0
2.5

rv, (is) r e+e -(2S)
in keV
0.18
0.27
0.39
0.57
0.83
1.19
1.22
1.67
2.31
3.16

L2? •;-;

in keV
0.24
0.32
0.41
0.52
0.66
0.82
0.83
0.99
1.19

1.41 J

.

._

U MeV
~ \b
in
0.0
0.9
2.1

3.4
5.1
7.1

7.2
9.4

12.2
15.6

0.54 " X 21

Coulomb interaction

,1 " 0
\b ~ \b

in MeV
0.0
4.7
10.4
17.2
25.4
35.2
35.9
47.0
61.1
78.1

T(1S) - i)b
in Mev
0.0
2.1
6.1

13.6
26.4
47.2

49.2
79.7
129.1
201.6
-

Table 5.4: Leptonic decay widths and spin dependent terms for the lowest
bottonioniuni states for different values of the 'coupling constant' K within
model (5.36).
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charmonium P-states that a simultaneous fit of these splittings is not
possible with spin dependent contributions of the type (5.44-5.48). At
H « 0.36 the T(1S) - r]b splitting is predicted to be 49 MeV.
• The value K ~ 0.36 corresponds to £ ~ 2.5. The disturbance of the
equidistant spacing of the S-state levels is therefore even more pronounced than in the case of chanuonium.

5.6

Scaling properties

In Chapter 3 we already mentioned that one of the advantages of a description
in terms of Schrodinger equations is that we can derive the scaling properties
of the hadron spectra within the framework of the model. After the previous
section we can be more explicit about this point. From (5.40) we see that the
influence of the unscreened Coulomb interaction is completely determined by
the dimensionless parameter f. For £ = 0 the shape of the spectrum of (5.36)
does not depend on the parameters // and *;. This is even true if we take
decay into account and make the transition potential of the decay mechanism
proportional to the general energy scale uj (like we did in (3.6)). Of course,
our model is based on the fact that this property is found in the experimental
data. For the charmonium system we have

and for the bottomonium system we find
T(3S)-T(2S)
and we see that the experimental </' and T spectra have the same shape as
far as the S-states are concerned.
If we take the P-states into account, the experimental spectra of the (/'
and T systems can no longer be said to be of the same shape. For the relative
position of the IP-state we find in the charmonium system
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and in the bottomonium system this ratio reads
T(25)-T(1P)
= 0.27 ,
T(1P)-T(15)

(5.55)

and these ratios are clearly not the same. In Figure 5.4 we see that within the
simplified model of (5.36) this ratio strongly depends on £ and that within
the one channel model of (5.40) we have to have £r > Zip if we want to
reproduce (5.54) and (5.55).
In the previous section we concluded that the value of K needed to fit
the leptonic decay width is about equal for the tp and T spectra within the
model of (5.40), suggesting that in this regime K can be considered a constant.
For the IS states it is our experience that the wave function in the origin is
hardly influenced by the presence of a decay mechanism (the normalization is
influenced by the MM component in the wave function) [Bev83c]. Therefore
the observed mass independence of K can be expected also to be valid for the
case that decay channels are present. This has two important consequences:
• According to (5.38) the parameter f will not be equal for different
quarkonia. Although this fulfils the requirement £r > &>» this means
that the universality of the quarkonia spectra will be lost. On the one
hand this is convenient because it helps us to build-in the scale breaking
that is present in the experimental P-state spectrum (reflected by the
inequality of (5.54) and (5.55)). On the other hand it causes trouble
because it introduces a mass dependence in the S-state spectrum which
is experimentally absent (resemblence of (5.52) and (5.53)).
• If « can be expected to be constant up to the toponium system, the
toponium spectrum will be strongly dominated by the Coulomb interaction.
The first point meai.s that if we try to incorporate an unscreened Coulomb
interaction in our full unitarized model in order to improve the leptonic
decay widths of the quarkonia, the shape of the already fitted spectra will
be destroyed.
We can even give an estimate of the mass dependence that will be introduced in this way. Suppose that we adjust the parameters in the confined
channel with Coulomb in such a way that we arrive at the same bare spectrum of the Jpc= 1" states we had without Coulomb and subsequently turn
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on the decay mechanism to arrive at the experimental bound states. From
the previous section we know that we need f^ w 1.6 and £r « 2.8. From
Figure 5.4 we see that the value £ ss 1.6 increases the 2S-1S level spacing
from C(25) - C(1S) = 4 to C(2S) - ({IS) = 4.5. From (5.39) we see that
we have to decrease u> by a factor 1.13 in order to restore the spectrum. According to (5.38) we therefore arrive at ^ « 1.7 and £T « 3.0. The absolute
value of the energy levels (determined by the value of the quark masses) is
much larger than the relative shift we are now talking about, and therefore
a relatively minor change in the quark masses is enough to shift the states
back in their place. The influence this change has on the decay width can in
first, instance be neglected.
From Figure 5.4 we read that at £,/, « 1.7 the level spacing is still
C(2£>) — £( 15) = 4.5. This means that this first order estimate of the new ui is
rather accurate2. At. £r ~ 3.0 we have a level spacing of ((2S) — £(15) = 5.2.
The difference in the level spacings for the charmonium and bottomonium
systems are therefore AC ~ 0.7 and according to (5.39) this amounts to
60 MeV in the bare spectrum. Because the decay mechanism almost doubles
the 2S-1S splitting to arrive at the experimental levels this means that the
mass dependence introduced by the unscreened Coulomb interaction will be
as large as 120 MeV in the unitarized model.
This value of the mass dependence is unacceptable. Apparently the value
H « 0.4 needed to fit the leptonic decay widths is too large. In the next
section we will study the screened Coulomb potential that can reproduce the
leptonic decay widths without disturbing the spectrum of the S-states too
much. Let us therefore for a moment put aside the question of the leptonic
decay width and study the influence of the Coulomb term on the P-states.
As v/as mentioned above, the scale breaking introduced by the unscreened
Coulomb term might be useful to account for the scale breaking that is
present in the P-state spectrum. Unfortunately we do not know exactly how
to handle strong decay in these cases. Anyway, we want to get an idea iiow
strong the unscreened Coulomb potential mus* be to cause the inequality of
the ratios (5.54) and (5.55). We follow the same line of reasoning as above
and suppose that first the parameters are adjusted in such a way that the bare
spectrum already has the desired properties and that subsequently decay is
2

According to (5.42) and (5.43) the leptonic decay width is decreased by the decrease
in u> but this effect is cancelled by the effective increase of (.
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taken into account to shift the bare states to the physical states. Because we
do not knov the effect of decay on the P-states we do not desire to reproduce
(5.54) and (5.55) in the bare spectrum, but only their ratio
T(2S)-T(1P)

Due to the spin dependent forces, the S-states are shifted slightly upwards.
According to (5.19) this shift is ijcw for the states we are talking about
((Ti-O2 = \). Although this shift influences the relative position of the IP
states between the 2S and IS states this shift is approximately the same for
('harmonium and bottomoniuni. This is simply a consequence of the analogy
with the leptonic decay widths (5.42) and (5.43). Because the experimental
decay widths of (-harmonium and bottomoniuni differ a factor 4 we see that
the common factor

n

)S

i£' {

F

(5 57)

-

has to be the same for channonium and bottomoniuin (if H can be considered
to be constant)- Because M is almost proportional to // this common factor
is proportional to (5.48) and this implies that the value of cn equals 22 MeV
for both charmonium and bottomoniuni. This means that the shift of the Sstates with respect to the P-states will not destroy the mass independence of
the channonium and bottomoiiium spectra and will therefore not contribute
to the inequality of (5.54) and (5.55). Therefore we will absorb this shift in
the shift due to decay and will now try to recover (5.56).
The situation corresponding with (5.56) happens at a value £v, » 1.1. At
this value the splitting has increased from £,"(25) - £,"(!•!>) = 4.0 to
(,"(25) - C(\S) = 4.3. This means that we have to decrease uj to 177 MeV.
Using (5.38) this means that we started from H = 0.26. At £r * 1-9 we have
a 2S-1S splitting of (,'(25) - C(l5) = 4.5. So now the difference in the level
spacing for the (harmonium and bottomonium is AC = 0.2 and this amounts
to 18 MeV in the bare spectrum. Taking decay into account this will lead
to a mass dependence of 36 MeV, which is tolerable. Using this procedure
(adjusting parameters to put IS and 2S on the old harmonic oscillator states
first) we can make an estimate of the bare positions of the P-states. In this
estimate we have to take the shift of the S-states (due to the Darwin terms)
into account. We estimated earlier that this shift is \co-Z7 MeV and must
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be the same for (harmonium and bottoinonium. We suppose that this shift
is absorbed into the offset of the IS state and therefore we substract this
value from the P-state masses. Thus we arrive at the following values for the
bare P-states:
T(1J>) = 9.962 GeV
T(2P) = 10.306 GeV
= 3.589 GeV

(5.58)

By construction the bare S-states for the potential with Coulomb are on
their original harmonic oscillator values (supposing they will shift to their
experimental values by the decay mechanism):
T(1S) = 9.733 GeV
T(25) = 10.113 GeV
f ( l S ) - 3.409 GeV

(5.59)

From the above we can conclude that the IP states have to be shifted 63 MeV
and the 2P state has to be sliifted 43 MeV to reach the experimental values.
This is quite reasonable. Thus we arrive at an optimal vdlue of H in this way
of 0.2G. appreciably less than the value 0.4 obtained earlier.
In all these estimates it is assumed that the level shifts due to the Coulomb
term are practically not influenced by the presence1 of strong decay. This will
be tested in Chapter 6.

5.7

Harmonic oscillator with a screened Coulomb
term

The Schrodinger equation with a harmonic oscillator and a Yukawa-like
screened Coulomb potential reads
1 j <F
2fi [<h-

/ ( / +1)1
r-

,

, .,

J

* r >»
r

_

a- 0.

(5.60)

We make this equation dimensionless by introducing again the variables />. £
and C as given by (5.37)-(5.39). and
o=

\_\.

/tHj

(5.61)
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In these variables (5.60) reads
\d2

1(1+1)
2

dp

u=0.

p,2

(5.62)

The expressions (5.41), (5.42) and (5.43) are used to determine the leptonic
decay widths.
To calculate the effect of the spin dependent forces in a perturbative
approach we have to calculate the expectation values (5.10) but now for the
screened Coulomb potential. These parameters now become:

(563)
ap

P

P

P

)
(5.64)

The effect of the spin-spin terms is still proportional to
2

Tables of eigenvalues of (5.62) and leptonic decay widths are given for some
values of a in Appendix B. For a = 2 the eigenvalues are plotted in Figure 5.7.
In comparison to Figure 5.4 the influence on the spectrum has decreased
significantly. The influence on the IS wave function is depicted in Figure 5.8.
Compared to Figure 5.5 we see that at the same time the influence on the
wave function in the origin is quite large and has not been decreased very
much by the introduction of screening. That means that the mass dependence
that is introduced by the Coulomb is less pronounced while the leptonic decay
widths can still be recovered.
From Figure 5.7 another interesting observation can be made. We see that
the influence of Coulomb on the spectrum of the P-states has been decreased
even more than its influence on the S-states. This is understandable because
the screening suppresses exactly that part of the Coulomb that had any
influence on the P-states (the P-wave functions are zero in the origin).
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1.0

2.0
3.0
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4.0

Figure 5.7: The eigenvalues C of (5.62) as a function of the Coulomb parameter £.
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COULOMB INFLUENCE ON 1S

CC

1.0

-1.0

Figure 5.8: The influence of screened (a = 2) Coulomb on the ground state
of (5.C2) for different values of the Coulomb parameter £.
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H

1

0.0
0.5
1.0
1.5
2.0
2.2
2.5

0.00
0.12
0.25
0.37
0.49
0.54
0.62
3.0 0.74
3.5 0.86
4.0 0.99
Exper.

r e + e -(2S)
in keV
ill keV
1.27
1.35
1.69
1.68
2.26
2.09
3.07
2.59
4.15
3.19
4.75
3.48
5.64
3.91
7.65
3.75
10.45
5.67
14.18
6.68
4.75 _ j
2.05

jrU-(is)"

\l - \l

in MeV
0.0
0.9
1.8
3.0
4.3

4.9
5.8
7.5
9.5
11.7
45

,1
Ac

J
\r

in MeV
0.0
8.5
18.0
28.4
40.0
45.2
53.0
67.3
83.7
101.9
95
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J/V - T]c

in Mev
0.0
5.9
15.5
31.5
56.5
12.5
96.3
156.5
249.3
386.7 j
120

Table 5.5: Leptonic decay widths and spin dependent terms for the lowest
charnionium states for different values of the 'coupling constant' K within
model (5.60). The screening is A = 0.77 corresponding to a = 2.
We can again estimate the effect on the real charmonium states by using
the parameters of our unitarized model as input. In Table 5.5 the leptonic
decay widths as well as the influence of the spin dependent forces is tabulated
for the charmonium system. In this table we see that:
• We need a value of K ~ 0.54 to reproduce the correct value of F(1S). Of
course this is larger than the value we needed before (K ~ 0.42 without
screening). However, the shift of the spectrum caused by this large
Coulomb term is smaller than in the unscreened case.
The P-state splitting is much too s'nall compared to experiment. This
is because the screening reduces the influence of the Coulomb on the Pstates very strongly. The splitting is also changed qualitatively because
now e (defined in (5.12)) is reduced to 0.1 in this case of a = 2. This
ratio does not strongly depend on the strength of the Coulomb force.
This means that the screening of the Coulomb force has a bad influence
on the shape of the P-state splitting.
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K

0.0

0.00
0.5 0.07
1.0 0.14
1.5 0.21
2.0 0.28
2.5 0.35
3.0 0.43
3.2 0.45
3.5 0.50
4.0 0.57
Exper.

T e + e -(lS)
in keV
0.18
0.24
0.32
0.43
0.59
0.80
1.08
1.22
1.48
2.01
1.22

rW(2S) xl-xl
in keV
0.24
0.30
0.37
0.46
0.57
0.70
0.85
0.91
1.01
1.19
0.54

in MeV
0.0
0.3
0.6
1.0
1.4

1.9
2.5

V 1 — V°
\b
\b

in MeV

T(lS)-%
in Mev

0.0
2.8

0.0
1.9

5.9

5.1
10.4
18.7
31.7
51.7
62.4
82.4
128.0
-

9.4

13.2
17.5
22.2

2.7
3.1
3.9

27.7
33.7

21

32

24.1

Table 5.6: Leptonic de<~ay widths and spin dependent terms for the lowest
bottomonium states for different values of the coupling constant' K within
model (5.60). The screening is A = 1.34 corresponding to a — 2.
We can also study the effect on the bottomonium states. In Table 5.6 we
tabulated the influence of the screened Coulomb potential on the bottomonium states.
From this table we can conclude:
• We need a value of K ~ 0.45 to reproduce the correct value of F(1S).
• At this value of H the P-state splitting is again far too small.

5.8

Relation with the geometrical description

As mentioned in Chapter 1, the success of the the flavor mass dependent
potential suggests a description in which quarks move in a strongly curved
space caused by a background field. The influence of the Coulomb interaction
was also studied along this more fundamental line. The separation of the
centre of mass motion in this essentially relativistic description is very hard
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to do and not yet completely solved. Therefore we simplified the description
to an effective one-particle picture with a static Coulomb-like source. The
effect of the Coulomb interaction on the spectrum and the shape of the wave
functions is roughly similar to the result in this chapter. For a more detailed
discussion on this topic see [Jan88, Chapter 6].

5.9

Conclusion

Given the results of the previous sections we can conclude that the Coulomb
interaction certainly improves the behavior of the wave function near the origin, thus making a better description of the leptonic decay widths possible.
Although the treatment of this chapter is of a simple exploratory character, the required strength of the screened Coulomb interaction is physically
acceptable (0.26).
Because the presence of Coulomb interaction can already be felt in the
properties of these quarkonia, we can expect the (still to be discovered) toponium family to be strongly influenced by the Coulomb interactions.
In this chapter we made estimates of the Coulomb force by comparing
the predicted leptonic decay widths with their experimental values. This
was done because we know that the leptonic deca> width of the IS state is
not very strongly influenced by the presence of decay channels in a larger
unitarized model. However, the leptonic decay width of the 2S states, the
relative position of the S- and P-states and the P-state splitting is certainly
influenced.
In the next chapter the Coulomb interaction will be incorportated in our
full unitarized model and these observables will be studied in detail.

Chapter 6
Coulomb interaction in the full
model
In the previous chapter we investigated the influence of Coulomb on the spectrum and the wavefunctions of the charmonhun and bottomonium families.
In this chapter we will take the imiuence of decay into account.

6.1

Introduction

In Chapter 5 we gave the main experimental results that are influenced by
the presence of Coulomb1. These are:
• The leptonic dreay widths of the IS and 2S states of both ('harmonium
and bottomonhun.
• The position of the IP state between the IS and the 2S states.
• The fine- and hyperfine splittings of the P-states.
We mentioned in Chapter 1 that essentially two kinds of models are successful
in describing the experimental quarkonia. These are the single channel descriptions with a color Coulomb term and our unitarized description without
the presence of a Coulomb term in the confined channel. This indicates that
'More precisely: the experimental results that give indications of the singular behavior
of the potential.

94

6.2.

Influence of decay on the P-state spectrum

95

these descriptions are in some way equivalent. By comparing the effects of
decay on the above mentioned observables with the influence of Coulomb on
these observables (as determined in Chapter 5) we will see that, this analogy
of descriptions goes much further than just the experimental masses.

6.2

Influence of decay on the P-state spectrum

The spectrum of the P-states is shifted by the presence of decay. Unfortunately we do not know precisely the decay potential that is present in case of
P-states. Of course, it is possible to derive a decay potential within the harmonic oscillator framework as was clone in [Bev83a]. Within our unitarized
model however we followed a more empirical approach and used the overall
gre '" shape of the transition potential and used different coupling constants
for each channel. These coupling constants are in fact overlap integrals of
the initial and final four quark states (see for the details [Bev83a]).
From this framework we can conclude that the influence of decay on the
P-states is certainly smaller than its influence on the S-states because we
are dealing with I = 1 states which will result in smaller overlap integrals.
However, the precise coupling to the free channels in case of the P-states has
to be determined empirically.
The relative couplings of the decay channels however can be determined
within the harmonic oscillator framework. This leads to the couplings as
listed a Table 6.1. The relative couplings to the free channels in case of the
bottomonium states \", \^. \f and /ift are of course exactly the same, albeit
that the channels are replaced by BB, BB*, B*B\ BSBS, BSB*S and B*B*S.
Using these relative couplings we calculated the shift that a possible decay
is causing. Within this calculation we used the pure harmonic oscillator in
the confined channel and all the parameters that we used before to fit the
S-states (see Chapter 4). The results are given in Table 6.2. From this table
we can conclude that the relation
{A/CPo) + 3A/( 3 P,) + 5M(3P2)}

(6.1)

is exactly obeyed for all the coupling strengths. Apparently, the couplings of
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Decay
Channel
DD
DD*
D*D*
DSDS

Y°
Vc
1
2
1
6
4

DSD;
D;D;

1
12

Spin

0

xl xl K
i

2
3

2
3

1
3

1
3
9

1

3
3
1
6

1

Table 6.1: Relative couplings of the charmonium P-states to the decay channels.

Bottomonium states
inGeV

Charmonium states
inGeV
g2

0.0
0.2
0.4
0.6
0.8
1.0

3.598
3.490
3.387
3.296
3.214
3.139

xl

3.598
3.508
3.414
3.326
3.246
3.173

xi

3.598
3.527
3.448
3.369
3.294
3.225

hc
3.598
3.517
3.430
3.347
3.269
3.198

xl

9.936
9.880
9.811
9.737
9.661
9.587

xi

9.936
9.881
9.815
9.742
9.668
9.595

xi

9.936
9.884
9.822
9.752
9.681
9.609

h
9.936
9.883
9.818
9.747
9.674
9.602

Table 6.2: Influence of decay on the splitting of the IP states.
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Table 6.1 are such that this relation holds identically within our model2.
The net contribution of decay as far as the P-states are concerned can
be estimated by comparing the experimental 2P-1P splitting with the 2P-1P
splitting within the pure harmonic oscillator spectrum3, which is 2u>. From
Table 5.2 we read:
Xcbo9(2P) - \cbog{lP)

= 360 MeV.

(6.2)

This value is smaller than 2u; which in the Unitarized Model without Coulomb
reads 380 MeV.
The decay mechanism usually causes a larger shift for the ground state
than for the excited states. One might therefore expect a 2P-1P splitting
that is larger than the 2u> in the pure harmonic oscillator model. This would
lead to the conclusion that within our Unitarized Model the contribution of
decay must be negligible for the P-states.
In Table 6.3 we show the influence of decay on the 2P-1P splitting for
the bottomonium system4. From this table we see that for large g2 the
2P-1P splitting is indeed considerably larger than the 2u/=380 MeV splitting
of the harmonic oscillator. However, we see that the 2P-1P splitting first
decreases before it increases to a larger value. This means that although the
experimental 2P-1P splitting is slightly smaller than 2u> there can still be a
considerable decay component present.
This is rather comfortable because due to the screening of the Coulomb
(section 5.7) the states are much less shifted (compare Figures 5.2 and 5.5).
This means that we need a contribution of decay to the S-states that is
comparable to the shift needed in case of a pure harmonic oscillator in the
confined channel5. Without a shift of the P-states due to decay their relative
2

This can be understood within a very naive model of decay that, is given in Appendix
C. This property indicates that it is possible to compress a number of decay channels into
a smaller number of effective decay channels. This is very important if we are studying
the baryon states that exhibit a large number of decay channels.
3
From Fig. 5.5 we can conclude that the screened Coulomb potential will not change
this splitting.
4
Because of identity (6.1) it is enough to study the 'Pi states because the 3 P 2 . 3Pi and
3
P 0 states will show the same behavior, albeit that they split due to decay. This splitting
is studied in the next section.
5
Of course the spectrum can shifted by adjusting the quark mass but that will not
reproduce the experimental M(3S)-M(2S)/M(2S)-M(1S) ratio. And we also need some
decay to reproduce the T(2S)/r(lS) ratio.
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<r
0.0
0.2
0.4
0.6
0.8
L0
Exp.

1

in GeV in GeV
! 9.936 I 10.316
10.240
9.883
10.188
9.818
10.152
9.747
10.127
9.074
10.107
9.602
10.260"
9.900

1

h(2P)"- hb(iP")
in MeV
380
357
370
405
353
505
3~60~

... J

Table 6.3: Influence of decay on the 2P-1P splitting.

positions to the S-states could therefore never be reproduced.

6.2.1

The influence of decay on the fine-splitting

3
Po states is not only caused by the
The fine-splitting of th? 3 A . :iP\
spin dependent forces as described in section 5.3. Because the3P2, 3P\ and
3
P 0 states couple differently to the decay channels they will be split if the
coupling strength is not zero. This was already depicted in Table 6.2. In
Table 6.4 the splittings are explicitly given.

6.2.2

The influence of decay on the hyper-fine splitting

Not only the :{P2, 3 Pi and 3 P 0 states couple differently, also the 3 5i and
l
S 0 states have different couplings to the decay channels. These coupling
coefficients are given in Table 6.5. The influence of decay on these states is
given in Table 6.6. We see from this table that decay has no influence at all
on the "5S[ - 1SQ splitting. This can be understood within the same naive
model of decay that is used for the derivation of (6.1). See Appendix C for
details.

6.2.

Influence of decay on the P-state spectrum

i

Channoniuin

Bottonionium

*>

2

\b

in MeV

o7o ~~~ "o'.o
0.2
19.5
0.4
33.8
0.6 i 42.6
0.8 i 48.1
1.0 | 51.7
Exper. r 45
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j

'

.1

\fi

in MeV in MeV
0.0
0.0
18.1
3.0
2G.5 i
G.G
9.8
30.5
32.6 ! 12.3
14.2
33.8
;
21
95

:
:
|
!
;
i

0

\/; - U
in -MeV
0^0"
1-8
3.8
5.5
6.8
7.8
32

Table 6.4: InHueiicc of decay on the splitting of the IP states.

Decay
Channel
DD
DD*
D*D*
D*D*
D*D*
DSDS

DID:
D:D:

J/V

Spin I

i Jo)

0
1
I
5.1
10
"]

:w
9
1
10H

o
1
2
0
1
0
1

Table 6.5: Relative cou])lings of the ('harmonium S-states to the decay channels.

100

6. Coulomb interaction in the full model

•>
>k
/;" in GeV in GeV
0.0
3.409
3.409
0.2
3.322
3.323
0.4
3.241
3.240
3.165
0.6
3.165
3.095
0.8
3.095
3.030
1.0
3.031
_. ._. _. _ .
Table 6.6: Influence of decay on the3 5i - lSQ splitting.

6.3

Fitting of the spectrum

We fitted the P-states and the S-stat.es of the charinoniuni and bottomonium
system to their experimental values.
As was clarified in Chapter 5, the Coulomb interaction does not only have
an influence on the leptonic decay width but also on the relative position of
the P-states with respect to the S-states. Therefore it is necessary to fit
the S-states and the P-states simultaneously. Because we do not. know the
exact ratio of the decay coupling strengths for the S-states and P-states.
these coupling strengths will also have to be fitted simultaneously. Because
the structure of the decay mechanism is supposed to be the same for the
('harmonium system and the bottomonium system these systems have also
to be fitted simultaneously.

6.3.1

Thespin dependent forces

We determined the contribution of the spin-dependent forces in the same
way as in Chapter 5 by calculating the expectation values of the potentials.
Unfortunately, this is not possible with the states that are situated above
the threshold. Therefore (/'" was not. incorporated in the fitting procedure.
We tried to make an estimate of these spin dependent terms by introducing
artificial higher 'effective thresholds' that force the </'" pole to the real axis.
However, introducing a threshold with such a coupling that the real value of
the pole remained the same, changed the contribution of the spin dependent
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forces in case of the J/ip arid d<' with an amount that is larger than 20 MeV.
The same inaccuracy can therefore be expected for the spin contribution
of the w" state. Because this inaccuracy is of the same magnitude as the
discrepancy between theoretical and experimental results after fitting (see
next section) it made no sense to fit the t>" state.
The model was fitted against the following observables of the heavy
quarkonia:
• The first triplet S-states of charmonium and bottomonium Jfxi). !/•', T.
T' and T".
• The leptonic decay width of the first two S-states I"( J / 0 ) , F(«/>'). F(T).

r(T').
• The P-state triplets of charmonium and bottomonium \ ° , \ ] , \*. \£,
, 1 , 2

\b-

\b-

• The first singlet. S-state of charmonium rj,..
The parameters of the model used in the fitting procedure were:

a.'
mc
ivh
gs
gp
£r
&,
a

universal harmonic oscillator frequency
mass of the constituent charmed quark
mass of the constituent bottom quark
decay coupling constant for the S-state spectra
decay coupling constant for the P-state spectra
the Coulomb coupling strength for the charmonium system
the Coulomb coupling strength for the bottomonium system
the screening parameter

The parameters found in this way are:
a) = 154 MeV
gs = 1-06
gP = 0.15
£r

=

4.05

(6.3)
(6.4)
(6.5)
(6.6)
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j Experimental | Theoretical j Exp - Theor
in GeV
in GeV i in MeV
3.113
I
3.097
-16
3.686
4
c'
3.683
!
20
4.040
4.009
i
r"
2.989
!
-9
2.980
'/<•
3.434
;
3.415
-19
1
3.511
3.494
j
17
x
3.540
i
16
3.556
11
3.524
3.513
:
I Mcog
T
9.442
!
18
9.460
j,
10.038 I
-15
10.023
T"
10.355 ,
0
10.355
9.860
9.864 1
4
9.892
9.892
i
0
9.913
9.913
|
0
xl
-1__
9.900
9.901 1

I

Table 6.7: Model compared to experiment after fitting.

a
mc
nth

= 6.13
= 2. 4
= 1 . 609 GeV
— 4 . 796 GeV

(6.7)
(6.8)
(6.9)
(6.10)

The results are depicted in Table 6.7. From this table we see that the overall
fit for the heavy quarkonia in this model is rather good.
The fact that we do not exactly know the decay potential in case of the
P-states has its repercussions on the fitted results. This can be seen in the
discrepancy of the P-state triplets. The closer a triplet lies to the threshold
the larger the influence of decay becomes. This can already be seen in Table
6.2 in which the splitting of the IP triplet of charmonium is compared to
that of the bottomonium system. Because the rharnionium triplet lies much
closer to its first threshold its splitting is also much larger. Because we do
not know the exact shape of the decay potential in case of the P-states the
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T

Fe+ P- in keV
Model Experiment
4.75
5.45
2.05
3.35
1.22
1.62
0.54
1.14

Table 6.8: Leptonic decay width of the lowest charmonium and bottomonium
states.

error in the mass of the triplet P-states is also larger for the triplets that
ly closer to the threshold. This is also the reason why the 2P states of the
bottomonium system exhibit a larger difference with the experimental values
than the IP states do.
In Table 6.8 the theoretical leptonic decay widths are compared to their
experimental values. From this table we see that the leptonic decay widths
are considerably improved compared to the result of Table 5.1. As remarked
in Chapter 5 this is due to the increased wave function at the origin caused
by the presence of the color Coulomb interaction.

6.4

Conclusion

From Table 6.7 we see that the 0(2S) - 0(1S) splitting is 13 MeV too small
and the T(2S) - T(1S) splitting is 33 MeV too large. The difference is
46 MeV. Within the Unitarized Model without Coulomb this difference was
22 MeV. We can conclude that the mass dependence that is introduced by
the color Coulomb potential amounts to approximately 24 MeV in the charmonium and bottomonium systems. The leptonic decay widths improved
considerably (compare to Table 5.1).
When we study the results for the P-states we see that as far as the
absolute positions are concerned, the \c state is slightly lower and the \ j ,
states are higher than in the pure harmonic oscillator case.
What we conclude from this chapter is that the Coulomb indeed improves
the leptonic decay widths but at the same time introduces a mass depen-
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dence between the charmonium and bottomonium systems of approximately
24 MeV. This mass dependence in the spectra can only be cancelled by a
comparable mass dependence in the parameter u>. This harmonic oscillator
frequency was supposed to be constant within the Unitarized Model up till
now.
What we really see here is a continuous change between two kinds of
models present in the literature. On the one hand the Unitarized Model
with the universal harmonic oscillator potential with a considerable decay
effect and on the other hand the single channel models with color Coulomb
potential at short distances. We will come back to this point in the next
chapter.

Chapter 7
Discussion and future outlook
In this chapter the results of the previous chapters are compared with other
work done in the field of phenomenological potential models. Also the possible extensions to the model are discussed.

7.1

Introduction

The Nijmegen Unitarized model is rather successful in its description of the
meson spectra. In its most primitive form this model fitted the charmonium
and bottomonium spectra very well [Bev83b]. In Chapter 4 it was demonstrated that this model is also able to reproduce the low-lying scalar mesons.
Such a scalar resonance behaves within our model as a kind of coupled channel bound state. The increased influence of the decay channels is caused by
the lack of the centrifugal barrier in the S-wave scattering.
The descriptive power of the model reaches from the scalar mesons to
the bottomonium system and includes resonance positions, hadronic decay
widths, leptonic decay widths and scattering data like cross-sections from 1
to 10 Gev. Presently no other single model can reach this descriptive power.
As far as the bound state positions are concerned there exist a number
of models in the literature. They are predominantly single channel descriptions. To be able to interpret the charmonium and bottomonium spectra
as spectra of a single channel Schrodinger equation, a pure (i.e. unscreened)
color Coulomb potential must, exist between the constituent quarks on phenomenological grounds because otherwise the position of the P-states with
105
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respect to the S-states can not be reproduced.
For the structure of the spec4ra of the S-states such a Coulomb interaction
is not necessary, as we can see in Figure 1.1. From this figure we can conclude
that the spectra are reproduced by a number of different potential models.
Roughly we can say that the S-state spectra are described by either a single channel potential with a pure Coulomb term [Eic78a] or a multi-channel
description without such a term. This means that we have to be careful
with conclusions about the influence of Coulomb or the influence of decay in
either model type. For example, estimating the influence of decay within a
single channel model with a pure Coulomb term will result in the conclusion
that the influence of decay is small because such a model is already fitted
to the spectra. Analogously, trying to fit a pure Coulomb potential into the
Nijniegen Unitarized model will result in the conclusion that such an interaction can not be present because it will introduce a mass dependence in the
quarkonia spectra which is not present in the experimental results.
As mentioned above the influence of Coulomb on the spectrum of the
S-states is comparable to the influence the decay mechanism has on the Sstates. However, the influence of these mechanisms on the relative position
of the P-states with respect to the S-states is not the same. The spectrum of
the P-states has therefore to be included if we study the effect of Coulomb.
This study was carried out in Chapter 6.

7.2

Qualitative comparison of models

In this section the Nijmegen model will be compared with two other models
that try to fit the light and heavy mesons simultaneously. These are the
models of Brayshaw [Bra87] and of Godfrey and Isgur [God85a]. In the
introduction a rough sketch was given of the different possible descriptions
of the quarkonia spectra using a potential model. In the next sections a
characterization is given of the above mentioned models in the light of this
view.
In general any potential model will have to cope with the large differences between the light and the heavy mesons. The light meson sector is
characterized by a more relativistic behavior of its supposed constituents.
The sector of the heavy mesons exhibit less relativistic effects, can easier be
described using a Schrodinger equation and probes the short range behavior

7.2. Qualitative comparison of models

107

of the potential. All three models discussed in this chapter have their own
characteristic way of linking the sectors of the light and heavy mesons.
• The model of Brayshaw takes as a starting point the light mesons and
treats them in a Dirac formalism thus taking the relativistic kinematics
directly into account. As far as the long range behavior of the potential
is concerned, the light, quarks can be considered to be confined within
some radius Rp. Because this confinement radius will result in the
wrong splittings for the heavy quarkonia (they will be much too small)
the heavy mesons are treated differently using a linear potential. The
linking of the two regimes is done by means of a term in the potential
that can be interpreted as a kind of r dependent mass. In this model
it is clearly necessary that the light and heavy regimes are treated
differently. This makes it possible to identify the p'(lQOO) as the first
excitation of the p(770).
• The Nijmegen model treats the light and heavy mesons in a unified
way. There are no exceptional parameters that act, exclusively in either regime. The basis of the model is the flavor dependent harmonic
oscillator (the origin of which is described in Chapter 1). Because of
this treatment this model identifies p'(1250) as the first excitation of
the p{77Q).
• Godfrey and Isgur adopt a Schrodinger equation using a Coulomb plus
linear term as the non-relativistic potential. Apart from using relativistic kinematics they build a semiquantitative model of relativistic effects.
This model describes the momentum dependence and the non-locality
of the potentials. This has the disadvantage that the parameters of the
model have mainly to do with the technicalities of the smearing process
that is necessary to arrive at a useful interpretation of the singularities
in the model.
In the way it links the light, and heavy meson sectors the model of
Godfrey and Isgur can be regarded as an intermediate model between
the Nijmegen and the Brayshaw. model. Contrary to the model of
Brayshaw it starts off from the non-relativistic description of the heavy
meson spectra (using the Coulomb plus linear term as done in [Eic78a]).
It is of no surprise that it reproduces the shape of the bottomonium
spectrum rather well.

7. Discussion and future outlook
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state

Nijmegen i Brayshaw
Godfrey
\ theor ; cliff! theor j cliff theor I diff
J/y V ~ j 3097 j 3113: -16! 3129 -32 3100 -3
3680
3683
6
3 ! 3680 6
ip' 1~- i 3686
(/-'"
1 1 4029
4009 20 4246 -216 4100 -71
rj. O'+
2980
2989 -9 3011 -30 2970 11
\i 0^" 3415 3434 -19 3410 5 3440 -25
1
3494 17 3514
1"*
-3
3510
3511
\l 2*
+
16 3550
6
3556
3540 16 3540
3517
3524
3524
3513
11
7
Mcog
i °
T *1
9460
9442 " 18""""9452"1 0Q
9460~
-j . ...
10023 10038 -15 10007 16 10000 23
10355 10355 0 10342 14 10350 6
T" i 1
0 ;'
-6 9850 10
9860
9864 -4 9866
\6
9892
9892
0
9910
-18
9880 12
\o , r "
; 2 ++
0
9926 -13 9900 13
9913
9913
9900
9901 -1 9914 -14 9888 12

r~ Exp.
jJnJ^leV

J

\l

Table 7.1: Comparison of the three models with experiment.

It does not make a definite distinction between the light and heavy
meson regimes. Therefore it finds level spacings for the light mesons
that are considerably larger than those of the Nijmegen model but
considerably lower than those of the Brayshaw model. Therefore it
needs a p'(l450) as the first excitation of the p(77Q).

7.3

Quantitative comparison of the models

In Table 7.1 we give the theoretical results of the three potential models for
the charmonium and bottomonium systems. What we see is that the three
models roughly exhibit the same descriptive power as far as the heavy meson
systems are concerned. Unfortunately in the paper of Brayshaw the leptonic
decay widths are not given and therefore it is more difficult to compare his
results to the results of the other two models. In Table 7.2 we give therefore
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Nijmegen
Godfrey
Exp.
i in keV theor cliff theor diff
5.45 0.7 9.95 5.2
J/C 4.75
</''

T

2.05
1.22
0.54

3.35
1.62
1.14

1.3
0.4
0.6

3.26
1.43
0.65

1.2
0.2
0.1

Table 7.2: Comparison of the leptonic decay widths to experiment.

separately the results for the leptonic decay widths for the Nijmegen model
and the model of Godfrey and Isgur.
The main difference between the Nijmegen model and the other two is
that the discrepancies between model and experiment are not uniformly distributed in the Nijmegen model as they are in the other two models. As
far as the leptonic decay widths are concerned the Nijmegen model and the
model of Godfrey and Isgur are comparable except for the width of the J/V
state. In the last model this value is much too high which indicates that the
wave function in the origin is too high in their model.
As mentioned in the previous section each model has its own specific way
of fitting the meson spectra. In Chapter 5 we introduced some indicators
that made it possible to get a qualitative picture of the descriptive power of
the one channel model that was studied there. We can use these indicators
here again.
The shape of the S-state spectrum can be described by the indicator:

M(2S)
M(IS)

(7.1)

This indicator only has meaning for the triplet S-state because in the singlet
S-state spectrum only the rj,. is known. The relative position of the IP states
between the IS and the 2S states is described by

AI(2S) - MC°9{\P)
- MjlS)

(7.2)

We can not use the M{lP\) instead of the MC°9(1P) because the influence
of a spin-spin dependence on the P-state spectrum is not completely settled.
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ind.

system

Exp.
in%

£\

cc
bb
cc
bb
cc
bb

58
59

£2

38
28
47
66

Nijmegen
theor diff
57
1
53
43
30
77
75

6
-5
-2
-30
-9

Brayshaw
theor diff
103
-45
60
42
20
25
36

-1
-4

8
22
30

Godfrey
theor diff
-14
72
65
37
26
57
67

-6
1

2
-10
-1

Table 7.3: The indicators describing the shape of the heavy meson spectra
compared to experiment.

Experimentally the effect seems to be less than 5 MeV [Bow87, Bag86]. In
our model the effect is not present at all but in the model of Brayshaw it
is 10 MeV for charmonium and 81 MeV for bottomonium. In the model of
Godfrey and Isgur these values are 4 MeV and 8 MeV respectively These
values are below the accuracy of their model.
The splitting of the P-state triplet is described by
M(3P2)
£3 =

3

-

(7.3)

M( P,)-M( 3 P 0 )
In Chapter 5 this indicator was given in (5.12) which supposed the structure
of the spin-dependent potentials to be that of (5.4). Here it is used only for
comparison of different sowrts. In Table 7.3 we give the indicators ex, e2 and
£3 for the three models. One problem encountered in the comparison is that
Godfrey does not give his results up to MeVs1. This causes a large error
on the indicators in Table 7.3. From this table we can draw the following
conclusions:
• Both the model of Brayshaw and the model of Godfrey and Isgur have
problems in reprodrdng e% for the charmonium system. This means
they can not properly describe the shape of the S-state spectrum of the
cc system.
'This is because he estimates the errors in his model (as far as the heavy quark systems
are concerned) to be in the order of 10 MeV due to decay and relativistic corrections that
are not accounted for.
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• The Nijmegen model and the Brayshaw model have difficulties with
the parameter £3 which is an indication that the shape of the triplet
P-state splitting is not easy to reproduce for these models.
• The Nijmegen model is a compromise between a correct reproduction
of the S-state spectrum represented by £1 and a correct reproducion of
the relative position of the P-states represented by e2. Both indicators
individually can be reproduced with a high accuracy.
• The model of Brayshaw is a compromise between a correct reproduction
of the S-state spectrum and the triplet P-state splitting.
• The model of Godfrey and Isgur gives a large dominance to the bottomonium spectrum the shape of which is rather accurately reproduced.
The quality of the fit for the charmonium system however is much
poorer.

7.4

Conclusions and possible extensions to
the model

From the foregoing discussion is will be clear that, the color Coulomb interaction as introduced in Chapters 5 and 6 should also be incorporated in the
light meson sector. In this regime the model is rather successful without
a color-Coulomb term. Because of the larger quark separation we can expect that the parameters of the model will not be changed drastically. If the
color-Coulomb term does not destroy the qualitative picture of the scalar resonances as described in Chapter 4, this model will be the only model present
that is able to give a unified picture of the light and heavy, vector and scalar
mesons.
As mentioned in the Introduction (Chapter 1) it is our goal to build a
model that, can help us to uncover to mechanisms that cause confinement. In
fact, confinement is built into our model by means of a permanently closed
channel governed by a mass dependent harmonic oscillator potential. The
results as they are presented in Chapter 6 clearly indicate that this picture
of confinement can be maintained when confronted with the experimental
results in the domain of the P-state spectrum and leptonic decay widths.
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In our interpretation of the meson spectra the decay mechanism contributes an essential part of the description of the hadron spectra. This
means that when we are studying the form of the potential more closely
by incorporating fine-tuning effects like the color-Coulomb interaction we
should realize that the way the decay mechanism is taken into account becomes increasingly important. This can most clearly be seen in the splittings
of the P-states of the (-harmonium system which are strongly influenced by
the presence of the decay channels.
Within the Unitarized model the decay potential is kept simple. The localized potentials that were calculated within the harmonic oscillator framework [Bev83a] were not built into the model in that form. Instead, an overall
grc" dr~ shape was used. Although the right decay potential is of course
unknown to us, it will possess non-local and essentially energy-dependent
terms". A more thorough study of the decay potential could explain the
effective suppression of the influence of higher channels. This suppression
is at the moment built into our model in a phenomenological way. It could
also explain the almost absent influence of decay on the overall position of
the P-states. that was observed in Chapter G and possibly lead to a better
description of the P-state splitting in the (-harmonium system (where the
influence of decay is largest).
Along with an introduction of the final state interactions these improvements of the model can be regarded as /me tuning the model. They do not.
alter the main conclusions that can be drawn from the Unitarized model.
These main conclusions concern the shape of the potential that is responsible for the confining mechanism (the mass dependent harmonic oscillator
potential), and the influence of decay on the meson spectra.

"The non-local potentials should also describe in a more detailed way the relation
between the spatial coordinate r in the confined channel, denoting the separation of the
confined quarks, and the coordinate r in the decay channels describing the separation of
the decaying mesons.

Appendix A
Convergence
In section 2.2.3 we studied the convergence properties (for L —> oo) of the
expression

r

Mnm(E) = EJnm - 4fifJ° 3 \j U>^yr»

x

(A.I

where we used for the potential
\

(A.2)

and adopted the notation </,• = u>,-V(7",-) where {u1,-} the weights and {;•;} the
integration points. In this appendix we will show that the structure of (A.I)
is such that the convergence is poor no matter how the integration points
and their corresponding weights are chosen. The problem stems from the
fact that we are discretizing integrals of the form
Q(k) = / ° % rsm(kr)dr ,
Jo

(A.3)

in the following way
L

^«-,sin(Avt).
/- I

113

(A.4)
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The eigenvalues of the system have to be determined by evaluating

At the value k = 1 we therefore use the approximation

To see how good this approximation really is we study the convergence of
i

=

Yl

WU

' 'J {cos(ri + rj) -

cos

\ri -

r

j\}

and
Xm{GQ} = J ] i/'iU^ {sinfo + r^) - sin \n - rj\} .

(A.8)

This can be done very easily with the following SPEAKEASY program.

1 PROGRAM
2 SETLAGUERRE(L,R,W)
3 A=A2D(L,L)+1 ; R1=R*A ; 12=A*R
4 W1=COLARRAY(:W)
5 W2=R0WARRAY(:W)
6 W=W1*W2
7 RGG=SUM((C0SCR1+R2)-COS(R1-R2))*W)
8 IGG=SUM((SIN(R1+R2)-SIW(ABS(R1-R2)))*W)
9 TGG=SUM((SIN(R1+R2)-SIN(R1-R2))*W)
10 RGG ; IGG ; TGG
The variables RGG, IGG and TGG denote (A.7), (A.8) and
L

]T u\Wj {sin(r; + r,) - sin(rt- - rj)} ,

(A.9)
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L

RGG

IGG

TGG

3
5
7
9
17
19

-.49209
-.49781
-.50008
-.50000
-.50000
-.50000

.10548
.08518
.05956
.04608
.02428
.02171

.47274
.49944
.50008
.50000
.50000
.50000

Table A.I: Convergence of the expressions (A.7), (A.8) and (A.9).

respectively. The results are given in Table A.I. From this table it is clear
that Tm{QQ} converges very badly and that the term \rt — r,| is to blame
because TGG converges properly. This is not really a surprise because the
error will be proportional to the higher derivatives of the integrand. These
higher derivatives however are in the case of \rt — r,| unbound. Terms of this
shape also appear in (A.I) and therefore the bad convergence (for L —* oo)
is a general property of (A.I).

Appendix B
Eigenvalues of (5.62)
In this appendix we give the eigenvalues and the values of the wavefunction
in the origin for the Schrodinger equation
u = 0.

(B.I)

These results were calculated using a simple program based on NAG library
routines. To use these routines the behavior of the solutions of (B.I) in the
neighborhood of p = 0 and p = oo have to be determined.
The behavior near p — 0 can be determined by making the expansion
u = pl+l{l

+ aip + a2p2 + a3p3 + • • •) .

(B.2)

We find for the coefficients ai,a2 and a3 the following expressions
(R3)

'• " -2UTT)
ft2 =
ft3

~

-i^Tar
6(7T2)

(B>4)
(B 0)

-

(B.6)
The solution of (B.I) behaves near p — oo as
a^pK-^e-W .
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0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0

c

IS

3.000
2.415
1.785
1.103
0.359
-0.453
-1.342
-2.317
-3.382

0(0)
1.502
1.825
2.21
2.68
3.22
3.85
4.57
5.38
6.29

2S

3S

7.000 1.84
6.522 2.11
6.029 2.40
5.521 2.71
5.000 3.04
4.466 3.39
3.921 3.73
3.366 4.08
2.803 4.44

11.000 2.06
10.577 2.30
10.147 2.56
9.709 2.83
9.264 3.10
8.814 3.39
8.359 3.67
7.900 3.96
7.438 4.24

c

C

tf'(0)

Table B.I: Eigenvalues and value of the wave function in the origin of (B.I) for a = 0.

IS

C
0.0 3.000
0.5 2.730
1.0 2.429
1.5 2.090
2.0 1.709
2.5 1.276
3.0 0.783
3.5 0.222
4.0 -0.417

0(0)
1.502
1.79
2.13
2.54
3.02
3.59
4.25
5.00
5.85

c

2S

r

0(0)

7.000 1.84
6.783 2.09
6.554 2.35
5.314 2.64
6.063 2.95
5.802 3.27
5.533 3.60
5.258 3.92
4.979 4.24

• 35

c

0(0)

11.000 2.06
10.809 2.28
10.611 2.52
10.407 2.77
10.197 3.03
9.983 3.30
9.765 3.58
9.544 3.85
9.321 4.12

Table B.2: Eigenvalues and value of the wave function in the origin of (B.I) for a — 1.
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0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0

c

3.000
2.856
2.695
2.515
2.311
2.078
1.810
1.502
1.145

IS
•«H0)
1.502
1.73
2.00
2.33
2.71
3.16
3.68
4.30
5.01

c

2S

7.000
6.868
6.727
6.577
6.418
G.249
6.072
5.886
5.694

0(0)
1.84
2.05
2.29
2.55
2.83
3.13
3.45
3.77
4.09

c

3S

11.000
10.877
10.747
10.612
10.471
10.325
10.174
10.018
9.860

0(0)
2.06
2.26
2.48
2.71
2.96
3.21
3.48
3.75
4.02

Table B.3: Eigenvalues and value of the wave function in the origin of (B.I) for o = 2.
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IP
0.0 5.000
0.5 4.619
1.0 4.229
1.5 3.829
2.0 3.418
2.5 2.996
3.0 2.561
3.5 2.114
4.0 1.653

2P
9.000
8.659
8.313
7.961
7.604
7.241
6.873
6.499
6.119

ID
7.000
6.697
6.390
6.080
5.764
5.445
5.121
4.792
4.459
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2D
IF
11.000 9.000
10.719 8.741
10.436 8.480
10.150 8.217
9.861 7.951
9.570 7.683
9.276 7.413
8.979 7.140
8.679 6.865

1G
11.000
10.770
10.539
10.306
10.072
9.837
9.600
6.361
9.122

Table B.4: Eigenvalues of (B.I) for a = 0.

0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0

IP
5.000
4.887
4.770
4.648
4.521
4.389
4.251
4.107
3.957

2P
9.000
8.895
8.788
8.677
8.564
8.448
8.328
8.206
8.080

ID
7.000
6.935
6.870
6.803
6.734
6.665
6.593
6.521
6.447

2D
11.000
10.936
10.872
10.806
10.739
10.672
10.603
10.533
10.462

IF
9.000
8.958
8.916
8.873
8.830
8.786
8.741
8.696
8.651

Table B.5: Eigenvalues of (B.I) for a = 1.

1G
11.000
10.971
10.941
10.912
10.882
10.852
10.821
10.791
10.760

B. Eigenvalues of (5.62)
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Ic

00
05
10
15
20
25
30

35
4.0

... 2
IP
5.000
"o.mr
4.960
4.918 8.955
4.876 8.908
4.831 8.860
4.786 8.811
4.738 8.761
4.689 8.709
4.638 8.655

8.600 J

_1D_
7.000
6.983
6.966
6.949
6.932
6.914
6.896
6.828
6.860

_2D_
11.000
10.979
10.958
10.936
10.915
10.893
10.870
10.848
10.825

Table B.6: Eigenvalues of (B.I) for a = 2.

_1GJ
11.000
10.995
10.991
10.986
10.981
10.977
10.972
10.967
10.963

Appendix C
Influence of decay on the
(hyper)fine splitting
In Chapter 6 we studied the influence of decay on the splitting of the triplet
P-states and on the splitting of the triplet and singlet S-states. In this
appendix we will give a simple derivation of the properties of this influence
as mentioned in Chapter 6.

C.I

Influence of decay on triplet P-state splitting

Because the three states SPO,3P\ and 3P2 couple differently to the decay
channels they will be split if a decay contribution is present. Let us suppose
that there are only three different, channels corresponding to the quantumnumbers as allowed by the decay mechanism within the harmonic oscillator
model [Bev83a]. We denote these channels by PP, PV and VV where P
and V stand for Pseudoscalar and Vector respectively. The thresholds of
these channels are the sum of their constituting meson masses. The relative
coupling strengths are given in Table C.I.
If we suppose that the shift of the states due to decay depends linearly on
the thresholds of the channels and put the shift due to the PV channel to 1,
the shifts due to the PP and VV channels will be 1 + x and 1 - .r respectively
where ,r is an unknown quantity depending on the V-P mass difference.
The shifts due to the decay channels and the eventual positions of the
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state PP
*Po

3
4

*Pi

0
0
0

3

P2

l

Pi

PV
0
1

oI

VV
1
4

0
1
1

2

Table C.I: Relative coupling strengths for 3 P 0 , 3 Pi and 3P2.
shifted states will be according to Table C.2. From this table we can conclude
state

shift
l + \x
1
1

-i

1 - -x

position
M - \x

M"
M +x

M+ix

Table C.2: Shift due to decay and eventual position of 3P0, 3f\ and 3 P 2 that the relation
= Mcog =

1

-{M(SPO)

5M( 3 P 2 )}

(C.I)

holds exactly.

C.2

The splitting of the triplet and singlet
S-states

For the influence of decay on the lSQ and 3 5i states the reasoning is similar.
The relative coupling strengths with the PP, PV and VV channels are given
in Table C.3. Putting the influence of these channels to 1 + x, 1 and 1 — j" in
case of the PP, PV and VV channels respectively we find a shift of | - |.r for
both the !5o state and the 3S\ state. This means that there is no influence
of decay on the 3 5i —' So splitting. As was remarked in Chapter 6 this also
happens to be the case in the full model.

C.2. The splitting of the triplet and singlet S-states

state^ PP PV VV
1
0
1
18

0

9

Table C 3 : Relative coupling strengths for lSo and 3S\.
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Samenvatting
Een geünitariseerd mesonmodel
met kleur- Coulombinteractie
In hoofdstuk 1 wordt een algemene inleiding gegeven om het probleemgebied
waarbinnen dit proefschrift zich bevindt te beschrijven. Hierin wordt besproken in hoeverre de interne structuur van de mesonen theoretisch wordt
begrepen en welke modellen hiervoor bestaan. Vanuit een fenomenologisch
standpunt wordt de problematiek van confinement besproken en aangegeven
op welke wijze tuarkmodellen van mesonen inzicht in dit verschijnsel kunnen
opleveren.
In hoofdstuk 2 worden systemen met zowel open als gesloten kanalen behandeld. Een aantal algemene eigenschappen wordt afgeleid en de overeenkomsten en de verschillen tussen een M-matrix beschrijving en een beschrijving met behulp van een stelsel Schrödingervergelijkingen worden behandeld.
In hoofdstuk 3 wordt de volledige vorm van het gekoppelde-kanalenmodel,
zoals dat in dit proefschrift gebruikt wordt, gegeven. Op basis van de argumenten uit de hoofdstukken 1 en 2 en de gesignaleerde regelmatigheden iii
de experimentele data, worden de keuzen die aan het model ten grondslag
liggen onderbouwd. In dit model wordt confinement beschreven met behulp van een massa-afhankelijke harmonische-oscillatorpotentiaal en speelt
de aanwezigheid van open (meson-meson) kanalen een essentiële rol.
In hoofdstuk 4 wordt het geünitariseerde model toegepast op de lichte
mesonen e(.5 GeV), S(.99 GeV), 6(.97 GeV) en K(.73 GeV). In dit regime
is de bijdrage van de open kanalen aanzienlijk. Aangetoond wordt dat de
modelparameters zoals gebruikt voor de beschrijving van de pseudo-scalaire
en vectormesonen, onveranderd gebruikt kunnen worden voor de beschrijving
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van deze lichte scalaire mesonen. Dit geeft aan dat de combinatie van een
massa-afhankelijke harmonische oscillator en een vervalmechanisme in staat
is de experimentele gegevens over een breed energiegebied te reproduceren.
Dit betekent dat in dit model deze componenten op de juiste wijze van de
quarkmassa afhangen.
In hoofdstuk 5 wordt een inventarisatie gemaakt van de gevolgen die
een kleur-Coulombinteractie tussen de quarks heeft op de qualitatieve eigenschappen van het model zoals beschreven in hoofdstuk 3. Een studie
wordt gemaakt van de belangrijkste observabelen die de bijdrage van zo'n
Coulombterm bepalen. Dit zijn de leptonische breedtes en het spectrum (inclusief de fijn- en hyperfijnsplitsing) van de P-mesonen. In een eenvoudig
model worden de gevolgen voor de charmonium- en bottomoniumspectra bepaald. De hieruit bij benadering bepaalde parameters van het met Coulomb
uitgebreide model worden als input gebruikt voor een volledige analyse van
de charmonium- en bottomoniumsystemen. Dit wordt uitgevoerd in hoofdstuk 6. De resultaten van een fit van alle modelparameters worden daar
gegeven. Geconcludeerd wordt dat het beeld ran confinement zoals dat ten
grondslag ligt aan het model van hoofdstuk 3 zonder problemen in overeenstemming gebracht kan worden met het verwachte gedrag van de interquarkpotentiaal op korte afstanden. Verder wordt besproken in hoeverre het
model van hoofdstuk 3 veranderd is ten gevolge van de invoering van de
kleur-Coulombinteractie.
Met het resultaat van hoofdstuk 6 beschikken we over een model dat
naar alle verwachting goed in staat is zowel de S- als de P-toestanden van
de lichte en zware mesonen te beschrijven. Daarom wordt in hoofdstuk 7
een vergelijking gemaakt van het resultaat van hoofdstuk 6 met de resultaten van de modellen van Brayshaw en Godfrey die eveneens tot doel hebben
het genoemde gebied te bestrijken. Aangetoond wordt dat de drie modellen vergelijkbare resultaten opleveren. Dit betekent dat binnen de huidige
nauwkeurigheid van potentiaalmodellen verschillende interpretaties voor de
onderliggende mechanismen mogelijk zijn. Doordat het in dit proefschrift behandelde model het verschijnsel van confinement als exacte eigenschap bevat,
levert het naast een goede fit met de experimentele dat; echter eveneens duidelijke aanwijzingen op voor het mechanisme dat daarvoor verantwoordelijk
is.
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