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Abstract 

We demonstrate that relativistic time dilation is a dynamical ef
fect: it depends on interactions. As a result, even stationary particles 
may experience time dilation, for example in an external field. This 
happens in particular when there are extra degrees of freedom at
tached to a particle like spin and a magnetic moment. We illustrate 
this phenomenon with examples from QED and QCD. 
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1 Introduction 
It is often suggested, that time dilation in special relativity is a purely kine
matic effect, meaning that one can always perform a Lorentz transformation 
to one's local inertial co-ordinate system such that the proper time of the 
physical system to be studied (e.g. a particle) coincides with the laboratory 
time. This suggestion is incorrect: time dilation is a dynamical effect [l], 
and only for the most simple systems (scalar particles which are perfectly 
spherically symmetric in the instantaneous rest system) can time dilation 
always be removed by changing one's inertial co-ordinate system [2]. This is 
particularly clear for particles with spin, which carry an amount of intrinsic 
rotation not removable by any Lorentz transformation. 

For such particles space-time transformations other than the Lorentz 
tranformations can be relevant in describing the intrinsic properties of the 
particle with respect to an observer in an inertial laboratory frame of ref
erence, especially in the presence of external fields. Let us emphasize, that 
this statement does not imply, that the Lorentz covariance of the laws of 
particle dynamics is violated. On the contrary, Lorentz covariance of the 
dynamical equations is necessary to guarantee that observers in different in
ertial systems can always compare their results consistently by applying the 
Lorentz-Poincaré transformation mapping one system of co-ordinates to the 
other [2, 3]. However one should keep in mind that, since not all particles are 
rotation-free in the rest system, the Lorentz-Poincaré transformations can
not always be used to pass from the particle's intrinsic (possibly non-inertial) 
reference frame to an arbitrary inertial system, at least not in the presence 
of external fields. 

It is the purpose of the present paper to show that spinning particles in 
special relativity indeed have non-standard time-transformation properties: 
in an external field the transformation between proper time and laboratory 
time is not always a Lorentz transformation1. In order to show this it is not 

'As a historical note, it is amusing that in the paper published in 1902 Lorentz orig
inally introduced a somewhat more general kind of transformation [l]; from those trans
formations he then deduced in the paper of 1904 the standard Lorentz transformations 
by appealing to his equation of motion for a charged point particle. It was Poincaré who 
coined the name Lorentz transformations for this restricted set forming the group SO(3,l) 
[3). 
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necessary to introduce new laws of physics. In fact, in this paper we only 
use well-established theories like classical and quantum electro-dynamics to 
prove our conjecture, which is easily confirmed by studying simple systems 
such as a particle in a constant magnetic field. The ultimate check on the 
results we establish would of course be a direct experimental test. Although 
the effects we predict are generally rather small, we believe the possibility of 
such experimental tests is not entirely academic. 

This paper is organised as follows. In sect. 2 we summarize a number 
of well-known results form classical and quantum electrodynamics which are 
used in this paper. We express the classical time dilation effect in terms of 
the energy rather than the velocity of the particle, ieading to the conclusion 
that time dilation is indeed a dynamical rather than a kinematical effect. 
This is illustrated by a discussion of various possible r°lativistic particle dy
namics. In sect. 3 we show how the behaviour of classical spinning particles 
may be understood from the simple example of a rotating spinless charged 
particle in a constant magnetic field. In sect. 4 we then analyze in full detail 
the quantum theory of both spinless and spinning particles in a magnetic 
field, and derive the result anticipated from the earlier example, discussing 
in particular the contribution of spin. In sect. 5 we rederive the time-dilation 
formula describing the decay of a charged particle in an external field directly 
from the quantum theory without recourse to our earlier classical result. We 
compute the order of magnitude of the time-dilation effects expected and 
finally summarize the conclusions reached in sect. 6. 

Throughout this paper we use Pauli metric diag(+, + , + , + ), with imag
inary time components of four-vectors and tensors, so as to avoid having to 
distinguish between upper and lower indices. The Einstein summation con
vention is used for repeated indices as usual. Finally we choose natural units 
such that c — \,h = 1. 

2 Preliminaries 

A main theme of this paper is the behaviour of relativistic charged particles 
in external fields, in particular (but not exclusively) electromagnetic fields. 
The classical Lagrangian for a particle with mass M and charge q in a field 
described by the vector potential A» is of the form 
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L=l-Mil + qAAx)x„ + AL(x,B). (1) 

Here x„(r) are the wordline co-ordinates of the partiele parametrized by 
the proper time r, the overdot denotes a derivative with respect to r , and 
AZ/(x,0) represents terms in the Lagrangian which are a function of the 
wordline co-ordinates and any other dynamical variables (denoted collectively 
by 6) which are necessary to describe the particle's observable properties. 

The canonical momentum of the particle as derived from a Lagrangian of 
the form (1) is 

Pn - Min + qAp. (2) 

Now the Lagrangian (1) is invariant modulo a total derivative under elec
tromagnetic gauge transformations A^ —* A^ + d„S., with A(r) an arbitrary 
scalar function of the space-time co-ordinates. Clearly, the canonical mo
mentum (2) is not invariant under such a gauge transformation. Therefore 
we introduce a gauge invariant momentum 

*H = PM " 9 V (3) 

In our classical model this is just the kinetic part of the momentum: 

TT̂  - Ml». (4) 

In quantum mechanics, the canonical momentum is the operator which sat
isfies the standard commutation relations 

[i^iPi/l = t ^ , [p„,P.,] = 0. (5) 

In the co-ordinate representation this implies that pM is defined by - t times 
the ordinary partial derivative d^. In contrast, the gauge invariant momen
tum it» becomes — i times the covarxant derivative DM = d^ — iqA„, satisfying 
non-standard commutation relations 

ki,*vl = i<7/Vi (6) 

with FMl/ = dMAv — dyA,, the usual electromagnetic field strength tensor. 
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Taking the time component of the canonical momentum now gives a re
lation between intervals dt of laboratory time and the corresponding interval 
dr of proper time, 

dt = dr ^ ' (7) 
M 

where E is the canonical energy and 4> the scalar potential. 
This relation is very general, and is the fundamental one we employ. It 

is quite clear from this formula, that any quantity which contributes to the 
energy E in an observable way2, also contributes to the time dilation and 
hence time dilation is a dynamical effect, rather than a kinematic one. 

To illustrate this point, let us consider two possible dynamical situations, 
both involving a charged point particle and both realizable entirely within 
the frame work of special relativity. First we assume that the particle is 
spinless and satisfies the gauge invariant energy-momentum relation 

*l + M7 = 0, (8) 

defining the particle's mass shell. In terms of the velocity and canonical 
momentum components this relation implies 

p - qA = 

E -q<t> = 

Mv 

(9) 
M 

From the last line we read off the relation between laboratory and proper 
time: 

« = TT??- (") 
These results are all standard. 

Now consider the alternative situation of a particle with electric and mag
netic dipole moments (d,fi), represented covariantly by an anti-symmetric 
tensor DM„ [4] with 

}By an observable contribution we mean a term in E which is not compensated by an 
equal contribution to q<t>. 
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Dij =£,jkHk, A« = idi, (i,j,k) = 1,2,3. (11) 

A Lorentz and gauge invariant energy-momentum relation is [5] 

JT* + M7 - MD- F = 0, (12) 

where D • F = D^F^. This is the kind of energy-momentum relation one 
expects from the Dirac equation for a charged spin-1/2 fermion. Now the 
components of the canonical four-momentum can be expressed in terms of 
the velocity as 

p-qA = Mv{ i{.2 j , 
(13) 

Then we obtain for the relation between laboratory and proper time 

, , (l-D-F/M\l/t , , 

According to this last result, time dilation takes place even for a particle 
at rest in a non-zero external field. It shows clearly the importance of the 
expression (7) for the classical time dilation effect, and at the same time 
the restricted validity of eq.(10), which describes only the kinematical con
tribution to the effect. Of course, it remains to investigate to what extent 
alternative energy-momentum relations like (12) decribe the behaviour of real 
particles. This question is addressed in the following sections. Here we just 
note the possibility and consistency of such models, and the resulting change 
in the time dilation formula. Obviously, terms in the energy representing 
other physical quantities than the electromagnetic dipole moments can also 
contribute to the time dilation effect. However, in this paper we consider the 
dipole moment as a prime example of the general idea. 
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3 Classical particle in a magnetic field 

For small values of the velocity v and weak fields, we can expand the square 
root in the last equation (13) to obtain 

E = M + l- Mv2 + <K> - (fi • B + d • Ê) + ... (15) 

Thus the square root involving D • F represents a relativistic generalization 
of the usual expression for the energy of an electric and magnetic dipole in 
an external field. This shows that the energy-momentum relation (12) is a 
perfectly reasonable one from the physical point of view. 

Now this relativistic generalization is not the only one possible: any func
tion of the invariant quantity D • F which has the first-order behaviour (15) 
is acceptable. In order to convince ourselves that this relativistic generaliza
tion is a'so a physically correct generalization, we now derive this expression 
for a system where the dynamics is fully known and explicitly solvable: the 
motion of a spinless (non-radiating) charged particle in a constant magnetic 
field. 

The classical equation of motion for a spinless charged particle in a mag
netic field is given by the Lorentz force law 

d Mv - /,/.\ 
= = qv x B. (16) dty/l-

Choosing the positive r-direction to be that of the magnetic field: B = 
(0,0, B), B > 0, the solution of this equation decribes a motion which is a 
superposition of two components: a rotation in the plane perpendicular to 
B (the z-y plane) with constant angular velocity 

U, = 7 7 v / r r ^ ' (17) 

the cyclotron frequency, and a translation parallel to the field with constant 
linear velocity 

v, = T ^ N / I - v2, (18) 

u, being the corresponding constant four-velocity component. The full ve
locity in the laboratory fr»me U 



v = (UT sin u;t, *jr cos ut, v.) (19) 

Substitution of this result back into equation (17) gives the result 

M . g ( ' - " ' , ) '"• (20, 

Comparing the two expressions for u- then leads to the relation 

1 1 + (qBr/Mf 

1 - i~J 1 - if? 
(21) 

The numerator on the right hand side of this equation involving the quantity 
(qBr/M)2 requires some explanation. Its interpretation is the following. 
Define the gauge invariant magnetic dipole moment 

* * & " " • ( 2 2 ) 

In particular, its component in the direction of B is 

The minus sign here is due to Lenz's law: the induced moment opposes the 
magnetic field which creates it. Now eq.(21) can be rewritten >n the form 

1 l-V-BIM 

1 - v1 l - v \ 

From distances large compared to the orbital radius r and for times long 
compared to the period of the orbit, the particle behaves effectively as a 
particle moving along the z-axis with constant velocity vt and carrying a 
magnetic moment ft. At the same time, for a spinless particle as considered 
here the energy-momentum and the time dilation factor are given by eqs.(9) 
and (10). However, by eq.(24) these give results which in the absence of a 
net electric dipole moment are now identical with eqs.(13) and (14): 
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Mv „ . (\ ~'2ji-BL\l\l; 

v'l - v* I 1 - v.? / 
(25) 

and 

i /z 

This shows that relation (12) holds effectively in this case as well: 

*J - £ 2 + A/2 - 2MflB = 0, (27) 

where /T is understood to be the gauge invariant expression (22). 

4 Quantum theory 

We have seen that equations (12)-(14) hold effectively for a classical particle 
with an induced orbital magnetic moment in an external field. In this section 
we show, that the same result also holds for quantum mechanical particles 
with intrinsic spin and magnetic moment. We consider the case of a spin-1/2 
Dirac fermion in a constant magnetic field3, described by the potentials 

A=l-B x r, 4> = 0. (28) 

By this choice of potentials we have implicitly fixed the gauge for the elec
tromagnetic gauge transformations. The one-particle wave functions are de
termined in QED by the Dirac equation 

( 7 - 0 + A/)V' = 0. (29) 

Multiplying by ( - 7 • D + M) then gives a second order differential equation 
which is a generalization of the Klein-Gordon equation: 

3See for example ref.[6], ch.2 



(-Dl + AP r iqa F) V'= 0. (30) 

We observe, that with the identification 

Tr„=-iD„, D^ = -i~- a^. (31) 
M 

this is the operator analogue of eq.(12). This is the reason for our earlier 
remark, that eq.(12) is the energy-momentum relation expected for a Dirac 
fermion. In the absence of an electric field it is easy to diagonalize the 
operator <r • F, resulting in an equation 

(df - D7 + Mz - 2qBsz) i> = 0, (32) 

with s, = ± 1 / 2 for a Dirac fermion. Note that with sx = 0 the same 
relation also holds for a charged scalar particle described by the Klein-Gordon 
equation. 

For stationary positive-energy state* we consider solutions of the form 

V»(x,0 = e '"" + ^- E ' -" fltm(r), (33) 

where z, r — \/x2 + y2 and <p define a three-dimensional cylindrical co
ordinate system. The equation for the radial wave functions of the stationary 
states then becomes 

^_# _ idr + ^ + ( ^ ) V - (m + 2sz)qB + k'+M2- E2J\ RUr) = 0. 
(34) 

This equation can be solved completely by observing that i2*m(r) is the wave 
function of a two-dimensional harmonic oscillator in a state with orbital 
angular momentum Lz - m. Therefore the energies are labeled by the 
principal quantum number n and are given by 

ELn = M7 + *? + qB(n-m+ l-2st), (35) 

with n is a non-negative integer, whilst m is restricted to values 

m = -n,-n + 2,...,n - 2,n. (36) 
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As a byproduct we note, that for s. = 0, ±1/2 we alwsys have 

n - m + 1 - 2s, > 0- (37) 

Therefore an external magnetic field always increases the mass gap in the 
particle spectrum, unless m = n and 5X = 1/2, in which case it remains 
unchanged. 

Inserting the energy eigenvalues in the time dilation formula (7) gives the 
result, that even for k = 0 there is a time dilation effect 

dt = dr v / l + (qB/XP) (n - m + 1 - 25,). (38) 

This is the quantum equivalent of the classical result (26) with v. — 0; the 
term proportional t o ( n - m + l ) in the square root represents the contribution 
from the orbital part of the magnetic moment and the term proportional to 
2sz the contribution of spin. Clearly the magnitude of the time dilation effect 
depends on the orientation of the spin with respect to the field. In particular, 
for the decay time of an instable particle in an external field we find that the 
relative difference in the decay times is 

j , ^ * ^ " * . ! » ( 3 9 ) 

where Ar± is the decay time for the states with sz = ± 1 / 2 in the direction 
of the magnetic field. From these considerations we infer that in quantum 
theory the contribution of spin to time dilation indeed appears together with 
that of orbital angular momentum under the square root, in agreement with 
the result we derived for classical scalar particles. Note also that the magnetic 
moment connected with spin is qsz/M, corresponding to a gyromagnetic fac
tor g — 2, as expected for fermions at this level of treatment (i.e. negelecting 
radiative corrections). 

5 Discussion 

Of course the approach taken above is somewhat hybrid, in the sense that 
even though we computed the energy eigenvalues exactly in the one-particle 
relativistic quantum theory, we used the classical time dilation formula (7). 
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This is justified by noting that also in quantum theory time is a r-number 
parameter and not an operator, and that the quantum expectation value 

< E -q<j>> (40) 

transforms in the same way under Lorentz transformations as the classical 
gauge invariant energy. However, it is possible to provide an independent 
derivation of this result which starts directly from the quantum theory and 
does not take recourse to expressions borrowed from classical electrodynam
ics. 

First we must provide an observable quantity measuring time in quantum 
theory. For this we take the inverse decay width T of an unstable particle 
which decays exponentially, for example a muon: 

l^|2(0 = e-r'|V'|2(0), (41) 

where |V'|2(0 is the probability of the original particle still being present at 
time t. Now if the classical time dilation formula (7) is to carry over to 
quantum theory, we must show that the decay width in a magnetic field B 
depends inversely on the energy: 

M 
Tkmn = TQ- , (42) 

where F0 is the decay width for the free particle at rest in the absence of 
external fields; thereby we then establish eq.(38). 

To prove eq.(42), we recall that exponential decay is described effectively 
by adding the width rk m n as an imaginary part to the energy: 

£>kmn ~* t'kmn ~ t'kmn ~ IHrnn- \4o) 

For the free particle this amounts to adding -iT0/2 to the mass M. In order 
to maintain formal Lorentz invariance and real three-dimensional rotation 
invariance, we then take 1>(x.,t) to be a solution of the Klein-Gordon-Dirac 
equation (30) with complex mass and complex energy eigenvalues; this then 
allows us to compute the imaginary part of the energy in terms of To- In 
particular, taking as before solutions of the form 

*(£,«) = *•<*'••»»-*-.«> Rkmn{r), (14) 
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which are normalizable at fixed time t, we find a relation analogous to eq.(35): 

2 

^kmn ~ [t'kmn .- 1 kmn j 

- Ui - -r\ + k2 +qB(n-rn + 1 - 2st). 

(45) 

Equating the imaginary parts in the two expressions for ££m„ then gives the 
desired result (42). This way we have established the time dilation formulae 
(7) and (38) in relativistic quantum theory in an independent way. 

It is of course of interest to estimate the magnitude of the time dilation 
effect due to a magnetic moment in an external field. From eqs.(38), (39) we 
observe that an appreciable effect requires 

ÏB>lQ-*M (46) 

For a particle like the muon this means we need fields of the order of I012 -
1014 T. Such fields evidently cannot be created in the laboratory. There are 
only two conceivable situations where fields of this order of magnitude might 
arise: nuclear magnetic fields and the fields of neutron stars. In another 
paper [5] ws have computed the effect of magnetic hyperfine splitting due 
to nuclear fields on the life time of a muon in an atomic bound state. The 
effects turn out to be small: the effective field is at most of the order of 
10'° T. Although decay rates of muons can be measured rather accurately, 
and such a small effect might be observable in principle, competing effects 
in atomic muon decay such as muon capture by the nucleus may make it 
difficult to clearly establish the time dilation due to the nuclear field. Since 
the fields of neutron stars are roughly of the same order of magnitude or less 
thar> nuclear fields, astrophysical effects will be equally small. 

However, time dilation being a dynamical effect it is in principle not 
confined to electromagnetic interactions. For instance, in strong interaction 
physics we expect quarks to experience a time dilation 

dl = A r l £ ^ , (47) 

where g is the QCD coupling constant and <j> = A\X,/2 is the matrix-valued 

scalar potential of the color field, with X, the hermitean Gell-Mann matrices 
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of SU(3). 
As an example, consider the D-mesons £>+ and D'+, which both have 

quark content cd. The D+ has spin-parity Jp = 0~ and a mass of 1870 
MeV, whilst the Z)*+ has Jp = 1' and a mass of 2010 MeV. Hence we 
can think of these particles as pair of more or less degenerate bound states 
separated by a color hyperfine splitting 

A£ = 140 MeV (48) 

Now due to weak interactions the c-quark in the D+ meson is instable, and it 
decays after an average life time of 1.062 x 10"12 sec. To the extend to which 
it is allowed to think of the D-meson as a c-quark moving in the color-field of 
a (stable) J-quark, we expect the weak decay of the c-quark in the /?'+-state 
to be delayed by 

M' * At (l + W)' (49) 

where AE is given in (48) and M is an effective mass for the c-quark which 
we take to be of order 

Af* 1700 MeV. (50) 

Then the weak life time of the D , + is about 8% longer than that of the D + : 

At' % 1.9 X lO- , :sec. (51) 

Of course this calculation is not very sophisticated, but it might give a cor
rect order of magnitude for the effect, which is certainly larger than in the 
cas.e of electromagnetic interactions. Unfortunately the weak life time of the 
D'+ is not known and presumably difficult to measure because the £>*+ de
cays almost exclusively via strong interactions to a D+; still this example 
illustrates the general idea. 

6 Summary 

In this paper we have shown that relativistic time dilation is a dynamical ef
fect, rather than a kinematic one. This means that other degrees of freedom 
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than mass and charur contr ibut ing !<> the energy <>\ t he part icle may Jilso 

atfect the amount ot Mine dilat ion, as measured for ins tance in the decay of 

instable particles. As an example we have considered in detail the cont r ibn 

tion to t ime dilation ot spin and the magnet ic moment of charged part icles in 

a magnetic field. Similar effects may be found in s t rong interaction physics, 

where there is a cont r ibut ion to the gauge invariant energy Irom the color 

degrees of freedom of quarks . 

It should be stressed that what is at stake here is not special relat ivi ty 

as such: the sys tems we have considered arc described by well-established 

classical and q u a n t u m theories which are known to be fully covariant . T h e 

issue is ra ther , tha t a clock carried by a part icle and co-moving with the 

part icle does not necessarily measure inertial t ime as defined by an observer 

in the laboratory frame. This is especially clear in our example of the ro

ta t ing classical point part icle with an orbital magne t i c m o m e n t . It is also 

reminiscent of the concept of Zitterbewrgung in t h e Dirac theory of fermions. 

In all of our examples we have considered only part icles in given s ta t ic 

external field. We have completely neglected the back reaction of t h e par t i 

cles on the field, because we donot expect the resul ts to be affected by this 

approximat ion . We intend to s tudy this problem in a future publ ica t ion . 
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