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Abstract: 

Showing that one of the equations found by Wadati, Konno and Ichikawa is equiv­

alent to the equation of motion of a thin vortex filament, we investigate solitons on the 

vortex filament. N vortex soliton solution is given in terms of the inverse scattering 

melliod. We examine two soYilon collision processes on the /ilamenl. Our analysis pro­

vides the theoretical foundation of two soliton collision processes observed numerically 

by Aref and Flinchem. 
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:\ } I n t r o d u c t i o n 

The inverse scat ter ing me thod reveals itself as a power fu l ;m<l useful loo l i n solve 

nonl inear Integra hie equal ions . ' ' A general izat ion of the inverse seal le r ing me thod was 

achieved by Wada t i , Ko tmo and lchikawa."" ' ' ' 4 1 So we can solve many interest ing non l in ­

ear equat ions and explore exot ic sol i tons such n,s the spiky so l i ton , t i n ' cusp so l i lon and 

1.11e l.H.psx.li l.Jii.- 1 1 

In l ief. -\ we found I.wo types of new integrahle equat ions ( W K l equal ions in short.). 

The lirst of the equat ions for the real variable is shown to describe loop s o l i t o n . : ' M : > We 

i l lus t ra ted a smal l loop sol i ton t rave l ing along a large loop so l i inn . \VV w i l l discuss 

here sol i ton solut ions of the second of the equat ions. Basing on t in- inverse scat te r ing 

method , Sl i i in izu and W a d a t i ' ' discussed (.lie cusp solit.ou so lu t ion o f (lie- s ^ o n d t ype 

of t he W K l equations. In l i t is paper, we wi l l mod i f y ( l ie equat ion In al low a complex 

mul t i va lued so lu t ion by i n t roduc ing a sign func t ion in the same way as we modi f ied the 

first type nf t i le W K l equat ions to ob ta in the loop so l i tou . 

The modi f ied equat ion w i l l be proofed to be equivalent to the equat ion of mo­

t ion o f a th in vortex f i lament^ ' so that, the so lu t ion represents the vortex so l i tmi on 

the f i lament . The vortex sol i lon have been convent ional ly described by the nonl inear 

Schrodinger equat ion based on the curva ture and torsion of the v o r t e x / ' ' On the o i l i e r 

hand, l ,evi , Sym and Wojc iechnwski have discussed the so lu t ion by thei r gemnei ric 

m e t h o d . 1 0 ' However these approaches were rather compl icated to gel expl ich fnnn i^{ 

so lu t ion . In this connect ion Are f and Fl incf iem have carr ied out numericaf so lu t ion o f 

I he equat ion of t he vortex f i lament mot-ion. J ' Hav ing proofed tha i ( l ie equat ion o f mo­

t ion of the vortex f i lament is no th ing but ( l ie s<vond type o f the W K l equat ions, here 

we can carry on I r igorous analysis of col l ision process of vortex so lu t ion . We w i l l l ind 

three k inds of vortex soli ton solut ions such as l ump soli t on . cusp sol it on and mul t i va lued 

loop sol i tou depending on the eigenvalue of the inverse scat te r ing method. W i t l i such a 

variety of sol i tons, we can analyze detai ls of complex behavior of col l ision processes. 

In |{ '2 we wi l l discuss mod i f i ca t ion of the second type of the W K l equat ions and 

show equivalence of it to the equat ion of mot ion of a th in vortex f i lament . We wi l l 

discuss the inverse scat ter ing met hod in Jj H and wi l l derive an N vortex sol i ton soluI ion 

in fj 1. Col l is ion processes of two soli tons in the three d imensional space are s tud ied iu 

|{ 5. 'The l inal section is devoted to discussions. 



jj 2 Kijunl ion (if Motion of Tliin Vortex Filament 

1,1 u-: lirst derive the equation i>f million of a thin vorlex lilament from the 

following modified WKI equation: 

tV •Ii \ <)-• -<l , I "• r \ "' H.r 
'21 \ 

- 0 . (L'.l) 

when 

* = t H 

Hep- we introduced the sign function s(fu(d:r/ds) where ds is the element of the- ar< 

lentil Ji alonti of solution rnrvr: 

r/.< = J(,lxY- + |rfr/P . (-'.-•!) 

It is crucial to attach llic sign function to discuss multivalued solution, lor I he- loop 

type u[' dc-fonnnl ion. d.r lakes negative value at lite upper pari of a loop, white </>• is 

posiiive delinile. l''utiheirnore in order (o follow such a deformation we find 1 hat if is 

rlfec i ive to i ransforiii independenl variables from (;r./) to (.s',/) with the definition of s: 

r ('-"»(£) *)"- (2,1) 

d'aking (lie variation ds from IVJ . (2 ,1 ) . we get. K<|.('_'.:!) and thus ronlirm the consistently 

of the definition of I he independent, variable s. 

Introduce the tin- tangent veelor t defined liy i)v/!)« as 

t = --- = - - , - l m — . Hi' — 
iJ.s \ »« '>" On 

where r is a position veetor in the three dimensional spare given 

r = (.r. --IIII f/, lie'/) . 

I'll |iialion of motion of a thin voile., lil niient'" 

i)t il-t 
• - -~ t x -••., 
ill ils-

IS given l>Y 

(2.(1) 

C-'.T) 



T a k i n g a r a l i o of two c o m p o n e n t s of t h e t angen t , v e c t o r such as r „//.,- -- O'f/ifx a n d 

ea lcu la l ing t i m e e v o l u t i o n of t h e r a l i o in a c c o r d a n c e w i t h Iv | . ( ' J .7 ) . we ol i | ; i in ;i t r a n s ­

formed e q u a t i o n of K'q.( 'J.I) e x p r e s s e d by t l i e i n d e p e n d e n t v a r i a b l e s (* . /} a n d t h u s w e 

c a n verify t h a i Kq. (2 .1) is e q u i v a l e n t (o K q . ( 2 . 7 ) . 1 2 ) W e a lso n o t i c e ( h a t l l ie .size of t h e 

t a n g e n t vecli»i i> un i ty a s 

Iti1<'i;ralinn K<|.('J.7) wi th r c x p i v l t o s . WP gp | 

= 1 (2 .S) 

<9r _ 0r t) 2r 
717 ~ 57 x y ^ ( • - > . ! > ) 

for wh ich Aref a n d Klincheni c a r r i e d ou t t he i r n u m e r i c a l c o m p u l a l ion. Now we a r e a i d e 

lo c o n s t r u c t s o l u t i o n of Kq. (2 .9) as s o l i u m s o l u t i o n of K q . ( 2 . l ) . In tin* next s e c t i o n we 

will d e r i v e N sol j lon so lu t i on of lOq.(lM) by u s i n g the i nve r se s c a t t e r i n g m e l h o d . 

K 3 Invnrse Sca t t er ing P r o b l e m 

W i t h I lie inverse scat ter ing method , we solve 1->[.(2.1) under the boundary condi 

J. _ () 

I'll.- .'iu;rjiv,-lll].- j i l o M c m is tfivn liv 

n.v J" — co (.11) 

--— + ;Ar , = A - - i--j . 

'''••J •, , < V 
r— - IAI-J = - A — f, 

( I ' J ) 

W I H T C t h e iini.- i[.>|i--n'I''iicc of t h r r ' i^vi i f i inr t ions l ias ( h e f o r m s 

ill 
Hi-., 

Ar, 1 « f . 

C r , A,-: 
C U I 

•I 



in whi'"h. 

tls I V <l 
t =« . . , » 1 ^ 1 I ^ A 

H = .S./M 
r/.r / ^ /ill 

(:t,i) 

^2l\ 
'-•<« (£) - 2 ^ I + « £ t 

' I ' l l . - (•'<•I'fnnd l .cvi ian equat ion can be obta ined on the same way as l ief. 7. Wo 

-k.-i.-h l ip- process. Define the . los t funct ions: 

j —>• — o c . 

and 

•ttid f lie se;rf f t-rntu; coeff icients: 

as ;r — oo 

;:i.5) 

(:).<;) 

6 — a V" -\-biy . 
(3.7) 

+ /./.-. I (3.8) 

h; <»rile| lo examine the analy t ic propert ies of t ho .Jost funct ions for large |A[ wo 

i„ir,„i„.-.' i :" 
O, ••-<;V{-i\-i + J <r(\,r')<h'} . (3.!)) 

S u l . - i i l u i i ,1' K,|.(3.!)) into r:<|.(:i.-J) together u i l l i K<|.(3.3) then yie lds 

\ 
T>r-7r,\'u--iRli (3.10) 
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Jf we expand rr ;i> an inverse power series in A of the fori 

= y JL»_ (:i II) 

\vr obtain ;m iiilinilr number of conserved <piant.ili<^s by substii ni ini; I:<p(.'!.l 1) intn 

lOq.(.'l.lO). 'ill '- following firsl two conserved quantities play ;i crucial rul.' | ( . express-

asymptotic behavior of the .lost functions: 

"•-i = l -iff" ( ^ r ) 1' 

( : ! . ! • 

£» 
._%! 0* ls-';" U J * 

<tr\ I , \ I f ) . f 

which vanish for jj-| — oc. Then the asymptotic form of <;> and </ for |;i.r»-e |Aj are written 

as 

•? = ( f > ' / * , ) c.xp{-,A.r + ,Af_ + ,,. } + " ( { ) • (:i-l3) 

(••l.l-D fi = cxp(iA<r + //) + 0 ( - ) . 

w l l d C 

)' = /'- + 

/ rr_ i ilr , e_ = / (T_| f/.r , f+ — / a. \ d. 

fr„<i.r , / i_ = / Tuf/r . /'+ ~ / fr„ f/.T . /'+ = / rrn,l.r , | i_ = / fr,|f/r . /f+ ~ / 
(115) 

On lit*1 same way we ran obtain the asymptotic behavior of o. r- and (.'•. 

Use the farl thai <Jf.\p{iA(a- - £_)} , ^ ex (>|-iA(:r - f. )}. i ' cxp j - iA( j - + f + ) } , 

V'e.\p{;A(:r + £+)} and « f.\|>( — JAs) are entire fimrl ions of A ami introduce (.lie kernels 

A', and A, : 

oxp{i'A(.r + f + ( j ) -//!,(:>'))) 

X. I, A,(r..-)exp{~-,, ' +(,)} J 'M ' I 'AI -
(•'l.Ki) 

- , [ . ' • ) ) ) . ' . : . 
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where «v si all 

We lifiv. 

lim A",( j - ,c) = II . Inn / S ' V ( J - . C ) II 

717 
and 111«— (irlTanil-l.ovilan equalions fur j > 1/: 

A', (a-,./) - / - " (J - + ?/) - f I-In + r.) I<:,{.r. .:),!.: I I . 

A' = ; ' -» ! - , ( ;•• ( ; / 4 ; ) A", ( j - . r ) r / - ^ ( 1 

w h e n 

(:i. l7) 

(:i.KS) 

(:i.l!)J 

:i.2(>) 

Hep- I he colli mi r c is (ielineil t o be t he- con t o u r in t he c o m p l e x A p l a n e , s t a r I inp; from 

— .A - -f H)+. p a s s i n g ove r all ze ros of « run I i-ndini; at -Kx 4 ; 0 4 . T i m e d e p e m h > n r e of 

t h e s c a t t e r i n g i l a l a is t;iven by 

<.(A,/) = , i (A ,0 ) . 

h(\,i) ^ / . ( A . ( I ) . . X | ) ( - I ; A - M . 
(••i.-'i) 

W h e n all t in . z i ' ins nf n(A) in t i n 1 u p p e r half p l a n e an- s i m p l e . /•'(.?) c a n !»• ex pi esse, I 

/ • ' ( - ) - ^ ~ - - x p { ^ ( - - + •-'? + ( ' ) ) } + : ; - / ' " ^ " e x p i / A C t - J - . (.,•)))< IX. 

C t ( / ) - r . ' » . ( ( ) ) r x p ( - l | - A i O . 
(:t.-.':i) 

C t ( / ) - r . ' » . ( ( ) ) r x p ( - l | - A i O . 

/ i ( A . / ) , - / . ( A . ( l ) r . x j . ( - l / A ' 2 / ) . 

(livin.u, I lie s r a l i e r i , , ; ; l i a ta | ; J ( A . ( I ) . A : C ( . ( l l ) . A (.. k ].•_'. . . .V }. we e a n d e t e r 

l l l i l l e / • ' ( . : ) a m i S , . l \ e A" I I J" . J" ) Wi l l i I l i e ( e - l ' f a i l . l l . e v i t . l l l , - . p i a l i. Ml- W e l h e | | . . I . h u l l I 111' 

Mililllnll l>y usini ; t in ' ivlal inl l ( : i . ]S) . 



1 N S o l i l m i S i i l l i l l n n 

' I ' l l . - N s. ' l i l . ' i i ~..|uti..n i - . . I ' lani ' - ' l mi . In- 111'- . - . .min imi - -

H i , - ( \ . M l ) . 

IL'I A.-.. . I.- - I.-J V . 

Mi. n / ' ( . : . M in l-'|.(.'i 'JI'I i ' .l i ir.-s l.i 

/•'!•:! V ' - " ' " . - x p - i i . M v ) ^ , ( . , - l | } 

In . . i . | . - i I . . . - I | M - l l i . - ( l . - I T a i i . l l . . - v i l a n i-i | u.-it i o n s , iv,-- n i t I - . H I I I . - . - l In- i. p i 

v 

A', - V . ! , . ( . , - ! . -xp | - l \J.(j- I- ,/-)- 'J- ,\.r))\ . 
': - ', 

.V 

!<•• Yl H Jl J ' l ' ' -M''l <x'>J-r • .'/ i '-'- i I ' l l } 
A" " 7 1' 

Snl's l i l i i l imj. |-.|s.( l.'J) an.I I•!.:)) iniii l-.|.i:l.r.l'l. w<- til.i.'iin 

I -J I 

u / • ; y H ; . ' N p j ^ M / + -- (i.H 
•\, - K •K 

( / ( . A V - ' ^ H ^ - V i / . ' - - . " » » . „ 
A; A!. 

I h.-ll . \ i , is ;J,IVI II l>> 

II / M l 
11"!! 

I I . T - III ' - . | ' - l . ' . i i i i i i a m | | / ) i | . . f III.- 1 ' N x - J N m a t r i x i s , | . - l i n , - . | a> 

i <; 
n i 

w i l h t i n - \ - \ m a l i i . - . - s !.(,- a in I / / ..I" I I n - . - l . - m . - t i l -

/ . I . \ - i 

I ' 

< •; . • x | , j - . ! ; . \ , ( J - i - , i . r j ) | 

v: (- \ ( A ; ) 
t \,. . . . \ | , | - j ; . \ ; i . r i - t i / - ) ) ) 



r . l l l ! i l l . - . | . I • ; J j , j J J -•. 11 f | ' / ' , ; ; 1 i ; i \ . - n ! -> I- | - i . , - 1,1-4 i l l . '-• 1 Ii ••• -I il m n - -I" / >\,' I .\ I I i - . -I-

i< • • / A * , J .• / \ : I I . . i n H I M -

0 - , / ' ; | ! - \ | . { - - ' A l l r • : i . r ! i j 
l\ 11 .;•. .r i > 

— ! / > i l 

i in. . i i . ., i i . i . .(-.. i-,- Mi.- . i , |,.-M.i,-,i,-,- ,,r / \ . i . i - . J-i . . I I , ,|. l in . - i ill l.,,.CJ 1| 

l l ' , , .1 .1-1 - M l - l . I J- I .11 . -

! l ! \ : , ln . - l I I . , W,- I 

. I/-.' 
'-' 'A':!' ' 

I ! \l<: 

N : | . ( / M / / , ) • / . - • 

.A, 

i I A , I- U < A ; / 

/ ; ' , // . ' * ; i i ] i -• n i l ' i . ] ;•! < •• 1 i n M I * - | I ; I l > > n n 

j ' / ; ' | 

!l»l!-

11.'Ji 

. i . i n 

:, Ciilii^inii n f 'Sn l i io i i s ill Tl i rc i - I)i isimi:il SJKH-I 

(;I) On,- Sid i t im S o l u t i o n 

I'-.i . .n- -..In.,11 -..Inn. 

•I 

•in .-i-.-iu.-i l i i , A £ I iij. <j 

.-X|.( 'J / A *.- i 

: ' i - , - x | , { • _ > , [ \ \ - i , | 

I A A M - ' 

: < V ' . - . | . | - H \ \ M . [ 

j \ , " l \ \M 

; ' T - x H ' . M \ \'I>1 
l \ \M" 

l - i - l ) 

' ' ( ' | l l | . - \ | . [ \i\ I) 



'I"li.«' maximum amplitude of tin • soli ton is given \>y 7//(£"'Tn J) - ~ > ' /~- I l' f' velocity 

r„ of the solilon in ,s coordinate is given hy constant, a —•)<£;. I lou'cvi the velocity in x 

coordinate is not constant. It takes different values at different positions of the soliton 

and tends l.o be equal to i\, a.s jj-| — oc where e + heroines constant. The solution 

changes ils form with the period r = ~/{'2{^2 + ?/ 2)}. 

Corresponding to |£| > i/, |£| = T) and |£| < 7/, we find three kinds of solutions 

such as lump, cusp and loop solifons. respectively- We note that llje mull ipliciiy of 

the solution originates [nun tin1 fact. that. <y depends on the S-shaped fH funct ion. 1 ' 1 ' 

Depending upon the sign of the imaginary p;trt. of the eigenvalue the solilon travels 

upwards or downwards along the x axis. Since the phase, factor at. the maximum ampli­

tude of a solilon is proportiona.l to exp{—-l/(£2 -f i /")/}, then the direction of total ion to 

the j axis is clockwise with r. We illustrate one loop soliton traveling to ihe negative 

direction together with E-\. in Kigure l. Through this section we show sfereographically 

the motion of the solitons with the coordinate r r>f Kq.(2.6). 

Figure 1 

(li) Two Soliton Solution 

Two soJiton .solution is given hy 

" = ~4' r -n 
T ( • > • • ! ) 

£ + = 7?' 

where 

I C i ^ - x p ^ , - , > ; ) » } _ |r; 3 |'cx P{2,-(A 2-A;M 
( A , - A ; ) 2 ( A , - A * 2 ) 2 

f;,e.;<.xP{2.-(A, - A ; ) « } _ e r ^ e x p ^ A , - A ; ) * } 
( A . - A 5 ) 2 ( A , - A t ) 2 l ' ' ' ' J 

K-i I-K-V-'IA, - A-.|-' nxp{2»(A, - A" + A, - A;)••,•} 
{(A, - A ; ) ( A , - A ; ) ( A , > - A J ) ( A 2 - A ; ) P '" ' 

10 



A; = A ; 3 

|f,|--V.;A;(A;-Ar,) 2. 'X|,<2 l-(A| - A ; - A ; ) * } 

| A ; A * ( A , - A " ; ) ( A , - A : ) } - l ' ' ' ' ' 

( " • l ^ f - ' A j ' t ^ Aj_2_ 2^.f^(A, - A ; - A - ) . . ) 
" ' ( A ; A ; ( A , ~ A ; ) ( A 2 - A-^p 

an,I 
,|r,r-',-xp{-j,-(A,-A;).-} . I ^ C X P C - M ^ - A ^ J . 

| A , P ( A , - AT) ' |A-_.| = (A~ - AS) 
. r ' . f ' J . - x n J ^ t ^ A ' M .C7 ( 'V .x | . {2 | - (A , -A_tH 

'""'"ArA;(T,'-Ar;T '"" ^ A ^ A T ^ T ; ) 

• K i PK'vP1 lA.P'U, - A',) + ]A.,rJ(Ai - A ; ) } | A , - A,|' rxpj-J.tA, - A; + A, - K),} 

| A , P | A 2 | - ' { ( A , - A ; ) ( A , - A ; ) ( A , - A ; ) ( A , ' - " A - , ) F " 

wiili 
c, =r ' , (0)rx, , ( . i ;A' / / ) . 

r.'2 = (",(()) rxp(-i;A.}/) . 

We r;m consider a a; real variely of collision processes ofa eoinlii nation of lump, cusp 

and loop solil.ons with similar or dissimilar amplitudes I raveling in I he same direct ion 

or jj) the opposile direction. Profiles of these processes slmw very complex behavior 

as ;i consequence of the factor c+ and t in* period r. !!specia.Ily, complex i ty appears in 

col l is ion of loop sol i fons. We show typ ica l throe- cases: 

(I) Collision ofa laru;e lump sohton and a small loop solitoii. 

(II) lload-on collision n[ Iwo similar loop solitons, 

(III) Honnd sfale of (wo loop solicit*. 

iNtimorical results for the case (1) arc illustrated in Figure '2 in which wo can observe 

a small loopsoliton wit)] a \. ilive velocity travels aloni; a lump soliton wilh a negative 

velocity during the collision. 

Figure 2 

The profiles of collision {Hons* far (he case {}}) of (he same loop solilojis will) ihe 

opposite velocities ;i i .• illustrated in Figure .'{ in which we can observe more complex 

II 



movements of soMlons just al the col l is ion. Af ter t he col l ision I wo s«»liloiis s<-par;il >• in 

each other . 

Figure .'$ 

T h e ca.se ( M l ) is appeared i f two sol i tons has the same veloeit ies. W'e f ind I lie 

in terna l mot ion of (he hound s tate as shown in Figure -1 where we t.ak'* lwo s imi lar loop 

sol i tons. We observe tha i one o f the loop soli ton per iod ica l ly moves a nut rid a tint Iter loop 

so l i l on . Here (he real part o f the two eigenvalues has the same value in the present case 

and i ts behaviour differs f rom the breather sol i ton known to the modi f ied Kor lewe^-de 

Vries equat ion and the sine-Clordon equat ion. 

Figure 1 

>i G Discussions 

In order l o .study the mot ion of sol i lon on the th in vortex f i lament , we have 

considered the modi f ied W K 1 equat ion and obta ined N sol i ton solut ion by means of 

the inverse scat ter ing me thod . We in t roduced the sii^n func t ion , which enabh-il us to 

i;ei mu l l i va lued loop sol i to i i so lu t ion , and t ransformed the independent variable f rom 

,r to s — j -f r + . which played a cruc ia l cole to ob ta in N Soliton .solution. We found, 

depending on the t he rat io uf the real and the imaginary par ts of i lu- eigenvalue, three 

kinds of vortex solut ions such as l ump , cusp and loop soliton.s. 

\Y>- stn<{i«-.i propert ies of one and two sol i ton so lu t ion^ and analyzed intensively 

t lie typ ica l col l ision processes. It would be wort h i " ment ion I ha I our one vorl ' -x sol it on 

11> 
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is indeed unserved in na tu re such as to rnados" 1 and exper iment of a ro ta t i ng t a n k . 1 5 ' 

Hy compar ing Figures 2, •'! and I w i l h Figures i i , 1 and 0 of Reference 1 1. the readers 

wi l l lie convinced that our analysis on col l is ion process of the vortex sol i ton in terms of 

i\ i].(2.1) provides the theoret ica l foundat ion for 1 he numer ica l observat ion of A re f and 

I ' l inchem fo; V.(\.(2A)). T h o u g h Are f and F l inchem ident i f ied thei r numer ica l so lut ions 

as just I ranscr ip t ions of so l i lous to the cubic nonl inear Schrodinger equat ion , one should 

i lot ice. however. 1 hat the cubic nonl inear Sell rod i tiger equat ion does nol val id to describe 

large distort ion of waves such as spiky soli tons or mul t i va lued loop soli tons. Our sol i ton 

I henry on the vortex mot ion w i l l provide firm theoret ica l bases to invest igate dynam ic 

:*[ the vort«-x filament under the act ion of ex terna l per tu rba t ions such as shear flow or 

\ iscos i lv . 

The I wo photographs, one of which is very s imi la r to Figure 1, are fmtnd in Itef-

e I I . 

i:j 
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Figure Captions 

l-'iu;.l Si CIV. > view ofoi i . - loop .-oliioii so lu t i on and l l n - s h a p . - of - , f..r A 11..5 -I i an. I 

I ' ((I) 0.-111:1s, wli.-r.- tin- v.-rli.-al I'm.- i.-pri-s.-nls lii.- j - ;isi~ u i i l i I h<- ranc,.-

..f L> • J- •- 2. 111.- h o r i z o n t a l III!- 111.- l ea l ,/ wi th tin- rani;.- . .f I • H e / •'. I 

an. l •• 1.5 -- - < • 0. 111.- i m a g i n a r y ax i s is l i n e ! from lh.- l.a.-k . . f l l i . - p a p e r 

I.. 111.- fi-.ml wi th 111.- s a m e ran.^e as t h e n-al ,/ a.s - I •- l m , / •: 1. | A ) 

( -- - II.:l. (H) I) a n d (<') ().:!. 

l-'i-j,.- Sl.-i.-o view of coll is ion of o n e l a r^o l u m p a n d o u r s m a l l loop s o l i l o n s for 

A, .-- 1 f II.S/. ( " , (0 ) 1. A-_. - --1 -4 •>,' a n d f.'-,(()) =. I wh.-r.- 2 -, j - -. :». 

II •". • l i e , / • II.r, ; , , i . | - 0 . 5 < —Im r/ < (l.r.. (A) / •- II.I. (K) II an . l ( < ' | 

l l . l . 

Flu,.:! Sl.-r.-o v i . w ..I' coll is ion of two loop soliton.s for A, .- II.."> f i. C' i( l l) - i. 

A-, . 0.5 -I- i an,I f'-.(()) --- / w h e r e -•> < .r < L\ - | ._. He , / •£ 1 an . l 

- I < I n n / < I. (A) / --- - l).:i. (H) 0 a n d ( ( ' ) ()..'!. 
l-'is;. I S L - i v o v i c w o f l i o i i n d s t a t e o f two loop s o l i l u n s for A, •-- 0.5 p-_>,. , ', (()) - I. 

A-. -- - 0 . 5 + :)/ a n d (",(()) . - ] w h e r e -L> < r < 2. - 0 . 5 < l i . - , / - . 0.5 a n d 

- ( l . r , < In i , / < 0.5. (A) / - - 0 . 5 . (H) 0.15 an.l (('.) 0 .8 . 
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