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Abstract:

Showing that one of the equations found by Wadati, Konno and Ichikawa is equiv-

alent to the equation of motion of a thin vortex filament, we investigate solitons on the

vortex filament. N vortex soliton solution is given in terms of the inverse scattering

method. We examine two soliton collision processes on the filament. Our analysis pro-

vides the theoretical foundation of two soliton collision processes observed numerically

by Aref and Flinchem.
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Y1 Iatroduction

The inverse scattering method reveals itself as a powerful and useful tool to solve
nonlinear integrable cquations.” A generalization of the inverse seattering method was
achieved hy Wadati, Konno and Iehikawa.?# Sc e can solve many interesting nonlin-
car cquations and explore exotie solitons such as the spiky soliton, the cusp soliton and

the loop soliton.

In Rel. 3 we found (wo types of new integrable equations (WK equations in short).
The first of the equations for the real variable is shown to deseribe Toop saliton % W
Hustrated a small loop soliton traveling along a large loop seliton. We will discuss
hiere soliton =olutiuns of the second of the equations. Basing on the inverse scattering
method, Shimizu and Wadati™? discussed the ensp soliton salution of the seeond 1y pe
of the WK equations. In this paper, we will modify the equation to allow a complex
muhtivalued solution by introducing a sign function in the same wiy as we modified the

first type of the WKI equations to obtain the foop soliton.

The modified equation will be proofed to be equivalent to the equation of mo-
tion of a thin vortex filament™ so that the solution represents the vortex soliton on
the filament. The vortex soliton have been conventionally deseribed by the nonlinear
Schridinger equation hased on the eurvature and torsion of the vortex.™ On the other
hand, Levio Sym and Wojctechowski have discussed the solution by their geometrie
method. ' However these approaches were rather complicated to get explicit form of
solution. In this connection Aref and Flinchem have carried out muniericat solution of
the equation of the vortex filament motion.!? Having proofed that the equation of mo-
tion of the vortex filament is nothing but the second tyvpe of the WKI equations, here
we can carry oul rigorous analysis of collision process of vortex solition. We will lind
three kinds of vortex soliton solutions such as lump soliton, cusp soliton and molivatued
loop soliton depending on the cigenvalue of the inverse scattering method. With such a

variety of solitons, we can analyze details of cotplex behavior of collision processes.

In § 2 we will discuss modification of the second type of the WKI equations and
show equivalence of it Lo the equation of motion of & thin vortex filament. We will
discuss the inverse scattering method in § 3 and will derive an N vortex sohiton solntion
in § L. Collision processes of two solitons in the three dimensional space are studied in

slons.

. The final section s devoted to dise
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§ 2 Eguation of Motion of Thin Vortex Filament

4~

Lot ms Birst derive the equation of motion of a thin vorlex filament from the

following modified WK equation:

0
L% dr\ ar
Prerrdi g ] ey | S =0 2.1
! il +osan (rl.s') il L (21
where o
P o=/l 'L" (2.2)
ir

Here we intradneed the sign funetion sgn(de /ds) where ds s the clement of the are

length along of solution corve:
ds = /(dx)? 3 |dq]® . (2.3)

It i< crucial to attach the sign function to discuss multivalued solution. For the loop
tvpe of deformation. dr 1akes negative value at the npper part of a loop, while ds is
positive definite. Furthermore in order 1o follow such a deformation we find that it is

clfective to transforin independent variables from (. f) to (s,1) with the definition of s:

~ dr
s =4 / 1 — sgn . & dr . (2.1)

Taking the variation ds from Eq.(2.4). we get Eq.(2.3) and thus confivim the consisteney
of the definition of the independent variable s.

Intraduece the the tangent vector t defined by v /ids as

il il )y dq
t=-—= |-, ~Im— Re =], 2.5
s ((')s s s (2:5)
where 1 s a position vector in the three dimensional space given as
r={(r. ~lmq,Reg) . (2.6)
The equation of mation of a thin vorte. Blament™ Qs given by
it -
cl sl % i
it (2




Taking a ratio of two components of the tangent vector such as 1, /1, = dy/ilr and
caleulating time evolution of the ratio in accordance with Eq.(2.7). we obtain a trans-
formed equatiou of Fq.(2.1) expressed by the independent vacriables (s.6) and thus we
can verify that Feq.(2.1) is equivalent to Eq.(2.7).'7 We also notice that the size of the

tangent veclos Is 1ty as

o (d)® + |dg)? - (2.8)
(ds)* ’ -
lutegrating Fe.(2.7) with respeet to s, we get
; . 2
dr _dr  O°r (2.9)

-{W:(_)Tx()—ﬁg’

for which Arel and Flinchen carried out their numerical computation, Now we are able
to construet sohlution of Fq.(2.9) as soliton solution of Eq.(2.1). In the next section we

will derive N sofiton solution of Eq.(2.1) by using the tnverse scattering method.

%3 Inverse Seattering Problem

With the inverse seattering method, we solve B (2.1) under the boundary condi-

tiotis
q -0,
it ) as o] — oo . (3.1)
ir
The cigenvalue problem iz given by
- )
’—I—L +lAr] = \11 ra
ir r "o
, - (3.2
[ iy
e A DI S T
itr irr

where the time dependence of the eigenfunetions has the formes

LR

o A Bes

o (3.4)
v (‘v RIS
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in which

dq
B <u’.r )’_,. Vo 2] N A
TN TS Tt sl '
[):[' (')q'
(' = osgn 111 *‘31)1,\3 + 1 J Dz A
- ds [ fa ]

The Gel'fand Levitan equation can he obtained on the same way as Ref. 7.
“heteh the process, Deline the Jost Tunctions:

aned

(3.6)
atd the scattering cacflicionts:
O = arHh
o= —a b,
\\A]V'l'(‘
aathl =1 .

(3.8)
I ordet to examine the analytic properties of the Jost functions for farge [A] we
introduee!t ™

oy = erpl—idr + / ”('\»:"l)d'r’} .

(3.9)
Subistitution of Fa (3.9) into Eq.(3.2) together with Eqg.(3.3) then yields

e 7 () o B 3.10)
o a7 g (3.
1\_‘-"
r

n

3.5)

(3.4)

We
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I we expand @ as an inverse power series in A of the form

> {T1I
T = - 311
Z (,/\)H ( )
n= -1
we obtain an infinite number of conserved quantitios by substituting Fo (301 iuta

Eq.(3.10). The following first two conserved quantities play w eracial role o express

asymptotic behavior of the Jost functions:

Ir
a_y =1—sgn (:Ti) L

(3.12)
r:)Qq
N_;);,T’ i’i\l__ _l_lL o
"o ‘)Ql {5-(]” ((’S) ¢ 1 3 l”h ¢,
"

which vanish for {r] — oc. Then the asymptotic form of ¢ and a for large |A] are written
as

. 1 g . ) 1 a1
o= (1,04/%) exp{—tAr +ids_ 4 p )+ O (\) . (3.13)

n:vxp[iz\f+/:)+()<]~\> . (3.144)

\\"1(‘1'(‘

— o

o~ > ol (3.15)
=+ oy = / agdr fio o= / aydr | fry = / agdir .
o = o0 o

) T o v
E:£_+£+:/ a_dr, c‘k:/ a_ydr . N ;-:/ a_ydr
o =0 o >

On the same way we ran obtain the asymptotic behavior of 6. ¢ and 0.
Use the fact that dexp{id{z — )}, pexpl{—iX(z — )} Cexp{—~id(r + )},

Pexplid® 4+ £4)} and a exp(—ilg) are entire functions of X and introduce the kernels
Ky and Ny:

(:’1> ("}) explid(r + £ (2) - 15 (1))}

YAN (&, Y exp{ -y (o))
ARG

(3.16)
Kolr. z)exp{~p% ()} )vxw'\(: LA
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where we sfall assune

lim ANy(r o 2) =00 L No{r.s) 0. (3.17)
We have
. T . .
Ni(r,r) = _(Ef oxplpy - ). (3.1%)
hr

~

and the Gel'fand-Levitan equations for o« >y

Ny, y) — #7°(r 49 — / 7 Fry+ ) Ko(roonds -0
o (3.19)

Kitr y) — / Fr4 2y Byl sy d: =0

\\All"r(‘ , l{
" 1 h{A) RV
F(z) = :_’Aﬁ ’ /“H(—/\jl‘kjl{lz\(..+3:4(_J‘))}1/,\ .

1 I ADA .
I(z)= (T)'H e / #()\)2 exp{idz t 24 (e NN

Here the contour e is defined to he the contour in the complex A plane, starting from

—a 4 0 passing over all zeros of @ and ending, at o 2 70 Tine dependenee of

the scattering data is given by

alA 1) = (A, 0},

. (1.21)
WA L) = BN O) exp(4iA2)

When all the zeros of a(A) in the upper half plane are stimple. F(2) can be expressed

N
. RNy .
Fiz) =y ”}f) explidg(= 4 2

k=1
where .
Ce(t) = C(0) exp(didi L) |
. (3.23)
ALY = plN O)exp(HidTt) |
Giving, the seattering data {p(A0) A0 Cp(0). Ak 120 N we can deter

mine F ) and solve Nypror) with che Gel'fand Levitan equations We then obtain the

solutne by using the relation (3.18).



Y4 N Soliton Solution

The N sobton <olntion s obtioned under the combitions
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Coltision of Solitons in Three Dimensional Space

()

One Soliton Solution
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The maximun amplitude af the sofiton s given by /(€2 45%) = -« /2. The velocity
ry of the soliton in s coordinate is given by constant a —4€. However the velocity in o
coordinate is not constant. It takes different values at different positions of the soliton
ated tends to be equal 1o v, as || — oc where £4 becomes constant. The solution

clianges its form with the period 7= 7 /{2(£* + n*)}.

Corresponding to [£] > oy, [ = 5 and [€] < 5, we find three kinds of solutions
such as lump, cusp and loop solitons, respectively. We note that the multiplicity of
the solution originates from the fact that ¢ depends on the S-shaped ¢, funetion !t
Depending upon the sign of the imaginary part of the eigenvalue the soliton travels
upwiards or downwards along the » axis. Sinee the phase factor at the maximum amph-
tudis of a soliton is proportional to exp{~4i(£2 + 9?)t}, then the direction of rotation to
the r axis is clockwizse with r. We illustrate one loop soliton traveling to the negative
direction together with g4 In Figure 1. Through this section we show stercographically

the motion ol the solitons with the coardinate r of Eq.(2.6).

Figore 1

(b) Two Soliton Solntion

Two soliton ttion s given by

where

B [(_ﬁ,"’vxp{?i(,\[ = AM)st [ exp{2i( Xy — A})s}

It=1

(A = A7) (A2 — A3)?
CLCs exp{2i(A) ~ A%)s) (.f,‘(,'-_,ox|>{2i(/\3—/\;).s} (5.4)
- 2 - 2 RE
(A “/\73)‘ (/\2*/\1)'

. f{_.[;’{{_gtjé| = AT exp{2i(A = AT + Ay — A3)s}

{00 = ATHA = A HA2 = AT) A2 = A3 P2
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('f ‘,\L’( 1\ \) ': ('\p( ’lf\t,:)

S - .
A a3
IOV CIARAT = A2 exp{2ih - A A3)s)
TN, - A0, - Ay (5-5)
CHCPANAT - A3)2expf2i(As
{/\;/\.:,(Zi?ji\\)( Ay = A2
and
e RS R
[P A7) (5.6)
O ('}r\p{’z(\l ~/\.'_,)s} (e >«\|»{ 24() '
T Ay A (A

L ACPICE AT = 33) 4 o =AM — ol exp{2i00 = A 4 de = M)}
IV lP{0Ar = AT = A3)(ha — AT )(Ae — A3}

with

(5 = (1 (0) exp(4iAT1) .
(= Cy(0) exp(HiA3l) .

We can consider a great variety of collision processes of a combination of lemp, cusp
and loop solitons with similar or dissimilar amplitudes traveling i the same direction
or in the oppusite direction. Profiles of these processes show very complex behavior
as a consequence of the factor g4 and the period 7. Fzpecially, complexity appears in
collizsion of loap solitons. We show typical three cases:

(1) Collision of a large lump soliton and a small loop soliton,
(1) Head-on collision of two similar loop solitons,
(111} Bound state of two loop solitons.

Numerical results for the case (1) are illustrated in Fignre 2 in which we can observe

a small loop soliton with a . ilive veloeity travels along a lump soliton with a negative

veloeity during the collision.

Figure 2

The prafiles of callision process for the case (1) of the same loop solitons with the

opposite velacities are dllustrated an Figure 3 n which we can obsorve more complex

Hl



movements of solitons just at the collision, After the collision two solitons =eparate in

each other.

Fignre 3

The case (H1) is appeared if two solitons has the same velocities. We find the
internal motion of the bound state as shown in Figure 4 where we take two similar loop
sulitons. We abserve that one of the loup soliton periodicatly moves arousd anather foop
soliton, Here the real part of the two eigenvalues has the same value in the present ease
and its behaviour differs from the breather soliton known to the modified Korteweg-de

Vries equation and the sine-Gordon equation.

Figure -

In order to study the motion of soliton on the thin vortex filament. we have
considered the modified WKL equation and obtained N soliton solution by means of
the nverse scattering method. We tntroduced the sign funetion, which enabled us 1o
sot nltividued foop =oliton solution, and transformed the independent variabide from
rota s = 1 oy, which played a crucial role to obtain N soliton ~olution, We fonl,
depending on the the ratio of the real and the imaginary parts of the cigenvalue, three

kinds of vortex solutions such as lump, cusp and loop solitons.

We studied propertios of ane and two soliton solutions and amalyzad intensively

the typical collision processes. T would he worth 1o mention that ant one vortex soliton

12
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i< indeed ohserved in nature such as tornados® and expesiment of a rotating tank.!®)

By comparing Figures 2, 3 and 1 with Fignres 3, 4 and 6 of Reference 110 the readers

will he convineed that our analysis on collision process of the vartex soliton in terms of
Fg.(2.1) provides the theoretical foundation for the numerical observation of Aref and
Flinchem (o Eqg.(2.9). Though Aref and Flinchem identified their numerical solutions
as just (ranscriptions of solitons to the cubic nonlinear Schrodinger equation, one should
notice, however, that the cabic nonlinear Sehradinger equation does not valid to desertbe
large distortion of waves such as spiky solitons or multivalued loop solitons. Our soliton
theory on the vortex motion will provide firm theoretical bases to investigate dynamic
of the vortex fitament under the action of external perturbations such as shear flow or

Viseosity,

I The (wo photo

crence 1
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Figure Captions

Fig.l

Sterea view ol one loop soliton solution and the shape ol - Tor X 054 7 and
C) 0N where the vertical Tine represents the r asis with the range
of 20 p 20 the horizontal line the real g with the range of 1 - Reg <0
and = LA~ oy - 00 The taginary axis is lined Trom the hack of the paper
to the Tront with the same range as the real g as 1 27 hog -2 10 (A)

Fe 03, (B) 0 and (C) 0.3,
Stereo view of collision of one large lump and one small loop solitons for

Ay s B ONLO)  T0 A = DB and C0(0) s T owhere 20 ey 2,
U5+ Reg s hand =05 < —=hng <05, (A) 4= 1 (B) 0 and (¢

0.1.

Sterea view of collision of two loop solitons for \p = 0.5 4 4, ¢(0) = 1.

Ay 05 47 and €90} = § where -2 < r 2720 <] < Reg 21 and
Sl dmg < L (A= - 0.3 (B) 0 and () 0.3,

Sterea view of bound state of two loop solitons for Ay = 0.5 +27, ¢ (0) = |,

Ao 2o =05+ 3 ;unl'f'g(()) =1 where =2 < v <2 0.5 < Rey - 0.5 and

—05 < g <05 (A) = —0.5.(B) 0.15 and (C) 0.8,
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