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ABSTRACT

The widespread effects of the residual T=0 proton-neutron (p-n)
interaction in the evolution of nuclear structure are discussed.
Although these effects in inducing single nucleon configuration
mixing, and hence in the development of non-spherical nuclear
shapes, collectivity, and the associated shape and phase transitions
have been known for four decades, it is only in recent years that their
deep ramifications have become more fully appreciated. This has led
to a unified phenomenological understanding of the role of the p-n
interaction in nuclear collectivity and to, for example, the proposal of
the NpNn scheme and the associated concept of the P factor, which is a
normalized value of NpNn reflecting the average number of p-n
interactions per valence nucleon. Simultaneously, experimentally-
determined p-n matrix elements for many nuclei have been extracted:
they disclose striking anomalies for N=Z nuclei, and intriguing
microstructure. These developments and empirical results will be
discussed along with microscopic calculations that can be used to
interpret them.

1. INTRODUCTION

Nearly four decades ago de Shalit and Goldhaber1 suggested that the p-n
interaction could play an important role in the onset of deformation in nuclei. In
the 1960's and since then Talmi2 has repeatedly emphasized and delineated the
critical role of the p-n interaction and explored the microscopic basis for single
nucleon configuration mixing in the Shell Model induced by this interaction. In the
early 1970's a rapid, enigmatic, new region of deformation was discovered near
A=100. In the late 1970's Federman and Pittel3 published a series of articles
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explaining the onset of deformation as due, primarily, to enhanced p-n interactions
in spin-orbit partner single particle states, in particular plg9/2-nlg7/2- This work was
extended to the rare earth region by Casten et al.4

Traditionally, nuclear systematics are plotted in terms of the nucleon
numbers N, Z and A. Typically, they are extremely complex, especially in nuclear
transition regions. The importance of the p-n interaction, however, suggests that it
might be useful to reconsider the evolution of nuclear structure in terms of some
parameter reflecting the strength of this interaction. Such a quantity is the valence
product NpNn of the number of valence protons times the number of valence
neutrons, counted to the nearest closed shell with appropriate regard given to
important subshell closures. Nuclear systematics is substantially simplified in the
NpNn scheme5. Moreover, a normalized value of NpNn/ the so-called P factor6,
allows different mass regions to be compared on an equal footing and shows the
similarity of phase transitional regions throughout medium and heavy nuclei.

Recently, empirical techniques have been used7'8 to extract actual individual
p-n matrix elements of the last proton with the last neutron in all even-even nuclei.
These interaction matrix elements exhibit fascinating structure including near
singularities for light N=Z nuclei, and interesting microstructure in medium and
heavy nuclei. Systematic trends in their values also suggest the possibility of
distinguishing the roles of the monopole and quadrupole components of the p-n
interaction. This is an intriguing development since these two multipoles play
different and complementary roles in the evolution of structure: specifically, the
monopole p-n interaction acts to shift single particle energy levels9 while the
quadrupole interaction, acting on the space of levels provided in part by the
monopole interaction, is criticial in the development of collectivity10.

These various aspects of the p-n interaction, along with some very basic
nuclear data that highlights its effects in a very simple way, will be described in the
sections to follow. Much of this paper should be viewed as embodying the results
from recent collaborative papers7"8 to which the reader is referred for further details
and discussion. I am grateful to my co-authors D. S. Brenner, D. D. Warner, W.-T.
Chou, J.-Y. Zhang, and C. Wesselborg for the collaborations that led to these results
and for permitting me to discuss them here.
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manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom-
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2. MANIFESTATIONS OF THE P-N INTERACTION IN NUCLEAR STRUCTURE

It is in a way remarkable that the p-n interaction has been discussed relatively
little in the history of nuclear structure physics while, at the same time, there are
some extremely simple, basic sets of nuclear data which expose its role quite directly
and dramatically. In this section we will mention a few of these as examples and
some others will become evident later on.

Perhaps the most straightforward evidence of the importance of the p-n
interaction is provided by the energies of low lying levels in even-even nuclei. The
energies of the 2j levels of nuclei in the Sn region are shown in Fig. 1. Note the
constancy of E^j) in Sn and the rapid decrease for non-singly magic nuclei. Since
low 2} energies are characteristic of the onset of collectivity and deformation, the
key role of the p-n interaction is obvious: the valence p-n interaction clearly
vanishes for Sn, but not for the other nuclei. It is trivial to show2'11 that excitation
energies of j n configurations are independent of n in the seniority scheme. And,
seniority is a good quantum number for many realistic 2-body residual interactions,
such as a 8-function interaction, acting in such configurations. The constancy of
E(2j) in Sn is therefore not surprising. The interesting feature of Fig. 1 is the very
different behavior for nuclei near Sn with valence protons as well as neutrons.
Residual interactions are much more effective in inducing single nucleon
configuration mixing2 in p-n systems than in T=l states, breaking the seniority
scheme, and removing the prescription of constant excitation energies. Thus, the
empirical behavior in Fig. 1 is de facto evidence of the role of the p-n interaction and
this role is consistent with simple properties of residual 2-body interactions.

One of the simplest aspects of nuclear data is the separation energy for the last
proton or neutron. These data are extremely well known and yet their deep
implications for the p-n interaction, though mentioned rather early by Talmi2, are
rurprising little recalled. Figure 2 shows a selection of these for two mass regions.
These plots, though simple and familiar, contain an interesting clue to the p-n
interaction and an interesting contrast between its effects and those of the like-
nucleon interaction. Inspection of Fig. 2 will show that the separation energy of a
given type of nucleon increases with the addition of nucleons of the other type and
decreases with the addition of nucleons of the same type. Thus, for example, S(n)
increases with increasing proton number but decreases with increasing neutron
number: that is, adding neutrons to a nucleus makes the last neutron less bound
while adding protons makes it more bound. This has a simple and obvious



Fig. 1. E(2t) as a function
of neutron number for
the singly magic nucleus
Sn and for nearby
elements with a few
valence protons.
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Fig. 3. Single particle
energy levels in nuclei
with one valence
nucleon. The cartoons
above each scheme
indicate the filled levels
in each nucleus. From
Ref. 11.

implication, namely that, on average, the like-nucleon interaction must be
repulsive whereas the unlike-nucleon (p-n) interaction is attractive. (This latter, of
course, refers to its T=0 component since the T=l component must be identical to
the p-p and n-n interactions.) Correlations and collectivity therefore must stem in
large part from the p-n interaction.

The p-n interaction can be viewed in many ways, one of which being its
multipole expansion. In a multipole expansion, the monopole and quadrupole
components are often dominant. These two components have complementary
effects. In has been shown9 that the effect of the monopole p-n interaction is to shift
single particle energy levels of one kind of particle as a function of the number of
nucleons of the other type. It is primarily for this reason that the ordering of Shell
Model single particle levels is not uniform throughout the nuclear chart. A
particularly dramatic example of this is seen in Fig. 3 which compares the single
particle energies of ^Zr, ^ S n , and 207Tl. The most dramatic change is the rapid
descent of the lg7/2 orbit between 91Zr and 131Sn. It is between these two elements,
with Z=40 and 50, respectively, that the proton lg9/2 orbit is filling. The monopole
interaction is constant over all space and therefore the p-n matrix elements depend
only on the radial overlaps of the proton and neutron wave functions, being largest
for similar orbits. In fact, though rather crude, the approximation that the
monopole p-n matrix elements scale as l/(An+AJ+l) is not terrible. Being attractive,
the plg9/2—nlg7/2 interaction between Zr and Sn leads to the lowering of these
single particle energies, as clearly seen in Fig. 3. As Tl is approached, the next higher



neutron and proton shells are filling and they have, on average, higher j values
than the lower shells. Therefore there is a tendency toward more attractive
interactions for higher j filled orbits than for lower j ones. This effect is also
reflected in Fig. 3 where the higher j orbits are lowered relative to the lower j single
particle levels.

The effect of the monopole p-n interaction is also particularly evident4 in the
Z=64 region but, before discussing that, a few comments on the quadrupole
component are helpful. This component depends primarily on the angular
separation of the proton and neutron orbits. Its strength varies as P2 (cos0) or cos26
where 9 is the angle between the proton and neutron orbital planes. Viewed in a
deformed, or Nilsson, picture, this means that the quadrupole interaction will be
strongest for Nilsson orbits with similar Q or K values. In terms of the Nilsson
diagram, this means that two downsloping or two upsloping orbits will have a
larger attractive quadrupole p-n interaction than an upsloping and a downsloping
orbit.

The quadrupole p-n interaction also depends however on the absolute angle
of each orbit relative to the nuclear symmetry axis or nuclear equator. The reason
for this is founded in the basic properties of even tensor interactions in the seniority
scheme. In this scheme matrix elements of an even tensor operator are negatives of
each other about mid-shell and, consequently, vanish at the mid-shell point.
Although this applies specifically to a single j shell configuration, the basic effect
persists10 in the multi-j Nilsson scheme where flat Nilsson orbits have very small
quadrupole moments. This variation of the quadrupole p-n interaction with orbit
angle will have important consequences later. The quadrupole p-n interaction
helps induce collectivity since it is rather long range and therefore grows with
increasing number of valence protons and neutrons provided, of course, that the
relative orientations of the orbits are suitable.

Finally, with this background, we can now look at the phase transitional
region near A=150 and see another striking manifestation of the monopole p-n
interaction. Figure 4 shows the systematics of E(2j) for the N=88 and 90 isotones.
The development of collectivity toward mid-shell would suggest that E(2j) should
decrease from Ba to Gd and this is exactly what happens for N=90. In contrast,
however, the N=88 isotones display exactly the opposite behavior with a maximum
near Gd. It is hard to reconcile this with the expected behavior across a normal
major shell. The explanation, of course, is quite simple and, by now, well known4.
At the beginning of the Z=50-82 shell there is a substantial subshell gap12 at Z=64.
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On account of this, a nucleus such as Sm with Z=62 actually has, in effect, fewer
valence protons than Ba (Z=56), and, therefore, quite naturally, a higher E(2 "̂). As
neutrons fill the lh9/2 orbit near N=90, however, the strong attractive monopole
interaction with the p lhn /2 orbit lowers the energy of the latter and rather suddenly
obliterates the Z=64 shell gap. This leads, just at N=90, to a recovery of the normal
proton shell 50-82 and therefore to the "normal" behavior of E(2|) seen for N=90 in
Fig. 4.

3. THE NpNn SCHEME

An attempt to reflect the importance of the valence p-n interaction in nuclear
structure is the N p N n scheme5 in which nuclear observables are plotted against this
valence product. Examples of N p N n plots in comparison with traditional ones are
shown in Figs. 5 and 6. The simplication wrought by this scheme is evident. The
systematics of each observable fall on a smooth curve throughout a half shell. The
rationale behind the N p N n scheme is that, if one assumes that the p-n interaction is
orbit independent, then its integrated strength should scale as N p N n . We will see
below an empirical test of this assumption as well as deviations from it near mid-
shell. The N p N n scheme has been extensively discussed in the literature5-13'14 and
there is no need for a repetition here. Perhaps, however, it would be interesting to
present an informal list of some areas in which the N p N n scheme has been applied.
The list contains only those items known currently to the author:
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Fig. 5. Normal
and NpNn plots.
From Ref. 5.
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evolution of collectivity and the structure of phase/shape transitions
• subshell effects and effective valence nudeon numbers

intruder states and shape coexistence

• simplification and parameterization of collective model calculations
interpretation of Hartree-Fock calculations of phase transitions

• studies of monopole radiation and nuclear radii
• study of isovector Ml excitations, F-spin, and the Majorana interaction

tests of the NpNn scheme far from stability
• high spin states

N p N n multiplets and comparisons of exotic pairs of nuclei
• odd-mass nuclei and odd-particle blocking effects in p-n interactions
• r-process nuclei
• heavy ion fusion reactions
• energy weighted sum rules for quadrupole and octupole excitations
• saturation of collectivity in deformed nuclei
• relation of the monopole and quadrupole components of the p-n interaction

and so on.

Given the recent emphasis and interest in nuclei far off stability both as a test
of nuclear structure theories and as input to calculations of the nuclear r-process, the
structure of unknown nuclei, currently inaccessible, becomes of some importance.



Fig. 6. Normal and N pN n

plots. From Ref. 5.
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Perhaps, therefore, it is useful to illustrate one application of the N p N n scheme,
namely its use in predicting the properties of such nuclei.

Normally, the prediction of properties of nuclei far from stability is a process
of extrapolation in N, Z or A with all its attendant risks. The N pN n scheme is useful
here because it frequently converts the normal process of extrapolation to one of
interpolation since N p N n values for many nuclei far from stability are in the same
range as those for known nuclei In the same region. Therefore, the prediction of
their properties in the N p N n scheme simply involves reading off the appropriate
value for some observable on an already existing curve13. The idea is illustrated by
the recently studied example of 142Xe, whose level scheme has been deduced from
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Fig. 7. Normal and N p N n predictions for E(2j) in the A = 150 region. A crude
extrapolated guess for E(2i> in 142Xe is indicated by the question mark on the left. On
Jhe right, the NpNn prediction is obtained simply by reading off the curve at NpNn =
24. The experimental value for 1«Xe is indicated on both sides. From Ref. 15.



fission product studies15. Figure 7 shows a normal and a NpNn plot for E(2j) in the
rare earth region. If one tries to predict the 2j energy for 142Xe using normal
systematics, there arises an immediate ambiguity. The first, most tempting,
approach is to follow the N=88 curve, giving the approximate prediction indicated
by the dashed line and question mark' on the left in Fig. 7. However, this simple
extrapolation ignores the fact that, with decreasing Z in this region, one is
approaching the Z=50 shell closure and that, at some point, the rigidity associated
with the magic numbers should lead to a rise in E(2|), rather than a continued drop-
Since, a priori, there is no simple way to anticipate when this will happen in a
normal plot, there is considerable uncertainty in the actual value for £(2j): one can
only guess that it should fall somewhere between 150-300 keV. The NpNn scheme,
in contrast, automatically balances the competition between increased collectivity
and the approach to magicity since this is, in fact, controlled by the p-n interaction.
The NpNn prediction (see Fig. 7, right) is almost exactly correct.

Clearly, the NpNn scheme is very useful in considering the systematic
behavior of nuclear structure and observables in a given region: that is, changes in
NpNn are correlated with changes in structure. However, NpNn is a relative
quantity, and this complicates the comparison of different mass regions. To
facilitate such comparisons, it is useful to introduce6 a normalized form of NpNn,
the so-called P factor defined as

P - R-TN^ (1)

The P factor has an obvious physical interpretation, namely as the number of
valence p-n interactions per like-nucleon interaction or, equivalently, the average
number of p-n interactions per valence nucleon. Normally, the behavior of
different mass regions appears rather different when observables are plotted against
N, Z or A. Given the importance of the p-n interaction, though, one might expect
an underlying similarity in different transition regions. This similarity emerges
when the same data are plotted against the P factor. This is shown for the^energy
ratio E(41)/E(21) in Fig. 8. The figure shows that, not only does each region behave
very similarly to the others (with the slight exception of the actinides), but all
regions also fall within a relatively narrow envelope and each passes through a
phase transition between P=4-5. The similarity of the P-factor curves is interesting
in itself but this critical value of P is even more revealing. This is evident if P is
expressed, as above, as the ratio of the number of p-n interactions to the number of



Fig. 8. Plot of E(41)/E(21)
against the P-factor for six
mass regions of heavy
nuclei. From Ref. 6.

like-nudeon interactions and if it is recalled that typical p-n interaction strengths are
200-300 keV while the pairing interaction is around 1 MeV. Thus, Pcrit=4-5
corresponds to exactly that region in a shell where the p-n interaction begins to
dominate the pairing interaction. This result6 highlights once again the intimate
connection between the p-n interaction and collectivity on the one hand, and
the utility of NpNn and the P factor as measures of the integrated p-n strength on the
other.

4. EMPIRICAL VALIDATION OF THE NpNn SCHEME

[Note: The bulk of this section and the next is taken from Refs. 7, 8 and

16. 1 am grateful to my collaborators D. S. Brenner, J.-Y. Zhang, W.-T.

Chou, D. D. Warner, and C. Wesselborg for this material.]

The N p N n scheme was originally motivated by the recognition of the
importance of the valence p-n interaction and is justified by its practical utility. It is
based on the assumption that the integrated p-n interaction strergth is a simple
function of N p N n . Though not rigorously required, it is a common presumption
that this dependence is more or less linear. Given the success of the NpNn scheme,
it would be useful to test mis assumption empirically. To do this, one needs to
extract empirical values for specific p-n matrix elements and demonstrate their
approximate orbit independence or, at least, a scaling of their integral with NpNn.
This has recently been done. Zhang et al.8 have discussed the use of a specific
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Fig. 9. Plot of
integrated
empirical p-n
interaction Vpn,
obtained by
summing Eq. 2,
against NpNn .
From Ref. 8.
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double difierence of binding energies that isolates the p-n interaction of the last
valence proton with the last valence neutron. This p-n interaction, denoted 8Vpn/ is
defined by

SVpn = J B(Z+2,N+2) - B(Z+2,N) ) - ( B(Z,N+2) - B(Z,N) (2)

where B(Z,N) is the (negative) binding energy of the nucleus Z,N. This double
difference is designed to subtract off mean field and like-nucleon interactions. It is
discussed more extensively in Ref. 8 where its anticedents in existing mass
equations are also discussed. Below, we shall present plots of individual 8Vpn

values over the entire Periodic Table. Here, however, we are more interested in
sums of 8Vpn values over all valence protons and neutrons and in plotting these
sums as a function of NpNn. The data to do this exists in two mass regions. We
show these in Fig. 9 where the integral of 8Vpn, denoted Vpn, is plotted against
NpNn. The result is striking: there is an almost exact linearity in the relationship.
[The one exception to this trend are the single points at NpNn = 15 but these are truly
exceptions which prove the rule since these nuclei corresponds to Np and Nn values
of 1 and 15 in comparison to nuclei with Np and Nn = 3 and 5.] Of particular note in
Fig. 9 are the nearly overlapping circles occurring for the same NpNn values. These
correspond to nuclei with different separate values of Np and Nn but the same
valence product. The virtually identical values of Vpn strongly support the idea of
the approximate linearity of integrated p-n strength with NpNn at least up to about
the one-third filled part in the shell. These results provide an empirical
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microscopic, underpinning to the rationale behind the NpNn scheme and give it a

conceptual credence beyond its mere practical utility.

5. EMPIRICAL P-N INTERACTION MATRIX ELEMENTS

As stated just above, empirical p-n matrix elements of the last proton with
the last neutron have been extracted for all even-even nuclei where the mass data
are available. The results are plotted in Fig. 10 and show a number of fascinating
features7. To discuss these, note first that larger (attractive) p-n interaction strengths
correspond to lower values on the plot. Ignoring, for a moment, the obvious
singularities that occur for certain light nuclei, we see that, globally, there is a rather
smooth trend toward smaller and smaller values with increasing mass. This has an
obvious, and well known, explanation: the p-n matrix elements are sensitive, in
one way or another, to the overlaps of the respective orbits. For a residual two-body
interaction of constant radius, these overlaps will decrease as the radii of the
respective Shell Model orbits increase and the wave functions become more spread
out in space. A second reason reinforces this, namely, that the neutron excess in
heavy nuclei means that neutrons are filling the next higher shell beyond that for
the protons, thereby increasing further the difference in radii and decreasing the
overlaps.
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Besides this secular trend there are two obvious structural features of the plot.
The most dramatic is the set of enormous spikes in 8Vpn for certain light nuclei.
Inspection of the data shows that, in each case, these are specifically those nuclei
with N=Z. An explanation for this apparently anomalous behavior is readily at
hand. It is implicitly contained2 in typical parameterizations of nuclear masses
which contain a T(T+1) term, which gives an extremum for T=0 characterizing N=Z
nuclei. A more microscopic interpretation can be obtained7 with simple Shell
Model calculations. The region of N=Z nuclei from Fig. 10 is expanded in Fig. 11 on
the top. In the middle panels we present the results of two Shell Model calculations,
carried out in the 2s-ld shell (N=8-20) with a surface 8 interaction. The single
particle energies were chosen to approximately fit the spectra of 17O and 17N while



the strength of the T=l part of the two-body interaction approximately reproduces
the spectra of 18O and 18N. Calculations are shown for two values of the T=0
strength. On the right the results are shown for Vj=0 = 0: clearly these calculations
cannot reproduce the empirical results. This is not surprising since it is well known
that the T=0 strength should be substantially greater than the T=l strength. The
calculation on the left uses a more realistic T=0 strength, namely, VT=O = 2V-r=i.
These calculations, even though the space is highly restricted and the force is a
schematic surface 8 interaction, reproduce the data remarkably well. They yield
spikes exactly at N=Z and of roughly in the right order of magnitude. The only
discrepancy with the data is that the spikes tend to be of rather constant magnitude
whereas the empirical spikes decrease in magnitude with increasing A across the
shell.

The bottom panel shows a calculation using a more realistic interaction,
namely the Wildenthal universal 2s-ld interaction17 (USD) which fits experimental
data in the sd shell remarkably well. In this panel, the 8Vpn values for the band of
nuclei with N*Z are schematically indicated by the diagonally marked band while
the locus of N=Z spikes are indicated by the points lying below this band. The
calculations (just described) corresponding to a surface 5 function interaction and
those from the Wildenthal interaction are indicated. It is seen that the latter exactly
reproduces the empirical results. Partly this is due to an A-dependence of the USD-
Wildenthal interaction but partly it is due to a more complex set of two-body matrix
elements. Though the USD interaction is already well established17, these results
provide another test of it which is perhaps more sensitive than the binding energies
or masses alone since 8V p n represents the rather small resultant of a double
difference of binding energies from four adjacent even-even nuclei. The main
point of this discussion, however, is that it is the T=0 interaction which is primarily
responsible for the N=Z spikes. The reproduction of the N=Z singularities both in
the highly schematic calculations and in those with a realistic interaction reflects its
insensitivity to small details of the wave functions and its origin in very basic
features of two-nucleon wave functions, in particular the strong p-n interactions in
N=Z nuclei with protons and neutrons in equivalent orbits characterized by
enhanced spatial symmetry of their wave functions.

The microstructure in heavier nuclei, that is, the detailed fluctuations in
SVpn is no less interesting and, from it, we can learn much about the residual p-n
interaction. We saw earlier that the integrated p-n interaction8 is almost exactly
linear in NpNn early in a shell. This reflects the approximate orbit independence of



i-0.2

I -0.3

1-0.4

Fig . 12 .
Experimental
8Vpn values for
the actinides.
From Ref. 7.

82 84 86 88 90 92 94 96 98

Proton Number
100

the p-n interaction. Except for the N=Z spikes, this is evident in Fig. 10. However,
there is evident microstructure in the figure as well and, moreover, one has an a
priori expectation that the p-n interaction will decrease somewhat toward mid-shell.
The reason is very simple and related to a point we made earlier about the role of
monopole and quadrupole components in this interaction and the behavior of the
latter near mid-shell as a reflection of the properties of even tensor operators in a
single j seniority scheme. Specifically, one expects the quadrupole component to
become extremely small near mid-shell in heavy nuclei. The data in Fig. 10 seem to
reflect this phenomena. This is shown in Fig. 12 for the actinide nuclei7 where one
sees a gradual and relatively systematic decrease in the magnitude of 8Vpn with
increasing proton number and, at the extreme right of the plot, an apparent
levelling off to an asymptotic value near-250 keV. Although the data itself does not
prove the following interpretation, it seems likely that this behavior reflects the
presence of both monopole and quadrupole components near the beginning of a
shell and the decrease of the quadrupole component toward mid-shell, leaving the
dominant monopole component in the latter region. If this is true, the figure
suggests an average value of ~ -250 keV for this component, which is roughly
compatible with the known magnitudes of the single particle energy shifts which it
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induces. The behavior in Fig. 12 for the actinide nuclei is also reflected in the rare
earth region8 where it gives a similar estimate for the monopole interaction.

This is but one aspect of the microstructure in p-n interactions and the kind
of information it can provide. Other fluctuations are both more dramatic and more
easily interpretable in a quantitative way. Moreover, such an interpretation strongly
supports the notion that the p-n interaction matrix elements can be understood in
terms of very simple overlap arguments. The fluctuations referred to are near
doubly magic nuclei. The basic idea is repeated in several such regions. The most
dramatic is the Pb region where the sudden changes in 5Vpn are even evident in the
unexpanded portion of Fig. 10. Figure 13 shows an expanded view of the lead region



along with two sets of calculations16 to be discussed momentarily. The empirical
results show dramatic changes in SVpn on different sides of 208Pb. Specifically, when
protons and neutrons are either both above or both below the N=82 and Z=126
magic numbers, the p-n interactions are large. When the proton and neutron
numbers are on opposite sides of these two magic numbers, the p-n interactions
drop markedly. As noted, this has a simple "overlap" explanation. Single particle
Shell Model orbits, labelled by the quantum numbers (n,l,j) at the end of a major
shell are typified by relatively high n and low 1 end j whereas, at the beginning of a
new shell, the single particle states are of lower n and high 1 and j . Thus, even using
the simple estimate given earlier concerning the magnitudes of p-n matrix
elements, it is clear that the overlap of a pair of orbits on one side or on the other of
a major shell will be high whereas there will be a small overlap of the low j and
high j orbits appearing on opposite sides of a pair of magic numbers.

This qualitative explanation of the fluctuation patterns in p-n matrix
elements near 208Pb, and in other doubly magic regions, can be quantified and
substantiated by both Nilsson and Shell Model calculations. We illustrate this in
Fig. 13. The idea behind the Nilsson Model calculations is that the proton and
neutron quadrupole moments, and hence the quadrupole p-n interaction, is largest
just below and above closed shells and therefore that the fluctuations in p-n matrix
elements near closed shells should be largely due to this component. These nuclei
are nearly spherical and the calculations were done with a (nearly arbitrary)
deformation parameter of e = 0.01. For small deformations, the calculated
fluctuations in p-n matrix elements are nearly independent of e. Since, however,
these matrix elements scale approximately as the square of the deformation for
nearly spherical nuclei, the arbitrariness in e merely means that the p-n matrix
elements are calculated on an arbitrary scale. [In any case a negative monopole
contribution of approximately -250 keV needs to be added to the Nilsson
calculations as well.] The point of these last remarks is simply to emphasize that it
is the calculated fluctuations in 5Vpn with the Nilsson Model that are the essential
quantities to consider. The fact that they oscillate about 0, however, does mean that,
when the monopole contribution is added, average 8Vpn values of approximately
the right magnitude will be obtained. The calculations were done16 with standard
pairing and Nilsson parameters. It is clear that they reproduce empirical values
extraordinarily well. Not only are the sudden jumps around 208Pb reproduced, but
also many of the fine details of the microstructure are represented in the
calculations. It is interesting to compare these calculations with those in the Shell



Model since the two approaches are rather complementary: the Nilsson Model
embodies a rather large space of single particle levels (at least two major shells) but a
highly schematic force, whereas the Shell Model calculations must, of necessity, be
truncated to an extremely small space but they incorporate a more realistic, surface 8
interaction discussed in Ref. 18. Such Shell Model calculations are presented in the
bottom panel of Fig. 13. Below the Pb magic numbers, the basis states include the
three low j Shell Model orbits while, above Z=82 and N=126, only a single orbit is
incorporated16. However, test calculations16 for different choices of that orbit show
that similar results are obtained.

There are two interesting results from these calculations. First, as with
Nilsson Model, the Shell Model nicely reproduces most of the effects seen
experimentally. The exception is that the gap in 5Vpn across Z=82 for N<126 is
much smaller in the calculations than in the data. Aside from this, though, the
empirical features are well reproduced. The second aspect of these calculations, as
opposed to those in the Nilsson scheme, is that they are on an absolute scale and
automatically include all relevant multipoles in the space considered As a
consequence, the calculated absolute magnitudes of 5Vpn can be compared with the
data. One sees that the calculated values between -200 and -400 keV are in excellent
agreement with the data. It is interesting to note, in recalling the Shell Model
calculations for 8Vpn in N=Z nuclei discussed above, that we now have calculations
in two widely diverse mass regions7-16 that can explain empirical 5Vpn values on
widely different magnitude scales.

The fact that the Nilsson Model, with extended space and schematic force, and
the Shell Model, with restricted space and much more realistic interaction, both
reproduce the data and give very similar results one to the other, strongly suggests
that the origin of the fluctuations in 5Vpn in the Pb region resides not in some small
details of the wave functions but rather in the substantial changes occurring in the
gross proton and neutron wave function overlaps as the doubly magic region is
traversed. This supports the qualitative arguments made earlier and confirms the
essentially simple nature of the underlying physics behind the fluctuations and
microstructure in p-n matrix elements in heavy nuclei. Similar calculations for the
A=90 and 140 regions also produce excellent agreement with the data in the Nilsson
scheme.



6. CONCLUSIONS

A number of issues relating to the p-n interaction in nuclear structure have
been discussed, including its manifestations in very simple nuclear data, the
different roles of its separate multipoles, the NpNn scheme and the P factor, their
validation through empirical integrated valence p-n interaction strengths, the global
and regional behavior of individual p-n matrix elements, including singularities for
N=Z nuclei, the saturation of quadrupole p-n interactions near mid-shell, and
strong fluctuations in closed shell regions, along with their interpretation in terms
of Nilsson and Shell Model calculations.
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