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Abstract 

We discuss the concept of scattering theory for finite temperature states. We demand that 
the Hamiltonian is znitarily equivalent to a free Hamiltonian with respect to quasiparticles. For 
translation invariant finite temperature states it is shown that if quasiparticles exist, they do 
not allow any freedom to distinguish between past and future particles and to find a scattering 
mechanism. 
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1 Introduction 
When we claim that scattering theory does not exist at finite temperature we have first to 
explain what we demand from a functioning scattering theory. There the physical picture is 
the following: Initially, we have some particles, sufficiently separated from one a-other so that 
we can ignore their interaction and they move freely. In the course of time they approach and 
influence each other, separate again and move again freely. Evidently, such a mechanism cannot 
take place in the moment where we have particles densily distributed all over space, because no 
particle can escape the region of influence of all the others. 

We have spoken in the language of classica! particles, but quantum theory of finitely many 
particles does not change this picture - spreading of wave functions is usually a smaller effect 
than the movement of the particles. Also quantum field theory can be interpreted in this way, 
only care has to be taken in the description of a particle. We have spoken of the dressed physical 
particles that do not coincide with the naked particles, described by local fields. The task is 
to find the connection of the dressed particles with the fields, and this connection depends 
whether we take for the dressed particles the incoming or the outgoing particles. Their relation 
is expressed by the scattering matrix. 

We could expect that something of this picture of dressed particles can be transfered to finite 
temperature (and finite density of naked particles). In fact, we are accustomed in solid state 
physics to talk of phonons, i.e. we consider excitations that have a particle-like behaviour and 
are called quasiparticles. Nonexistence of scattering theory now states that for homogeneous 
systems even for these excitations their asymptotic distribution does not change in the course 
of time. This is connected with the rigidness of our definition, what we consider to be a particle
like excitation. It does not mean that the calculation of Green functions will not give for finite 
times important insight into the structure of our theory, and the appearance of damping for 
/ -» ±cc corresponds tc ' "ie instability of the particles. 

2 Scattering Theory for Finitely Many Particles and in the 
Ground State of Quantum Field Theory 

In nonrelativistic quantum mechanics where particles are stable, we can compare free time 
evolution given by 

with actual time evolution 

by calculating 
st-lime^e"'" 0' = ft± 

resp. 
Bt-UmeiHote-2iHteiMot = S0 = ft;n_. 

Evidently, f(H)il± ~ ß± / (Ä 0 ) and therefore 

[So,Ho) = 0. (2.2) 
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We can consider 
So\<Pin) = IVout) (2.3) 

where especially for ¥>-,,,(|*|3,!l) = g(|fc|)/(ft) the corresponding ^W has the same energy 
distribution <p{k2). Instead we can also work in the Heisenberg picture (we ignore for simplicity 
bound states) and calculate 

st-l ime' m c- i 2 H «»V H t = 5 w 

for which 
[SH,H} = 0. (2.4) 

Further 
ftiÄß* = H0 (2.5) 

(again assuming that there are no bound states), so H is unitarily equivalent to HQ. What 
remains valid of this formalism in quantum field theory? Again we can write 

H = Ho + H[ 

HQ = /^xfcA* (2.6) 

Hi = /d 3x£?(0,x)^a: 

and we think of Ho and Hj as expressed ' terms of canonical fields with the commutation 
relations (we concentrate on a scalar boson field) [1,2] 

[$(0,*),*(o,i0] = o 
(2-7) 

[$(0,;r),*(0,y)] = tf3(*-y). 

Everybody knows that for Poincare invariant field theories such an ansatz fails. Explicit calcu
lations demand for a renormalization procedure. Abstract reasoning gives the famous result of 
Haag [3]. 

H and Ho expressed by the same fields over the same vacuum are only well defined operators 
if Hj = 0. Otherwise stated, if it is possible to compare a field with a free field by unitaries 
such that 

VCO^x.OVOr1«*^*,«) (2.8) 
then V = 1. The commutation relations that fix implicitly the time evolution can only be 
uniquely (up to unitary equivalence) realized. 

This theorem only tells us that we have to be careful with mathematical expressions, but it 
does not exclude a reasonable scattering. We cannot calculate st- l ime , f f < e - , W o < , because e~%ffot 

is not defined in the same Hubert space, but we can construct the analogue of (2.3) with the 
appropriate assumptions on the momentum energy spectrum. In the Haag-Ruel!e Scattering 
Theory [4,5,6] we assume a discrete mass shell, Buchholz [7] succeeded to construct a scattering 
theory also for massless particles. Then we can construct subspaces 7ij n,W o u t so that every 
vector in Hm can be written as 

l̂ „> = Il f l t(/1)-..«U)|0> (2.9) 
and every vector in W0ut as 

\fU = II 6 t(/i) • • AfnM), U € 5(R3) 
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where a(f), i>(/) are annihilation operators of dressed particles. They correspond to |v?in)» Ivw) 
of the finite system but written in the spectral representation of H. 

Î In.out) describes n incoming resp. outgoing particles, a, a\ and 6, tf satisfy the commuta
tion relations of free particles and evolve in time like free particles of mass m determined by the 
mass shell in the spectrum of H. Again we can define an 5-matrix in the Heisenberg picture, 
so [5, H] = 0 (this is the. Jy choice, since Ho does not exist) 

%&> = IvW (2- 1 0 ) 

or 

If, in addition, we have Win = Wout = W (asymptotic completeness), this is, in view of Haag's 
theorem equivalent to the statement that we can write 

H = I <fW* 2 + m2alak = J tPky/V + mJ6j&*. 

We have two different possibilities to find creation and annihilation operators (in fact, if we 
were not to insist on a physical interpretation of incoming and outgoing particles even more 
possibilities cannot be excluded), a* resp. 6* are not expressed linearly by the local fields, but 
with the appropriate assumptions on the spectral conditions they will vary in a fairly smooth 
way as functions of the fields (more precisely they are quasilocal operators). 

Finally we have to mention that there is not only the abstract reasoning, why we are allowed 
to speak of particles and scattering, but we have also the explicit formula of the Lehmaun-
Symanzik-Zimmermann (LSZ) formalism how to calculate the 5-matrix [8] 

v*5j*4> = (-l)k+t j Mi)...f{vt)Kil...KihKm ...Kf,„{n\T*(b)...*(rH)\n)dtl...dm. 
(2.11) 

Here A$, is the differential operator Om corresponding to the mass of the mass shell (so in 
calculations the renormalized mass), /(£) satisfies K(f({) = 0, it corresponds to an asymptoti
cally free particle with wave function / , T is the time ordered product, and (ft| . . . \Q) are the 
Wightman functional and have to be calculated for the interacting theory. In practice this can 
only be done by perturbative methods. 

3 Temperature States 

Fc- a system of N particles in the finite box A we know how to define the temperature state: 

ußjXA) = Tr e~ßH*(A)/Tr e~ßH* (3.1) 

where A is some polynomial in smeared fields and we use second quantization. This works 
because H\ has discrete spectrum so that Tr e"^* exists. 

For infinite extended systems Tr e~0H^ diverges, but nevertheless limA_00w /i3 iA(/l) exists 
(or, at least, has weak limit points). The state we obtain in this way satisfies the famous KMS 
condition [9,10]. 
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Theorem: Assume thai the time evolution is well defined, i.e. 

lim eiH^Ae-iH^ = Um r 1 > AA = rtA (3.2) 
A—»oo A—»oo 

exists, then limA_*0o<*'a^(-^T«,A-ß) = Wß(ATtB) is analytic in t in the strip {t;0 < Im t < ß] 
with the boundary condition 

uß(ATtB) = uß(BTi0_tA). (3.3) 

Remark: We have not specified in which sense the limit in (3.2) has to exist. In abstract 
reasoning it is preferred to assume that it exists in norm. The existence in the strong operator 
topology in the Fock space is not sufficient. This is not only a mathematical delicacy but 
has an important physical background. In fact, assume we are considering nonrelativistic local 
interaction that is strictly attractive, otherwise the potential is smooth. This guarantees that 
for every number of particles N the time evolution is well defined and this suffices to guarantee 
the existence of (3.2) in the Fock space. But increasing the number of particles the potential 
energy will decrease like - N2 and accelerate the particles 30 that tne kinetic energy X ~ N2 or 
the velocity of the individual particle |v| ~ y/N [11]. This behaviour was in fact substantiated 
by computer calculations [12]. What can be done is to regularize the potential to make the 
interaction stable and show the existence of (3.2) in the norm [13,14]. It is conjectured that 
stability of the potential (/fjy > -AN, the ground state energy increases proportional with 
the number of particles) is sufficient for a sound definition of temperature states (with finite 
particle densi ,y) but a proof is so far missing. 

It seems tempting to ignore the time dependence and just calculate \\mu>ßiA(A). But doing 
this, analyticity properties and therefore the KMS condition might get lost [15]. In Poincare 
invariant quantum field theory, where we need renormalization procedure already in the ground 
state, the problem is evidently even more delicate. We must be openminded that the necessary 
renormaliz&tion might be temperature dependent, and we can only hope for the best that the 
analyticity properties and the KMS condition survive. 

Here it seems worthwhile to mention that the KMS condition is not just an aesthetic and 
mathematically powerful condition that emerges from the ansatz of the Gibbs state. On the 
contrary, physically plausible conditions on the equilibrium state like adiabatically invariance or 
the passivity of the state (which is equivalent to the assumption that some aspect of the second 
law of thermodynamics is satisfied) [16,17,18] lead to the KMS condition in the thermodynamical 
limit and therefore justify the Gibbs ansatz. 

Let us therefore assume that the limit state can be obtained and satisfies the KMS condition. 
This holds e.g. in relativistic theories for massive free particles. We can find a representation in 
a Hilbert space though with remarkable differences from the vacuum representation. 

Theorem: Let Uß(A) be a KMS state with respect to the time evolution r t, i.e. for A, B 
smeared polynomials in the fields 

up{rtAB) = u0(BTi0+tA). (3.3) 
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Then there exists a representation such that 

wß{A) = <ß|*(A)|fl) 

uß(ATtB) = (a\*{A)eHt*(B)\ii) 

eiHt\il) = in) 

x(rtB) 
II 

II eiHtBe-iHt 

U*(A)|n> II 
II 

n. 
In contrast to the properties in Fock space we have 

r{A)\il) = *{B)\Sl) <*A = B. (3.5) 

Further 
e-ßilf2x{A)\Q) = J*(A)*\Q) (3.6) 

defines an antiunitary operator J. This operator satisfies 

[Jx{A)J,x(B)]=:0 VA,B. 

Evidently Jr(A)J ^ x(Ä) for any A 6 M, so cannot be expressed in terms of field polynomials. 
It belongs to the commutant of M - {*(A}}" (the weak closure of bounded smeared polyno
mials), M' = {B 6 B(H),[B,x(A)) = 9Vir(4) € M) and J implements an antiisomorphism 
from M" into M'. In [19] it is abbreviated by Jx(A)J = x(A)~. 

H itself cannot be expressed in terms of field polynomials. In some sense it can be expressed 
in the form 

H = lim (ffA - JHAJ). (3.7) 
A-»oo 

If we think of its action on A, [H,A] ~ [H\,A], if A is sufficiently local. Subtracting the 
corresponding part of the commutant corresponds to the fact that we can only measure energy 
differences whereas the energy of the whole system is infinite. However, we can only hope 

w-lim(/fA- JHiJ)\Sl) = 0. 

There is no strong convergence because lim ||(1 - e~^H)77A|fi)|| / 0 (there is always a boundary 
term). In fact this implies 

If it were equal, we had strong convergence and therefore strong resolvent convergence of H\ -
JHAJ. 

Nevertheless we can often think of eiHt ~ etlH*~JftAJ)i, only exact reasonings ask for care, 
since the product of weakly convergent sequences need not converge even weakly. 

The theory of the KMS states was first developed in [20] and independently from the math
ematical view point in [21,22]. For free fields this construction can be carried through rather 
explicitly [19,23]. We start with creation and annihilation operators, a* and a'k, add Ja^J = bk 

and Ja\j = b\ and perform a Bogoliubov transformation 7, so that we get new creation and 
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annihilation operators Ak,\, -<4*,2, for which ft is the vacuum and H the Fock state. Then (for
mally) 

j<Pkt(k)(a\ak - bkbk) = y d 3fc£(*)(4 i l>l k ¥ l - A\aAk,2) 

where the separate terms on the left side are not defined but give oo expectation value, whereas 
the right side is well defined. 

The fact that $1 is cyclic and separating (3.5) can most easily be understood in the example 
of a finite system. In the ground state H has eigenvectors (j) with eigenvalues hj. Then 

Tr e-»A _ S e ^ M ) _ _ fe^/2J® M* 1 |&«-*»** 8 *) 
" T T F T T - E c - A , - = ( f i ^ ® 1 l f t ) ^ ( 3 - 8 ) 

with n = (Ee" A >)~ 1 / 2 | £*e-A*/2*<8fc) in the Hubert space H®K. J acts as J|*®/) = |/®jfc). 
With>l = £aw|fc><*| 

The same vector can be obtained by 1 ® E f lwe" ( A*"A* ) / 2IO(*l = * ® eH'2Ate-fll2. Therefore 
.4 is uniquely determined by A\tt) and we have also found JA®1J=1®A^.H now is given 
by£Mli)0'l®i-i®iMl)-

In the equilibrium state we can perform perturbation theory with respect to the interaction 
as one is used from the ground state, first considering local perturbations and then removing 
the local cut-off. In fact, this stability under perturbations can be used as a criterium of an 
equilibrium state and leads under some assumptions to the KMS condition. We assume that 
the unperturbed time evolution is implemented by e'Ht, where Hit = 0 (H ^ M"). We add a 
local perturbation V A £ M and calculate 

_ {Sl\eH/2e^"+v^l2Ae^H+v^2eHf2\ft) 
U0'K " {ft\e»/2e-W+v*)eH/2\Q) ' 

Though eHl2 is an unbounded operator, eH/2e"^H+VA>/2 can be expanded as a power series in 
V/i, and if V\ is bounded, the KMS condition guarantees that the power series converges and 
the limit belongs to M. Using the KMS condition, we can also calculate 

<ft|e"/V<"+vA>/2Ae-<"+vA>/2e''/2|fi) = {ft\Ae-^+v^e"\ft). 

If we perform now a limit A -+ oo or remove additional cut-offs, then the denominator will 
go to oo or 0. This means we are leaving the space of the representation: we have no operator 
convergence, neither in the weak nor in the strong sense, we can only rely on the expectation 
value and after the performance of the limit construct with them a new representation and check 
whether the new state satisfies the KMS condition with respect to the nsw time evolution: It 
will, again under assumptions on the convergence of the time evolution. 

4 Nonexistence of Scattering Theory in Temperature States 
We can ask two questions in this context: 
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Does there exist an analogue to the LSZ formalism? Do there exist creation and annihilation 
operators so that we can write H = J d[ike(k)a]laic and if so, do there exist other bk, 6* with 
H — fd3ke(k)b\bk such that a* and 6* are connected by a scattering mechanism? 

We examine the LSZ formula under the standing assumption that the system is transla
tion invariant. Evidently K( should be replaced by a diiferential operator representing e(k) 
(remember that Poincare invariance is broken as Galilei »variance is broken for nonrelativistic 
temperature states, so we have more freedom for e(k)). Again K^f{£) = 0 gives a restriction 
on the chosen / . (ft|T$(£i). ..|$l) has to be replaced by the temperature Green function that 
according to our last remarks should be calculated by perturbational methods. In order to 
get something ^ 0 it must be forbidden so transfer A^(ft)7~$(fr).. ,|ß) by partial integration 
on /(f) . This means that (Q\$(0)SHt~Px)$(Q).. .|ß) must contain a singularity in the joint 
spectrum of H and P. 

Let us examine the spectral properties of H and P: Since the state is space and time 
translation invariant, R and P are well defined by 

eiiHt-Px^(A)\il) = w r ( ^ i n ) . (4.1) 

|fl) is an eigenvector with eigenvalue 0 for both H and P. Apart from this eigenvector the 
spectrum of H and P is continuous and equals R resp. R 3 . (Notice that H in (3.7) is not 
bounded from below any more which corresponds to the physical fact that our system represents 
an infinite energy reservoir.) H and P commute, so they have a joined spectral resolution and 
we have the chance of a spectral singularity 

* W « , *) = S(e{k) - u)dudk. (4.2) 

Apart from this singular part which we expect to correspond to qnasiparticles we will also have 
a continuous part, and it covers in the temperature state R x R 3 . The projection operator 
on the singular part of the Hilbert space P+ is orthogonal to |ß)(fl| and by assumption jt 0. 
ir(vl)|ß) spans the Hilbert space, so there exists some A (we suppress in the following the T) 
such that 

P + i4 | f t ) /0 . 

We can consider A(z,t) = <rrrtA and perform its Fourier transform denoted by A(k,u). Now 
we smear with / 6 S 

I f{x,t)A(x,t)dxdt = J f(k,u;)A(k,u)dkdu; 

such that A{k,u)dkdu becomes an operator valued measure. 

Theorem: [24] Take some h 6 ^(R 1 ) a smooth function vanishing at infinity with h(0) = 1. 
Define 

Az,±(f) = JHZ(U T e{k))f(k)A(k}w)du:dk. (4.3) 

Then 
n- Km AZi±{fW) 

Z—»+0O 

exists and is independent of the special h. 
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Remark: Ä(k,uJÜ is a vector valued distribution that by assumption i:; not orthogonal to 
P+. The function h concentrates more and more o n w = ±£(fc). ± corresponds to the fact that 
due to the KMS condition a singularity at u; = e(k) has its counterpart at u = -c(k). 

So far we have copied the idea of Buchholz [7] how to show the existence of scattering 
theory for massless particles where the spectrum corresponding to the singular particle state is 
imbedded into a continuous spectrum and has to be filtered out. For this single particle state 
there is no distinction between past and future, a single particle is unscattered. The next step 
is to pass from the Eingle particle state to the corresponding creation operator that enables 
us to construct states with several particles. Here our analysis has to depart from [7]. For 
temperature states the essential point is that due to (3.5) the convergence to a single particle 
state is equivalent to 

Theorem: There exist densily defined operators a±(f) affiliated to M" such that 

st- lim AZ<±U) = o±(/) 
£—»00 

and these operators are unique. a±(/) depends linearly on / and further 

eiHta±(f)e-iHt = «*(«*•<-*>'/). 

Proof: Vectors of the form JBJtt, B € M" are dense in H, and we define 

a±(f)JBJ\ii) = lim Az<±(f)JBJ\Q) = lim JBJAz<±(f)\il). 
Z-»oo Z-»oo 

The statement that a±(/) is affiliated to M" means that [<*(/), JBJ] = 0 V B e M. Further 
the operator is closable, because its adjoint is also densily defined. We do not know whether 
it is bounded (and then belongs to M") and we cannot expect a general proof, because this 
would forbid bosonic creation and annihilation operators. 

We recall once more that there is no time dependence and the d-type singularity only allows 
one type of fields due to (3.5). This analysis does not tell us how to find the appropriate e(k). 
Starting from e(k) — k2 perturbation theory will lead to a decay of the quasiparticle, but a new 
e(k) corresponding to a time dependent quasiparticle, a phonon, might emerge. 

At this point there remains the question whether such Mype energy excitations really have 
a particle-like structure, i o. can be added in some sense. This cannot be done without further 
assumptions. 

First possibility: We are inspired by the LSZ formalism and demand that for the n-point 
Green functions the singularities in the joined (H - P) spectrum are determined by the two-
point singularities. There are some plausibility arguments in support of this assumption and in 
some sense it only copies the Wightman axioms [24]. Under these assumptions it follows that 
the singularity in the spectrum really corresponds to a particle structure and it was proven in 
[24] that the corresponding truncated Green functions have to be trivial. Thus the quasiparticles 
behave like free particles. 
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Second possibility: Here our arguments are closer to Kaag-Ruelle scattering theory: First we 
demand that the A from which we start has strictly compact positive (resp. negative) support 
in the energy. Then we are allowed to construct the creation and annihilation part out of a± in a 
way that is inspired from the Bogoliubov transformation used in [23]. This construction is fairly 
technical and does not improve the understanding of the mechanism, so we do not reproduce it 
here and we refer to [24]. 

More transparent is the next assumption that is needed. 

W * , t ) = |P(*,*),£]±||1 / 2 

should be a function integrable in x for fixed t, and its Fourier transform (in both variables) 
should have at most a Mype singularity at t(k) = u> (and in fact will have one for the appropriate 
A). Then we can prove that for the quantities in (4.3) 

Jim [A[Bz,Cz]±] = Q. 

Thus the commutator (or anticomm.itator) for the limiting operators will be a c-number like 
for creation and annihilation operators. Furthermore one can show that 

lim uABizBizBszB+z) — 0 
Z—»oo 

where u\ are the truncated functions. The B,z are chosen such that they converge to some 
a(fj). Therefore vhe state is a quasifree state over the quasiparticles. 

This is of course also true for the dressed past or future particles in the ground state. The 
difference in our analysis is that our construction does not refer to a time direction and therefore 
gives no freedom to find a transition of past particles to future particles, i .e. our scattering matrix 
is trivial. The origin of this triviality is (3.5) since one particle does not scatter, aiu|ft) = «wlO) 
and therefore a i n = a o u l . Physically this means that if a quasiparticle goes through the thermal 
background without any damping then it is also not affected by another quasiparticle. 

It should be noted that there exist attempts to reproduce ideas of scattering theory also 
for temperature states. We refer e.g. to [25]. If there is no singular part in the joint spectrum 
of H and P, we can nevertheless adjust to it an operator that will decay in the course of 
time according to Riemann-Lebesgue, but by a proper choice of this operator this decaying can 
be very slow. If we do not insist that this operator belongs to M, we are even able to find 
an operator in B(H) that satisfies creation and annihilation commutation relation, ft is not 
separating for B(H) and the above argument does not tell Am = A o u t for these operators. But 
then we lose the possibility to give a physical interpretation to these excitations, and this was 
in fact our purpose. 

As a final remark we want to emphasize that our investigations were not inspired so much 
by the desire to construct and discuss a scattering theory for a relativistic quantum field theory 
at finite temperature but by the remarkable fact that the ansatz of particle-like excitations of 
the energy-momentum spectrum, i.e. to consider phonons and forget electrons and nucleons, is 
so extremely successful in solid state physics. So far we reduced this fact to a spectral condition 
(up to technical assumptions). To justity that such a spectral condition follows from deeper 
principles (like ergodic behaviour of space and time translation) is one of the challenging tasks 
for future research, since we have seen that this must be a nonperturbative phenomenon. 

Acknowledgement: It is a pleasure to thank W. Thirring for critical discussions on the 
manuscript and for presenting this talk on my behalf at the Schlading Winter School. 
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