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Abstract 
Comparing the energy spectrum of the nonrelativistic description of hadrons as bound 
states of quarks to the one obtained in an ultra-relativistic treatment, we show that 
both approaches yield almost identical binding energies if the confining interaction is 
able to reproduce the observed asymptotic linearity of the Rcgge trajectories. 
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A rather well-established empirical fact is the approximately linear 
dependence of the squared masses of hadrons on their angular mo
menta: the mass Mt of a state with orbital angular momentum I is 
related to / by 

M} = ßl + const . (1) 
(For a very recent review touching also upon this topic see, for in
stance, Ref. [1].) Here ß is the so-called Regge slope; its experimental 
value is roughly about /3 = 1.2 GeV2 [2]. On the theoretical side, for a 
suitable choice of the confining interaction both the nonrelativistic as 
well as the ultra-relativistic description of fermion-antifermion bound 
states may account for meson mass spectra which allow to group the 
predicted states on (asymptotically) linear Regge trajectories. 

In the nonrelativistic case linear Regge trajectories, as described by 
(1), require a confining potential rising like the inter-quark distance r 
to the power | [3,4]. The corresponding Hamiltonian is thus given by 

#NR = "ii + m 2 + | ~ + &r2/3 , (2) 

where /* denotes the reduced mass /z = mimifimi + 1712) of the two 
particles with masses mi, 7712, respectively, which constitute the bound 
state. Approximating the effective potential in the radial Schrodinger 
equation, 

in the neighbourhood of its minimum by a harmonic oscillator [3,4], 
one finds for the Regge slope (see also Ref. [1]) 

/?NR = 
1 2 8 6 8 (4) 
27 n 

On the other hand, in the ultra-relativistic case, which assumes 
massless constituents of the bound state, a linear confining potential, 
as favoured by lattice gauge theory computations, suffices to do the 
job [5,6,7,8]. Accordingly, the relevant Hamiltonian reads 

Hm = 2y/p + ar . (5) 

Already from dimensional arguments here the Regge slope has to be 
proportional to the potential parameter a; explicitly it is given by 

AIR = 80 . (6) 
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This result has been obtained by various independent approaches, 
namely in the WKB approximation to a relativistic potential model 
based on the Klein-Gordon equation [5], from the lower bound to the 
ground-state energy in a mathematically rigorous discussion [6], within 
the path-integral formalism when assuming the asymptotic large-area 
law for the Wilson loop [7], as well as by explicit computation [8] of 
the mesonic mass spectrum in an effective-Hamiltonian method [9,10] 
(see also Ref. [1]). 

In this brief note we would like to point out that, despite of the ap
parently different forms of the Hamiltonians (2) and (5), the resulting 
energy eigenvalues are almost identical, that is, not only in their slopes 
but also in their absolut values. We demostrate that this coincidence 
is neither a lucky accident nor a close encounter of the third kind. Our 
findings have also been confirmed by explicit numerical computation 
of the meson mass spectrum [11]. 

We adopt a standard variational technique [3] by evaluating the 
energy expectation value of a given Hamiltonian H with the help of 
some trial states |^(A)) characterized by a variational parameter A, 

E(\) = (1>(\)\H |V(A)> , (7) 

and by minimizing the resulting expression with respect to A: 

dE{\) 
E * £ (A m i n ) 

A min 
d\ 

We use as trial functions the Gaussian wave functions 

= 0 . (8) 

N r(* T 2 

4>tm(p) = (-*)' 

with normalization 

2A 2< + 3 . I A V \ ^ ,_ ±. 
TV/ -»( -—) 3WM ( 9 ) 

Wie+nxu» jy^jp'expf-l^j ytm{e,<t>) 

/ d 3 x | ^ m W | 2 = / A | Ä m ( p ) | 2 = l • (10) 

Here, ytm(6, <j>) are the spherical harmonics of angular momentum I 
and projection m, normalized to 

Jdny!m(e,4>)ye«(o,4>)*'Stetm* • (ii) 



Already from dimensional considerations the general structure of 
E(X) as a function of A is in the nonrelativistic case 

A 2 b 
£NR(A) = A— + £ ^ 3 + mi + m 2 , (12) 

where the dimensionless constants A and B are given by 

A 2\t+2) ' " r ( * + § ) ' 
(13) 

and in the ultra-relativistic case 

EVK{\) = C\ + Dj , (14) 

(15) 

where the dimensionless constants C and D are given by [8] 

- „ £ ( £ + 2 ) n _ r ( < + 2 ) 

°-'!f(ZTl) ' -""r^+IJ • 
Minimization of 2?(A) in the form (12) or (14), respectively, yields in 
the nonrelativistic case 

(Bnb\W B M , tAB*&\l,A 

Amin = ^-yj-J ' ^NR(Amin) = 4 1 2 y J + mi + m 2 , 
(16) 

and in the ultra-relativistic case 

A • = N %" , EVK(X^n) = 2y/CÖZ . (17) 

The energy in the rest system of the bound state is, of course, 
nothing else but the mass of the composite particle. Using (13) or 
(15) in the expressions (16) or (17) for the minimum i?(Amj n) of the 
energy, respectively, yields for the energy in the nonrelativistic case 

3/4 

+ m!-|-m2 , (18) 

and in the ultra-relativistic case [8] 

EmiKin) - 2 v ^ Q [ i | - (19) 

Using Stirling's formula 

T(x) ~ \/2ic e~* x"l for x -> oo (20) 



in order to express the above gamma functions for large I, it is easy to 
convince oneself that both of the above expression (18) and (19) de
scribe asymptotically linear Regge trajectories, with the corresponding 
slopes as given in (4) and (6), respectively. 

Let us now inspect more closely the binding energies e = E — mi — 
m.2 corresponding to nonrelativistic and ultrarelativistic limit. From 
(18) and (19) their ratio is given by 

*UR 

2r(/+f)r(i+£)3ft* 1»/4 

27r( /+2) 4 /*a 2 (21) 

We take the liberty to equate the Regge slopes (4) and (6), /%& = /%R, 
since, if reasonable at all, they should describe one and the same 
physics. In this way we find that the parameters /i, a, and 6 entering 
in the Hamiltonians (2) and (5), respectively, are related by 2 63 = 
27 n a2. With this relation the ratio of binding energies reduces to 

£UR T(' + 2) (22) 

With 
rV-* for oo (23) 

T(x + y) 
r(x + z) 

resulting from Stirling's formula (20), one verifys immediately that in 
the limit £ —• oo this ratio approaches, of course, unity, as demanded 
above. For finite angular momenta, from the derivative (denoted by 
prime) of the right-hand side of (22) with respect to I, the behaviour 
of this ratio is controlled by the expression 

H*+1), ,!"(*+¥) .r(i+2) 
f(f^ + öWVfj 4r(*+2) * 

Because of the concavity of the logarithmic derivative of the gamma 
function, the so-called digamma function iff(x) = V(x)/V(x) [12], 

oo 

V>V) - -2 E »=0 (* + n) 3 
< 0 for x ^ 0 , - 1 , - 2 , . . (24) 

this expression is always negative. Any function f(x) with f"(x) < 0 
satisfies the concavity condition 

p f{x) + (1 - p) f(y) < f(px + (1 - p)y) (25) 
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In our case x = £ + | , y = £+±±, and p = \. The ratio ^NR/^UR k 
therefore a strictly monotonic decreasing function with increasing £ 
and hence bounded from above by its value for / = 0, which is about 
1.025, and, of course, bounded from below by unity. 

Summarizing, we inspected the spectra of energy eigenvalues pre
dicted by two different ways of describing hadrons as bound states 
of quarks [1]: the two approaches might be regarded as opposite ex
tremes as far as the extent of incorporation of relativistic kinematics 
is concerned; the respective confining inter-quark potential, however, 
is determined by the requirement that both models should yield linear 
Regge trajectories in the limit of large angular momenta. By use of 
a standard variational technique, we found that the binding energies 
obtained within nonrelativistic and ultra-relativistic treatment agree 
with an error of less than three percent. 
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