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1. INTRODUCTION

Spherical symmetry is important because it provides great calculational simplification.
Four dimensional spherically symmetric spacetimes have been fully classified in terms of their
isometries and some of their properties studied J ). The procedure broadly followed that given by
Petrov 2\ but requiring that the isometry group contain 5 0 ( 3 ) . In this way some gaps in the
earlier classification were filled for spherically symmetric spacetimes. In this note their essential
singularities are investigated.

The isometry groups are l ) either: (a) 10 dimensional; (b) 7 dimensional; (c) 6 dimen-
sional; (d) 4 dimensional; or (e) 3-dimensional. In cases (a), (b) and pan of (c) there are "specific"
metrics while in the remainder of (c) and in (d) and (e) there are "classes" of metrics. By "specific"
is meant that the metric depends at most on the choice of some parameters) while by "class" is
meant that it depends on the choice of some arbitrary function (s).

In case (a) are the well-known constant curvature specetimes: (i) De Sitter, with isometry
group SO{ 1,4); (ii) Minkowski SO( 1,3) ® R 4 ; and (iii) anti-De Sitter SO( 2 ,3) . These are
obviously non-singular. In case (b) are: (i) the well known Einstein universe, 50(4) ® R ; (ii) the
little known anti-Einstein universe3) (which is non physical), SO{ 1,3) ® R ; and (iii) a non-static
analogue 3) of the Einstein universe, with time and the radial parameter "interchanged" in a sense
explained later. These are also non-singular. Further, there are three specific metrics in case (c),
apart from the two classes of metrics. They include the Bertotti-Robinson metric4), two of them 5)

having the isometry group SO( 1,2)® SO( 3) and the third with a solvable Lie algebra replacing
SO( 1,2). They also turn out to be non-singular. Hence we have the following theorem.

Theorem 1. Four dimensional spherically symmetric spacetimes with 7 or more isometries and
the Bertotti-Robinson type spacetimes arc non-singular.

In the rest of case (c) and one class of case (d) are metrics depending on one arbitrary
function (in effect) one variable, while in the rest of case (d) are metrics depending on two arbitrary
functions of one variable. Case (e) consists of a class of metrics which depend on two arbitrary
functions of two variables. These can be singular and will be discussed further.

2. "ONE FUNCTION" CLASSES OF METRICS

In case (c) there arc the Robertson-Walker classes with isometries 5 0 ( 4 ) , S0( 4) ® R 3

and 5O( 1,3) and a new class with isometry SO( 1,3) and metric

ds2 = a2(T)[dt2 -T2 cos h2(t/T)/d&2] - dr2 , (1)

where Q(T) is an arbitrary, non-constant, function of r, T is a constant and dQ is the usual solid

angle element. This is analogous to the Robertson-Walker "open" model, essentially through in-



terchanging t and r. We will discuss this metric in some detail before making some general obser-
vations about the singularities of both classes.

There are special properties of this metric when a2(r) is a quadratic function, i.e.

a2(r)=A-2r/B + r2/C2, (2)

where A,B and C are arbitrary constants. If o2(r) is the square of a linear function, i.e. A =
C1 /B1, there is zero pressure and the spacetime corresponds to an inhomogeneous distribution of
dust. If not, i.e. A^C2 /B2, we have a field corresponding to pure (electromagnetic radiation), in
that the trace of the stress-energy tensor is zero, and we have an anisotropic, inhomogeneous field.

For this metric the curvature invariants are

} / / , \ (3)
= 8[8a6 - U-C2/B2)]/C6al2

i J
(There are eleven other curvatures invariants but they provide no further information for the metrics
considered here.) Thus there are essential singularities only at o2 = 0, i.e.

r = r± = C[C/B ± s/C2/B2 -A] (4)

This equation can have two, one or no real positive roots depending on the values of A, B and C. If
(I) : A > Cz/B2 there will be no singularity. If (II): A - C2/B2 there will be one singularity at
r = C2 /B, provided B > 0. In that case the manifold consists of two parts separated by an S2 ® R
hypersurface. If B < 0 there will, again, be no essential singularity. If (III): C2/B2 > A > 0,
and B > 0 there will be two singularities at r = r±. In this case o2(r) < 0 for r_ < r < r+.
As such, this region is disallowed. Notice that here the signature would change to +, +, —, — in
this region. Thus the manifold consists of two disjoint parts. If B < 0, r_ < 0 and hence the
region 0 < r < r+ has to be excluded. If (IV) : A = 0 there are singularities at r = 0 and
r = r+ = 2C2/B. In this case, again, the region 0 < r < r+ must be excluded. If (V) : A < 0
there is only one singularity at r ~ r+ and 0 < r < r+ has to be excluded.

More generally, if o2 (r) is not given by Eq.(2), wqe still have essential singularities only
at the zeroes of a2 (r) . Notice that the spacetime is non-static and yet the singularities remain at
the same place. Similarly, for the Robertson-Walker metrics, where a2(r) is replaced by a2(t),
essential singularities occur only at a2 = 0. Thus we have the following theorem.

Theorem 2. Four dimensional spherically symmetric spacetimes with 6 isometries, other than
the Bertotti-Robinson spacetimes, have essential singularities only when (and if) the scale factor
becomes zero.

Finally, we discuss the one function class of spacetimes, which are spherically symmetric
and have four isometries. The metric here is

ds2 = dt2-dr2 -a2(t-r)d£l2 . (4)
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where o is an arbitrary (non-constant) function of t ~ r. The isometry group is SO( 3) ® R, where
the "R " refers to a null isometry, i.e. it is a null spacetime4). The Ricci scalar is

R=-2/a2, (5)

and the second and third invariants are simply the square and cube of R, respectively. As such here,
again, there is a singularity only when the scale factor is zero.

3. TWO FUNCTION CLASSES OF METRICS

We now deal with the remaining classes in case (d). These are the two function classes:
(i) static, spherically symmetric metrics

ds1 = e"(r)dt2 - eXiT)dr2 - r2d£l2 , (6)

with isometry group SO( 3) ® R, with the "R " timelike; and (ii) the non-static analogue obtained
by "interchanging" t and r,

•ds2=e^dt2-exwdr2-t2da2 , (7)

with isometry group again 50(3) ® R, but the "R" now spacelike. Since the results are very
similar we will discuss the less familiar metric, (ii) in more detail and then both together after that.

The curvature invariants for the metric given by Eq.(7) are

R\ = - U * + jM ~ » » " " + 2(*/t ~ */t)e-" + (1 + c-")/(2] , (8)

Ri = [{X+iMX-j>)K 2 " + 2(A2/*2 -u2/t2)e~2>' + (l + e-'/)2/t4] , (9)

,-iv + n + p~uv hb~\

There appears to be a singularity at t = 0 given by Eq.(8). One could try to avoid this by arranging
c" and ex such that the other terms in Eq.(8) exactly cancel the last term singularity at t - 0. That
this must be possible is obvious if there can be a vaccuum solution, or even one which corresponds
to pure electomagnetic radiation. By writing e~" and \ as series expansions it can be verified that
near X = 0 we can make the left hand side of ordet t° or higher. For appropriate cancellation of
t~3, t~4, etc. terms we have to take

(11)

)• (12)



Putting these expressions and their derivatives into Eq.(8), we see that this can be managed by
taking

l + 2 /a 2

However, since R2 is a sum of squares here, it is not possible to arrange cancellation of the singu-

larity at t = 0 there. The only possibility would have been to take a i = — 1, fa = 71 = 0 so as to

eliminate the last term and take ex < 0 at t = 0. This is not possible.

We see that there must necessarily be a singularity at t = 0 unless that region is somehow
excluded. For that to be the case there must be at least one singularity pair for t < 0 and t > 0 ,
because of which t = 0 is excluded. Hence there must always be a singularity in this spacetime!
The same argument holds for the metrics given by Eq.(6). Eqs.(8)-(10), with "t" replaced by "r"
and the dot replaced by a prime, apply for that metric. The only difference is that whereas.-00 <
t < 00,0 < r < 00. Thus a single singularity at r > 0 could cause r = 0 to be excluded from the
manifold. As such static, spherically symmetric metrics have a central singularity (r = 0) unless
it is shielded by another singularity.

We thus have the following theorem for spherically symmetric spacetimes with four

isometries.

Theorem 3. Four dimensional spherically symmetric spacetimes with 4 isometries which are

null have essential singularities only when the "scale factor" is zero. The others have a "central"

essential singularity unless it is excluded by other singularities.

Finally we come to the minimal symmetry case (e). We now have two arbitrary functions

of two variables. This leads to additional non-zero components of the Riemann tensor, like

which lead to terms in R% which are not whole squares being negative, like

, (16)

for example. As such the argument used to prove the latter part of Theorem 3 does not apply. In

effect there is too much freedom of choice of the arbitrary functions to prove the result as before.

4. CONCLUSION

We found that we could make definite statements about the essential singularities of

spherically symmetric spacetimes with some additional symmetry(s). We were unable to obtain

T r'



such a statement for the case of only spherical symmetry. Such a theorem would be very useful.

The three theorems stated were given according to isometries. In some ways an alternative clas-

sification, (followed for the section headings) seems more appropriate. All the theorems can be

summarized by the following theorem in terms of this classification.

Theorem 4. Four dimensional spherically symmetric spacetimes with: "specific" metrics have
no singularities; those with "one-function" metrics have singularities where, and only where, the
"scale factor" is zero; those with "two functions of one variable" metrics have a central singularity,
unless it is excluded by other singularities.

It is interesting to speculate about using any of the one-function classes for a quantum
cosmological mini-superspace. In particular the non-Robertson-Walker metrics which have an ar-
bitrary function of r. More specifically, if Q2(r) is given by Eq.(2) case (II) with B > 0, there
is the question whether there could be "tunnelling" from one part of the manifold to the other and
if so would the inner part ( r < C2/B) tunnel out (to r > C2/B)t The same question arises if
there are two allowed regions with a forbidden region between them. If there is tunnelling it would,
presumably, be inhibited by a larger disallowed region. This question would be worth investigating.

Acknowledgments

The author would like to thank Professor Abdus Salam, the International Atomic Energy

Agency and UNESCO for hospitality at the International Centre for Theoretical Physics, Trieste. He

would also like to thank the Swedish Agency for Research Cooperation with Developing Countries

(SAREC) for financial support during his visit at the ICTP under the Associateship scheme.The

author is very grateful to R. Gtlven for useful discussions.



REFERENCES

1. A. Qadir and M. Ziad, preprints QAUM 58/1991; 59/1991;

M. Ziad, Ph. D. thesis (submitted to Quaid-i-Azam University, December 1990).

2. A.Z. Petrov, Einstein Spaces (Pergamon, Oxford, 1969).

3. A. Qadir and M. Ziad, Proceedings of the Fourth Regional Conference on Mathematical

Physics Eds. F. Ardalan, H. Arafei and S. Rouhani (World Scientific, to appear).

4. D. Kramer, H. Stephani, M.A.H. Callum and E. Herlt, Exact Solutions of Einstein's Field

Equations (Cambridge University Press, Cambridge, 1980).

5. A. Qadir and M. Ziad, J. Math. Phys. 29, 2473 (1988); 31,954 (1990).

T




